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ON G-LOCALLY TRIVIAL SPACES OVER FINITE G-COMPLEXES
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ABSTRACT. The purpose of this paper is to prove that a G-locally
trivial G-space over a finite G-complex is an equivariant
Serre-fibration. An application of this resuylt to equiva-
riant fixed point theory is described in [2].
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1. PRELIMINARIZS

Let G be finite group and p: E—>B an equivariant map of a
G-space E into a finite G-complex B.

Definition 1.1 p: E—>B is said to have the G-covering homotopy

property (abbreviated G-CHP) for the G-space X if, for every equi-
variant map f: X—>E and every equivariant homotopy Ct: X—B,
0O<tg1, of the map pe f: X—> B, there exists an equivariant homoto-
PY Et: XI—E of f which covers the homotopy E4e P is said to be an
equivariant Serre-fibration if it has the G-CHP for every finite
G-complex X.

Definition 1.2 p: E—>B is said to have the G-bundle property

(abbreviated G-BP) if it is G-locally trivial, that is, if for each
be B there is an open Gx-invariant neighborhood Ub of b in B toge-
ther with a Gx-equivariant honeomorphtsm(Gx=isotropy group of x)

ng. ¢ Uy % pr(b)—> ﬁ‘(Ub). satisfying the condition p« ny (x,y) = x.
b b
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for all x€U,, y¢€ p(b). The open sets U, and the homeomorphicms

u will be called decomposing neighborhoods and decomposing func-
b

tions respectively.

2. THE RESULT

We now state the result of this paper.

Proposition 2.1 p: E-—>B has the G-BP = p: E—>B has

the G-CHP for the family of finite G-complexes.

In other words, a G-locally trivial G-space over a finite G-
complex is an equivariant Serre-fibration.
Proof. Let X be a finite G-complex and let us consider the following
commutative diagramm

T
b & s )

where 1 ,(x) = (x,0), f is an equivariant map and Ct(x) = g£(x,t),
0<tg<1, any equivariant homotopy of the map p: f: X—>B. To prove
the Proposition we have to construct an equivariant homotopy E of f
which covers £ . -

Let U = {Ux/xc B} be a collection of decomposing neighbor-

hoods. We have decomposing functions

o . o
7!] : prU—>T x Px)
x

for all x ¢ B. By II1.5.5 in [1] we can assume that

VyeU =G <G, (2.2)

that is, in the neighborhood Ux’ x is have the biggest isotropy
group. This fact is essentially used in the proof.

The collection £'U of open sets of X x I forms an open covering of
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¥ v T. Since X+ 1 is compact £(U) has @ refinement of the form

(Wxx Iu). where {WA) is a finite covering of X and Iu= (Il.....Ir)
is a sequence of open subintervals of I which cover I. We may assume
that Iu meets only Iu_1 and Iu+1 for each y = 2,...,r-1. Choose
numbers 0 = t, <t; <...< L, = 1 such that tu is in the intersection
Iu n qux' On the other side, taking a sufficiently fine triengula-
tion of X, we may assume that X is a simplicial complex such that
every simplex o0 in X is contained in some wx of the finite open co-
vering {HA) constructed above.

We are now ready to construct the equivariant homotopy E induc-
tively : For t,= 0 define E(;,O):= f(x). Suppose now that there
exists an equivariant homotopy é: X x [0.tu]-—~*3 such that
2 «vig = f and p- E = £. Ve want to extend £ over X « [O'tu+1] -

For each simplex 0 in X choose a decomposing neighborhood Ux' denoted

by U such that £(y,t) € U for all yco and te [tu,tu”]. For

o ’
0 a O-simplex in X define

E(go,t): = gany (Ego,0p« Yo« &y (0)),
¥ o] o u

where te [tu,t ], geG and

'ES}
ch : Ux p!(0) —>p?(0)

is the proyection onto the second factor.

£ is well-defined : Because Et : X—>B is an equivariant map, we have

G 4< th(o) vith £,0 € U, = U for some xeB. From (2.2) follows

-1
GC£°) <Gx and we have Go < Gx' But 700 is a Gx-equivariant map
(= equivariant for the subgroup Gx of G), therefore from go = g,o
follows that £(go,t) = E(g,d.t) and £ is an equivariant well-defined
extension of £.
Suppose now that E is already been defined on

v yn-1 oy :

X x [O,tu] U X x [tu'tu+1]' We proceed to extend & over the n-di-

mensional skeleton X" of X. Let ¢ be any n-simplex of X and put
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P: = o x{tu) U o x [tu %o

I

P is a retract of Q. Let r: Q—>P be a retraction and define

U+

Q: =O’([tu'tuox

A A
E(gy,t): = g. (E,y, WpegnEer(y,t))
T, HeYe VT
o
for yeo, t e [tu.tu”] and geG.

Finally, by the same argument used above for the O-simplexes, we
have that 2 is a well-defined equivariant extension of £.
This completes the construction of E and the proof is finished.

Remark 2.3. An applicaiion of Propositiorn 2.1 +to equivariant

fixed point theory is described in [2] .
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