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Abstract

In this paper, the author has made a modest attempt to present a unified theory of obtaining a
more general class of generating relations starting from a given class of quasi-bilateral generating
relations involving some special functions from the group theoretic view point. A good number of
theorems in connection with the eztensions of bilateral generating functions for various special

functions are obtained while applying our theorem on various special functions.
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1 Introduction

In their paper [1], Chakraborti and Chatterjea introduced the term “quasi-bilateral generating

relations” as follows:

(L1) G(z,20) = 3 an"p® (2)g™ (2),

n=0

where the coefficients a,’s are arbitrary and p{®)(z) and ¢ (z) are two special functions of
order n and m and of parameters a and n, respectively.

In the present article, the author has discussed a group theoretic method for deriving a
unified presentation of a more general class of generating relations from a given class of quasi-
bilateral generating relations involving some special functions subject to the condition of con-
struction of one parameter continuous transformations group for the special functions under
consideration. Furthermore, it is interesting to mention that while applying our theorem on
various special functions, we get a good number of theorems in connection with the extensions
of bilateral generating functions for the special functions under consideration found derived in

the literature and in recent works. The detailed discussion is given below.

2 Group-Theoretic Discussion

We first consider a quasi-bilateral generating relation:

(2.1) G(z,u,w) = i anp{® (z)g{™ (uw)w™.

n=0

Replacing w by wztv and then multiplying both sides of (2.1) by ¥®, we get

(22)  3°G(@uwet) = 3 an (B (2)y%2") (& (w)e") (wo)"

n=0

Let us now suppose that for the above special functions p{®)(z) and ¢{™ (u), it is possible to
define two linear partial differential operators each of which generates one parameter continuous

transformations group as follows:
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Rl —Cl(z y,Z) +C2(.’L' y,z) +C3( ,y,z) +CO( ,’y,Z)

and
Ry =i (u, t) (u,t)% + no(u,t)
such that |
Ri(p (@)y°z") = Chpliy” (z)y>'2m!
(2.3) and

Ry(@R(w)t”) = Crg+(u)tm+.

So we can assume that the groups generated by R; and R, are as follows:

ewR;f(z, Y, Z) = Ql(z’ Y, Z)f(!h(l‘,y, z)1 hl(z1 Y, z): k(z,y1 Z))
(2.4) and

evRz f(u, t) = Q"(u,t) f(g2(u, t), ha(u, t)).

Operating both sides of (2.2) by e¥F1e¥R2, we get

(2.5) evMev 2 (y2G(z, u, wzty)) = e*PrevRe Zan(p(") (z)y*2") (g™ (u)t™) (wv)™.

n=0

Now the left hand side of (2.5), with the help of (2.4), becomes

(2.6) V(z,y,2)" (u,t)(hi(z, Y, 2))°G(91(z, ¥, 2), g2(u, t), wvha(u, t)k(z, y, 2)).

The right hand side of (2.5), with the help of (2.3), becomes

00 00 00
(2.7) PIDIPIITI LT nCnt1 " n+r_1p$.‘3;" (z)
n=0r=0s=0

xy* OG- Cv’:’+s—1‘11(:+‘)(")t"+‘-
Now equating (2.6) and (2.7) and then puttingy =z =1t =1, we get

@ (z,1,1)Q"(u, 1) (ha(z,1,1))* x G(g:1(=,1,1), g2(u, 1), vwha(u, 1)k(z, 1,1))

w"""'+ N
R @)

Ms

5

0r=

[V]s

a,C1 sz"

o

n 0

8
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where

=1IIi% Crsi
and
= [1j=o Cry-

Thus we arrive at the followmg theorem:

Theorem 1 If
G(z,u,w) = Za 2 ()™ (u)w"

n=0

then

V(z,1,1)Q"(u,1)(h1(z,1,1))* x G(g1(z,1,1), ga(u, 1), vwhe(u, 1)k(z, 1,1))

a,CiCi nw"+r+ (a—r) (n+s)
1020 Prtr (:c)q ( )

Ma
uMg

n=0r %
where
— 1=l v
- Ht—O Cn+z
and
— T8l
C2 - n_-,._ Cn+]

which is our desired result.

A good number of applications are given below.

3 Applications
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(a) At first we take
P (z) = Lapmpn(z) with @ =m, and
¢™M(u) = Lopna(u) with m =1.

Then from [2,3] we see that
R, = bzylz— J + zb— g -y '2(az +b)

Oz dy
b,0
Rg——t%—t
Ci=(n+1)
y=-1
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—arzw

Q(e,v,2) = (1+ ”—‘;f)-‘ezp( )

Q' (u,t) = ezp(—wt)
bw bw
gl<z,y,z>=x(1+—f), hi(, 9, 2) =y(1+7"), k(z,y,2) = 2,

g2(u,t) =u+ swt, ha(u,t) =t.

Then by the application of our theorem, we at once get the following result involving modified

Laguerre polynomials:

Theorem 2 If
G(z,u,w) = Z anLabmn(T) Lapni(u)w”

n=0

then
ezp(—w — azw)(1 + bw)™ ' G(z(1 + bw),u + Sw, wz)

00 00 00

= Z Z Z anv" ﬂ—(-?—i-—l)—r w™trL, bm—rntr(T) Lapntsi ().

n=0r=0s=0

Corollary 1 If we put [ =0, in the above theorem we get the result found derived in [4].
(b) We now take

p®)(z) =CMz) with a=),

¢ (u) = Cp(u).
Then from [5,6] we see that

R, = (2% - l)y‘lzi - 2zzi -y lz,

oz Ay
0 20
Rz—ut%+2t §+mt
C = (mn+2X-1)(n+1)
L 2(A-1)
Ci=2n

2
V(z,y,2) ={1+ 21”5 + w2(x2 _ 1)%}_%

Q" (u,t) = (1 — 2wt)"%
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91(2,9,2) = o + w(z? — 1)3

2
hi(z,y,2) = y{1+ 2wz§ +w?(z? - 1);—2}

ki(z,y,2) =2
u
92(u,t) = 2wt
t
ha(u,t) = T owt’

Then by the application of our theorem, we at once obtain the following result involving Gegen

bauer polynomials:

Theorem 3 If
G(z,u,w) = Ea,.C" Ch(u)w"

then

(1 - 2w)"™2{1 + 2wz + w?(z® — 1)} 2 x G(z + w(z? — 1), u/(1 — 2w)"/?, wv/(1 - 2w))

2 (—n— 2/\+1),(n+1),.(n),

IR RN

n=0r=0s=0 (=A+1), !

2" anu ™ HONT (2) O (u).

Corollary 2 If we put m = 0, in the above theorem we get the result found derived in [6].
(c) We now take
P (2) = YO (2), ¢P(u) =Y (u).

Then from [7,8], we notice that

0 0 3]
— 2, —1 -1,2 -1 =
R, =1%y 25 +zz—ay +zy 'z % +y '2(B - x)

Y
Rg—ut%+u E+(m—l)u
=6,Cy=(m+n-1)
¥(z,y,2) = (1 — way~'2)ezp(Bwy~'2)

Q' (u,t) = (1 — wt)™™H!
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z
1—wzy='lz
Yy
1—wzy-lz

z
1—wzy-1lz
u
1—wt
t
1—wt

9(z,9,2) =
hl(z,y,z) =

k(z,y,2) =

92(u,t) =

hz(u, t) =

Then by the application of our theorem, we get the following result involving generalised Bessel

polynomials:
Theorem 4 If
(e o)
G(z,u,u) = 3 0¥ (@)Y (wyu"
n=0
then

u wv

ezp(Bw)(1 — w) "™ (1 wz)_°+lG( —wr'l—w Q-w)(l- w:v))

o % °°ﬂ'm+n 1),

—ZZZ

n=0r=0s=

anvnwn+r+aY'S:;f) (I)Y'S‘n+a) (u).

Corollary 3 If we put m = 0, in the above theorem we get the result found derived in [9].
(d) We now take
P (@) = PON(), o) = PIO).

Then from [10,11], we notice that

= (=) e - 1+ 2) g+ Ay (1 2) 4 (L= A - s

- 9 ,0
—(1+u)t’az+t E+(1+ﬂ+m)t

Cl=-2(n+1), Cl=(1+n+B+m)

’ _ Y \A+1
V(z,y,2) = (m)ﬂ+
Q" (u,t) = (1 —wt)~1-Fm
_zy—w(z—1)z y(y — 2wz) _ yz
gl(z,y,z)—m hu(2,y,2) = y+w(z—-1)2" ° y+w(z-1)z
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u + wt
1 —wt’ h2(u:t) -

Then by the application of our theorem, we get the following result on Jacobi polynomials:

g2(“7t) = 1—wt

Theorem 5 If
G(z,u,w) = Z a,.P,&a’ﬂ)(l‘)P,Sl"’ﬂ)(u)w"

n=0

then
(1-w) "1 - 2w)*{1 + w(z — 1)} '-*F

z—w(z-1) utw wv
XG(1+w(z—1) 1—w (1—w){1+wz—1)})
o0 00 OO T
=33y (=2) (" +1),(1+n ':'ﬂ +m), A W™t x P,E‘i:"ﬂ) (z) P+o0) (y).
n=0r=0s=0 :

Corollary 4 If we put m =0, in the above theorem we get the result found derived in [12].

(e) We now take
P (a) = PH(a), o)) = PE"().

Then from [13,14], we notice that

Ri=(1- zz)y‘lz% +(1- z)z% -y 21+ z)— —(1+z)1+k)y 2

0 0
Rg—(l—u)tbz—-tza—(l+k+m)t
Ch=-2(n+1), Ch=-1+k+n+m)

Y(z,y,2) ={1+w@+z)y'2}""*

z+w(l+z)y 'z y(1+ 2wy~'2)

o(z,y,2) = = hi(z,y,2) = Teai ey
z
Hows) = T+ o s
Q" (u,t) = (1+ tw)~17F-m
u+tw t
92(u7t) = 1—tw’ h2(u" ) = 1-—tw
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Then by the application of our;theorem, we get the following result on Jacobi polynomials:

Theorem 6 If
o0
G(z,u,w) = Y an P (z) P& (u)uw"

n=0

then
(14 w) ™1 + 2w)*{1 + w(l + )} 7F@

z+w(l+z) utw wy

X pite) T4 (T 0L+ o)}

o o s W n r s (k,a—r) (k,n+s)
=22 an—v"(=2) (n+ 1) (1)’ (L + k + 1+ m)y X Poyy™" (2) P (u).

n=0r=0s=0

Corollary 5 If we put m = 0, in the above theorem we get the result found derived in [15].
(f) We now take

p(z) = oFi(-n, Bv;z)  with a =y,

g (u) = 2Fy (—m, B;m; u).

Then from [16,17], we notice that

0 0
Ry =z(l-1)y 2ot Zay (zB8+ 1)y~ 'z

_ 0  ,0 B
Rg—(l—u)t£+ta+(m ﬁ)t

C=(-1), C"= (n+m)(n—p)
n ’ n n
V(z,y,2) =1+ gw)_1‘(1 - zg-w)‘p

Q"(u,t) = (1 — wt)p™

z(1 + Zw) z
=— ¥ - =y(l+= k =
gl(z’y1 Z) 1 +z§w ) hl(z’ya Z) y( + yw)7 (x,y,z) z
t
92(u,t) = u+ (1 - utw, ha(u,t) = =t
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then by the application of our theorem, we get the following result on Hypergeometric polyno-

mials:
Theorem 7 If
G(z,u,w) = Za,.zFl —n, B;v; 2)2Fi (—m, B; n; u)w"
then
1
(14 01— w1+ ) PG EE T o (1w, 2
00 00 00 ; (n+m) (n ﬂ), n ﬂ+l‘+3
=L LV

XoFi(—(n+7),B,v —r1;z)2Fi(—m, B;n + s;u).

Corollary 6 If we put m = 0 in the above theorem we get the result found derived in [18].
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