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ABSTRACT 

GENERALIZED HANKEL-CLIFFORD TRANSFORHATION 

OF CERTAIN SPACES OF DISTRIBUT-IONS 

5.P.HALGONDE 

Department of Mathematice, 

Collese of Engineering., 

Kopargaon-423603 (M.S.)INDIA. 

In this paper the generalized Hankel- Clifford transformation 
QD -<Cl~I /Z 

Fa .~{f(x) }:F(y): J0 (y/x) Ja-{1(2{Xy)f(x)dx O<y<m) 

where (a-~)~ -1/2 and Jv(x) denotes the Bessel function of the first 

kind and order v, is extended to a clase of generalized functions. A 

testing function epace ie constructed eo as to contain the kernel, 
-(a~)/z 

(y/x) J0_~<2"J'XY),of the transformation. Some properties of the 

function space and its dual are derived. An invereion theorem ie 

established by interpreting the convergence in the weak distributional 

eenee. The theory thue developed ie applied to solve some partial 

differential equations involving the generalized Kepineki type operator 

40 ,~=xfD xa-~+lD x-oi with distributional initial conditions. 

KEY WORDS Hankel-Clifford transformation,seneralized functions,countable 

union spaces,inversion theorem,adjoint method,kernel method,operational 

calculus,Cauchy problema. 

1 INTRODUCTION 

The conventional Hankel transformation defined by 
QD 

hµ{f(x)}(y):F(y) : f -{Xy Jµ(xy)f{x)dx (O<y<m) . (1.1) 
o 

was extended by Zemanian [13] to certain seneralized functi9ns of.slow 

srowth through a generalization of Parseval's equation.Later on Koh and 

Zemanian [3] extended (1.1) to a clase of generalized functions by 

Kernel method, which is a more natural extension of (1.1) because the 
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kernel a,ppeare explicitly ae a testin8 function ancl la very 

well suited for specific c~tatioae. 

The conventional Hankel-Clifford tranafo1'118t1on d.efined b~ 
00 

ºl\i {f(x)}=P<y>=J (y/xf /z Jµ <2"1XF >f<x>dx 
o 00 

= il'J (:Q)-µtzJµ<2"1XF>f<x>dx 
o 

(1.2) 

wae extended by Méndez and Socas [8] to certain seneralized fllllctiona 

by the metbod of llixed Pareeval'e equation. The tranafo1'118t1on (1.2) 

wae aleo extended by Cboudbarv Cll to a claee of seneralized functiona 

by kernel method 1n whicb tbe tranafol'll&tion (1.2) has not been 

precieely developed and studied 1n detall. 

A e1-Ple seneralization of (1.2),called seneralized Hankel-Clifford 

tranaformat1on,1e defined by 

Fa ,p~ f<x» (y>=cl\x ,pff<xn (y)= .(<~-(a~ >12 Ja-(3 (~)f(x)dx, (O<y<11> > 

(1.3) 

wbere (a-P> ~-1/2 and Ja-~<z> le a Beesel function of the first kind of 

order (a-(3). Rote tbat when a=O, ~=-µ tbe tranafol'll&tion (1.3) reduces 

to (1.2) and when a=µ/2.~=-µ/2 the tranaformation (1.3) reduces to tbe 

claeaical Hankel-traneformation 1n Tricoai'e form (by a suitable change 

of variables). 

Pollowins Méndez [7].Sneddon [10]and Wateon (11],the converaence and the 

1nvera1on for (1.3) and eome of the 1-Portant claeeical resulte which 

we require 1n eubsequent work are siven by the followins theoreme. 

'l'llEOREH 1 Por (a-P>~ -1/2 • if f(x) is a locally intearable function 

on O<x<11> euch tbat 

f(X) = 0 (XT)) 

f(x) = O<x() X..al • 
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co 
tben the 1nt.esral J x<a-tfJ)/2 Ja._p<?3X )f(:it)dx definina tbe trams:fora-

ation (1.3) la abaol:telv converaent when r¡>-{a+l) and { <-(<!.. ~- +L >. 
2 2 4 

'DllORBM 2 {lnveraion formula) 

If f (x) ia of bounded variation 1nto a ne18hbourhood of the point 
co 

Xo>O• (a-P)~ -1/2 and the 1ntearal J lf<x>lx-<a-tfJ)p-(&/·6>c1x exista. 
o 

tben 

U.a ~a-~ J co f{x)j ,.-a-~ (Q") (ai(J )/z Ja <2"(ii""Hft y) {a-f(1 )/z Ja <2fy>dvdx 
a..ao o o -P -P 

or 

wbere P 1<v> ia aa defined br (1.3). 

mm• a :u ca-P~ - 112. tben 
R 

J Ja...p <2"ti">Ja...p <2t'ii">~ 
o 

= ~-t) [-IX JOl-P+l <2"XR>J()l...p <2"tR>-fi JOl-P+l <2t'tI>J()l...p <2filí>l 

'l'HllORBM 4:(()perat1onal calculus > 

(a) If P1(y) ia aa defined by (1.3) tben 

POI~[ f(ax)J = a --4...P-lp()I ~[ f(x)](y/111) 

wbere a ia a poeitive real conatant. 
(b) Tbe tranafol'llB.tion (1.3) aatiafiea the operational rule 

where 

.o.:~ = .o.:.~ .x = :a:: --4 D xa...P+lD ,P =C x f! + (a~+l)Dx + ~x -l) 

and f(x) ia a suitable function . 

- (Ol~)/2 ~ 
(e) lf Y - x JOl-P(ax > then it aatiafiea the differential 

equation 
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(1.8) 

(d) If ., = x -(a~ >12Ja...p <2t'X > tben it aatiafiee tbe differential 

eQUation 

where C0 ::a ~ e, =1. 

(h) If Aot .P = Aot .P .X = .,r Dz xª-P+lnx X -a =I z V: - (ot-ff1-l)DJ[ + ~X - 11 

(1.9) 
then 

(1.10) 

for k = 0,1,2.3 •...•..• 

In accordance with (1. 7) and (d). one has 

(A* >lrr ( ~ ,-(ot-f(1 )/2J (2t'i°y)] = (-l)Jr. _,k- ( ( ~ ,-(ot-f(1 )/2J (2t'i°y)] 
OI .f1 Y ot-{1 y ot-{1 

for k = 0,1,2,3, ....•..• 

(j) $c <2fiY )"' -1, <2fiY)] = ~~ <2'iY )v-a Jv_,,,<2fii") 

'l'Hm.Rltt 5 <Parseval'a relation): 
OI OI If f(x) x and G, (y)-, are in L¡ (0,a>) an d (a-(1 ~-1/2, 

-1 
= Fa_¡¡Cf(x)](y) and S(x) = Fa,pCGs (y)](x),then 

Q) Q) 

J xa+~ fCx>s<x>dx = J .,,a.+~ F 1<y>G,Cy)dy. 
o 

By invoklns Fubini'a theorea we aleo can prove 
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THEOREH 6 (Mixed Parseval's eQUation 

If f(x)ll'1 and G2 <v>~ are in L1 (0,CD) • 

F1 (y) = Fa ,p[f(x)](y) and 6z (y)= F11 •ª [&(x)](y) 

CD -(ai{3 )/2 
=J (X/V) Ja-(1 <2"1i7>sCx)dx < 1.14) 

o 
tben for (a-(1 ~ -1/2 

CD CD 

J f(X)S(X)dx = J P1Cy)G2 (V)dy (1.15) 
o o 

According to tténdez [Blthe equality (1.15) is called tbe llixed Parseval 

equation for the Fa .fl-transformation (1.3) 

(1.14).The Fa,11-transformation (1.3) is 

and F11 ,a-transformation 

recently extended by 

Malsonde and Bandewar [6] to certain seneralized functions of slow 

srowth through a seneralization of mixed Parseval's equation (1.15) for 

(a-(1)~-1/2, as follmns: 

The Fréchet spaces ~ C 1) and Sa C 1) of testing function defined 

below by (1.17) and (1.18) respectively are constructed such that 

ordinary Fa.11-transformation and the F11 ,a-transformation siven by (1.3) 

and (1.14) res¡)ectively are autonorphiBllB on them respectively for 

( a-(1 )~ -1/2 . As sussested by the llixed Parseval' s equation ( 1.15) • the 

distributional F;. .11-transformation F~ .f1 f of any fE S~ ( I> is defined by 

< F;. .f1f • t/> > = <f • F f1 ,o.ti> > <l. 16) 
for every t/> e Sa(I).Analosouslv.we can define the sereralized transfor-

mation F,1,a on 11,1 ( I>. It folloW8 that F;_ .fl and F~ •ª are autoaorphisms 

on s;.co and ipcn.respectively. for (a-(1) ~ -1/2. 

The object of the present paper is to extend the transformation 

(1.3) to other clase of seneralized functions followins a different 

procedure called the kernel method and prove the inversion f ormu.la by 

interpreting the conversence in tbe weak distributional sense as well 

as other important properties of the distributional seneralized 

Hankel- Clifford transformation. In tbe end. we develop an operational 
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calculua tbat is applied to aolve certain partial differential equationa 

involvin8 seneralized differential operator of Kepineki type. 

The notation and terminoloa uaed bere are thoae of Zemanian (14]. 

Throughout this wor:t I denotes the open interval (0 ,co) • D<I) denotes the 

apace of functiona whoee aupporte are ~t aubaets of l. We aaaI.sn 

to D<I> the topoloa that makes its dual D'(l) the apace of Schwartz's 

distribution on I [9].E(l) and E'{l) are, respectively, the apace of 

emooth functiona on I and the apace of distributions having C<>mlP&ot 

support with reapect to I. Tbeee apaces bave their cuatomary topolosies 

(14]. 

Let ~ be any real mmber.Di,q<I> denotes the linear space consistina of 

all smooth c011Plex-valued functiona </>{X) on I such tbat,for every pair 

of of non-nesative intesers <•.k> the number 

~ k{</>(x)) = suP lxm if,f<1><x>I 
• xEJ: 

(1.17) 

exist. 

The eet of seminol'llB {~ ,k• :. :t=o aenerates the topo loa of ~ < I> . The 

dual of tp<I> is ip<I>. D(l)c fh<I> and ip<I> cD'(l). 

Let a be any real mmber. Sa(l) denotes tbe linear space corusisting of 

all emooth complex valued functiona </>(x) on I auch tbat, for every pair 

of non-negative inteaers {a,:t>. the numbers 

(1.18) 

exist. Tbe eet of aeainorme Cl CD 
{( m ,k Jm,k=O s enerates the topo loa 

of S°' C I ) . 'l'he dual of S°' C I ) is S~ < I > • DC I ) is proper subapace 

of S°' < I > • S~ ( I) can be considered a BUbapace of D' ( I >. 
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Let a denote a poeitive real mmber anda and (3 are any real 

numbere. Then we define IH0 ,,P .aae the epace of teeting functione t/>(x) 

wbich are defined. and smooth on O<x<ooand for wbich 

r:.P·ª<tl>> = sup le-a<x-<t A~ tl><x>I <a> (2.1) 
O<x<a> ,fi 

for k = 0.1.2 • •• .• wbere Aª ,,P is ae defined in (1.9). We aBB18D to 

IHa,,P,atbe topoloasenerated by the colllltable lllltltino:rm tr:.f3·~;=0. 

IHª ,,P .a le a Hausdorff epace. eince r: ,,P •ª le a nona on IHª ,,P •ª 
Horeover.IHa,,P,a iB a locally convex linear epace that eatisfiee the 

first axiom of countabilitv. The dual epace IH~,,P.a coneists of all 

continuoue linear functionals on IH a ,,P.a. The dual is a linear epa.ce to 

wbich we aBSisn the weak topoloa senerated. by the 1111lt1norm t~t/>(f)}t/> • 

wbere ~.; ( f ) = l<f.tl>>I and ti> varies throush IHª .(3 .a· 

We now list ea.e properties of tbeee epaces: 

(1) Let(a~) ~ - 1/2 and a>O.Por a fixed positive real nUllber v. 

::m[ K<x.y)] E IHa,,P,Q for a= 0,1,2, • • •• 

-(a~)/2 

wbere K(x. y)= (y/x) Ja...p<2"iY> · 
lndeed. it is eaeily verified that 

m ~j j ~-{1) 
= 2-<a - (3> .J! .l: (m) ~ . ( -<lt) ~. J (zfi.Y) J Czfi.Y'.>• 

J=O J m - J y J' XY a-{1 XY 
dy dy 

= .~00. (a) i......,C (y/x:)-<a+(3+;J/a J _ _n .(2{ii" )] 
J= J ~-.·-J 

ueins (1.12) . wbere tbe c3 ca> are constante dependina only on a. By the 

series and aQ11Ptotic exp&DBion of Ja-{1-J (~ ) • it follOWB tbat the 

'" .. -. .. +1+4aa 
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rª •~ ·ª[ -<a+~+P/Jl Je (y/x) Ja~-;<zniY >] exist for all k=0,1,2 • • • 

(a~ ~-1/2.Hence 

:S - ~ C. (a >_J...., rª1c ~ •8t (..,/x)-<a+~+P/11 J <2fié:Y » 
J =o J 11 a~-j Q <IX> 

for ~ fixed v>O. 

(ii)IH ,, is eequentiallv complete and tberefore a Fréchet space. a.,,, ,a 

Hence,IH~ ~ •ª is aleo eequentiallv complete. 

To prove the firet part, '"' UBe an inductive arau-nt ba8ed on 

Ale (<f>( )) = . ~Je C .,(-1. iflc-i <f>(x) 
a~ X '"º '.k 

(2.2) 

wbere. the c1 :k e are constante depending upan a and ~ and k i s a 

nonnegative integer. 
CD 

If{ <t>v>v=l iB a Caucby aequence in IHa~,a then by aeminorme r~-8.a and 

( 2. 2) there existe a S1100tb function <I> on I euch tbat for every n e IN 

11.a DDi;v<x>=Dº<t><x> lDliformelv on every coape.ct eubaet contained in I. 
V-+CO 

Since r~~ •ª<<t>v > le finite for everv v&N .it followe readilv 

that <I> v.. <f> ,as v .. co in tbe aenee of convergence in IH a ~ .a. 

(111) If a>b>O, tben IHa~.b e IHª~•ª ,and the topoloa of IHa~.b le 

etronaer than tbat 1nduced on it bv IHª ~.a . 'Dile followe ilaediatelv 

from tbe inequalitv r~~·ª<<t>.>:S r~~.b(~) for ~E IHa~.b Hence tbe 

reetriction of 11& IH~~.a tolHa-8,b le inlH~~.b. and tbe convergence in 

IH • 1.mpliee cooveraence in IH~ ,,, ,b 
ª·~·ª ,, 

(iv)Let (a~~-1/2.Sa<I> le a eubepace of IHª~•ª for everv choice of 

a>O and the topoloa of Sa<I> belng atronaer than tbat inducecl on it bv 
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IHa..P.a" 

To eee thie,1'8 note tbat 
2k k . 4 

X-a A:..P 4>(x) = j~O ~k X -J.,¡k-,,x--a<l>(x) 

wbere the coDBtanta CJk depend on a and ~. Since. for fll1l' choice of a>O. 

e-~ 1 on O<x<l'D • we have 
2k 

r:•~•o.<4>> ~ j~ol~kl (k-i.Zk-j<4>> for 8D74> • Sa(l). 

Thie 1-,lliee our aaaertion and ahowe that Sa<I> la continuouab imbedded 

on IHa..P.a"lt now followe tbat the reetr~ction of mw :f.iE IH.;..P,a to Sa<I> 

in s.; U> and that convergence in IH.; ..P ,a ilr¡>liea oonveraence in 

s.; ( I > • We note tbat Sa ( I) le the proper ~t of 1H a J1 •a. Indeed 

K(x,y)EIHa..P.a for all y fixed as was alreadv ebown in note(1),DU"& D01' 

Sa(l),becauae thia function la not of rapid deacent at infinity [6]. 

<v>DU> e IHa..P.a • and the topolou of DU> la atronaer tban that 

induced on it by IHa..P.a"Hence.the reatriction of amrte IH.;..P,a to DU> 

is in D'<I>. and convergence in IH.;..P,a impliea 11eak converaence in D'U) 

(vUFor everv choice of a,a and ~. IHa..P.a e E(l).Moreover.it la denee 

in BU) becauae DU) e IH a ..P , 8 and DU) la dense in BU) • The topo loa 

of IH a fl • 8 la atronser than that induced on it by EC 1) .Hence .E· ( 1) can 

be identified with a aubapace of IH' a..fi,a" 

Cvii)The generali?.ed Kepinaki operator Aª ..P le a continuoua linear 

* mapping· from the apace 5(1) into itaelf. Analogoualy Aa .~ defined in 

(l. 7) is a continuoua linear lllllPPins from the apace S (1) into itaelf. 

(v111)The operation 4>-+Aa .~"' is a continuoua linear mapping of IHª ..P ,a 

into iteelf since 

for k = 0.1.2 •••• 

• We define the operator Aª ..P on IH.; ..P ,abv 

• ( Aa J1f • 4> ) = ( f , Aa .fil/> ) • 4> E IHa J1 .a and f E IH~ .~,a. 

This is consiatent with the usual definitiona of miltiplication by a 
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S1100th function and differentiation of seneralized functione 

([12],pp.28, 47).Since ~t..o.,rl' is a continuous linear 11apping of IHª•~•ª 

* into itself, it follows that f~t..a.~f is a continuous mapping of IH¿•~•ª 

into iteelf. 

(ix)For each fE IH' n ,there exiet a nononegative inteser r and a,.. ,a 

a positive conetant e such tbat, for all !/> e IHª ,P ,a , 

l<f,<l>>I s e llBlt Y1r.a,P,a(<I>) 
oSlr.Sr 

Tbe proof of this statement ie siailar to that of Zemanian 

[12,Theorea 3.3-11. 

(x) Let f(x) be a locallr integrable function on O<x<IX> and such that 
00 

folf<x> e&<xªldx < oo.Tben f(x) senerates a regular seneralized function 

in IH¿ n defined by ,. •. a oo 

< f , <I> ) = J f(X)S(X)dx , <I> E 1H n • 
o a"' ,a 

Tbat f{x) is truly in IH¿ n followe from the inequality 
""»ª (1) 

~<l><f> = l<f.<l>>I s r:.P·ªc<I>> J lf<x> ea<xªldx <IX> 

(xi)IHª .13 ,a is not in general closed with respect to differentiation.For 

examn>le the function defined as .P<x>=xª~ is in IH n and however the a,., ,a 

derivative J>l>(x):(a~)xª~-lis not in IHa,P,a provided tbat ~<1-a and 

a-f/1;" O. 

Next,we sive the structure formula for the restriction of an element 

in IH¿ ,P ,a to D<I>. 

(xii )Let f be an arbi trary element of 1H ~ ,P. a . Then there exist bounded 

measurable functione si<x> defined for x>O and i=0,1,2 •.• r where r is 

BOiie non-nesative inteser dependins UPOn f, such that for an arbitrary 

<I> e D<I> we have 

We turn now to tbe definition of a certain countable-union epace 

IHª ,P(u) that arises from the IHª ,P ,a spaces. Our subsequent dit'JCUS8ion 
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takeB on a BHIPler form when the IHa,(3(0') spe.cee are wsed in place of the 

IHa .(3 8 epacee. Followin8 Friedlnan [2,p.211 and Koh and Zellanian [3]. 
• CID 

CID 
IHª ,,(O')= U IHª ,, 8 is the countable-union spe.oe where {&i.,lv=l is a 

' 1' v:l ' 1'' V 

110Dotonic eequence of poeitive numbere euch that 8i,,• O' (O':-tGD ie 

allowed). A generalized function f ie F~ .f3-tr8118formable if 1.WIH~ ,(3<0') 

for eomt O'>() wbere IH~.(3(0') is tbe dual of IHa,(3(0'). 

In view of our definition of IHa.(3(0') and ita dual,tbe follow!ng Lemaae 

are bmediate. 

LBll!IA l:For anv fixed y>O, 
8m 

[ K(x,y)J e IHª ,,(a),111--0,1,2 •.• where 
8ym ,.,, 

a>O. 

LBll!IA 2: For every choioe of O' >O, Sa <I )dH a ,(3 (O' > and convergence in Sa ( 1) 

1.q>liee convergence 1n 1H a .f3 (a) • '.n1e reatriction of 1iáH a ,(3 (a ) to Sa (1) is 

in S~ ( 1) • and converaence in IH ~ ,(3 (O') 1->liee converaence in SC: (1) • 

LBll!IA 3:Tbe operation <fHl>.a ,(3<1> is a continuous linear mepping of IHa .(3 (a) 

* into itaelf .Hence the operation f• 1>.a .131B a oontinuoue ma.pp!ng of 

IH~ (O') into iteelf by Zemanian (14. Theorea 1.9-1]. 
OI .(3 

As wae indicated in note(vi). IH~ .13<0') containB all dietributione of 

C<JmlP&Ct BUpport on I=CO,C1D).Sim1larly, anv conventional function f 

eatiefy!ng the conditione etated in note(x) for eome a<i::>' is a .,.i,er of 

k 
IH~.f3(a), as ie every generalized derivative l>. f • k=l,2,3 •••• ,according 

to Lemia 3. Moreover. we ll8Y eay that the member of IH~.(3(0') are 

.. generalized functione of exponential deecent",eince the multinorm 

{ r~.(3 ,a } ehows that the teetlng functione ti> E IHa .(3 ,a are at moet 

o:f eXPOnential growth. 

3 'l'HB DISTRillJ'l'IOMAL GBMERALIZED HAMDL-CLinoRD TRAllSF'OBHATIOM: 

Let a and (3 be real numbere reetricted to -1/2<(a-(1)<iio.ln view of 

note ( 111) of § 2. to every fe IH ~ .f3 • 8 there existe a unique real mmber 

0'1 (poesibly,0'1 :-tGD) euch that fe IH~.(3,'I> 1f b 0f and f éH~.(3,'1> if b:»f" 

Therefore.fe IH~ ,(3(0' f). We define the d1etr1but1onal generalized 
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Hankel-Clifford tranefona F~,.pf of f aa tbe a;pplication of f to tbe 

kernel K<x.y); i.e. 

F1 (y) = (F~ ,.pf)(y) = < f(x) • l(x.y)> 
-(a~)/2 (3.1) 

= (f(x). (y/x) Ja-(1 <21ii°» 

wbere O<y<i» anda~ • Tbe riabt hand aide of (3.1) has a 

aenae beoauae. by 1.-a 1.l<x.y)a IHa,.p<ªf) for each y>O. 

If f(x) aatisfies tbe condJ.tioDS of tbe note <x> in §2 

for every a<a f • tben we ~ write 

OD 

Jf<x>ICx.y)cb: 
o 

for O<y<DO. 

Lll9tA 4:Let a and ªf be fixed real numbera such that O<a<of . 

For all fixad y>O,for (a-(1 ~-1/2 and for O<x<llO 

mere ~ .P is a conatant wi th reapect to x and y. 

(3.2) 

(3.3) 

Proof:The proof ia sillple and can be eaaily verified followins )[oh 

and Zemanian (3]. 

We will now show that the traneform F1<v>= F~,.pf is analvtic. Hamely. 

'DIBORBH 7: For y > o. let F1 (y) be defined by (3.1). Then 

d a dF F1 (y) = < f(x) • 7i" K<x.v> ) 

Proof:Let y be an arbitrary but fixed positiva real number. Let ua 

cbooee lt.y as a nonzero increment sucb that O<l!t.:rl <y/2 • 

For lt.y .. o. 

Fl (y+lt.y)-Fl (y) - < f(x) • :Y J[(x.y)) = < f(x) • .;lt.y (x)) 
lt.y 

where 

.; <x> = J[(x.y+lt.y) - lt(x.y) _ !,, J[(x.y) 
lt.y lt.y ., 

Our theorem will be proved when "" Bhow that (3.4) converges 
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to zero 88 IA1l+O .This can be done b1 ebowing tbat 4>A1 <x> 

converges to zero 88 IAYl•O 1n IH°'•~(of) • .By usinS the fact froa (1.10) 
Je Je Je 

A°'•~K<x.1> = <-1> y K<x.1> (3.5) 

and b1 interchanginS : 1 with A~.~ 11e can write 

Je 
-ax -<X 1c = -ax -<X[ <-1> (y.fl>y) I<x.1-fl>1> 

e X AOI ~.;Ay (X) e X A1 

-ax -<X 
= e X 

Al 

8 Je k ] - 81 (-1) y K(x,y) 

k [ 1 Jy-fÁy _8 (tic 8 k 
(-1) Ay 8t J[(x, t)}dt -{ 8t (t 

y 

k y-fÁy t # 
(-1) J dt J--2 {uk K<x.u}}du 

y y 8u 

By letting the constant M be a bound on of the expression 

82 Je 

1-z- {u K(x,u»j ve obtain 
8u • 

MIAY1 
2 + o 88 IAYI+ o. 

Thus,88 IA1I+ o. rk°'~•ª [4>Ay<x>J + O for every k e N. 

Coneequentlr , (3.4) vaniehes 88 IA1I + O. 

'111BORBH B:Let F1 <Y> be defined by (3.1). Then F1 <1> is bounded 

accordinS to 

{ 
c l-11 

IF1<Y>I ~ _A c lr,, (3.6) 

where c is a positive constant and r is aome non-neaative inteser 

dependins on f. 

Proof :Since f e IH~ .~. b wbere O < a < b < ºr , we see froa 
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note (ix) of § 2 tbat there exiet a conetant c·>O and a 

non-neaative inteser r euch tbat 

IF1<Y> 1 S c·o=r o<>~! le-acx-<ll i.:.'9[1.(x,y)]I . 

Here, e· and r depend in general on the choice of a.By (3.5) • 

the risht-hand eide ie equal to 

c· max eup 
oSkSr O<x<a:> 1 

= c max k -(3 
oSkSr [y ] 

ueins Lemaa 4, froa which the theorea followa. 

In view of note (iv) of §2 and i.e...a 2 1f f 1e in IH~.i9(a,> then f 

belons to S~(I) provided tbat (a-(3~-1/2 . We now show tbat 

dietributional seneralized Hankel-Clifford traneformation of 

fEfH ¿ .i9 (ar ) si ven by ( 3 .1) ie equal (in the eenee of equali ty in s¿ (1)) 

to tbe dietributional seneralized Hankel-Clifford traneformation of f 

ae siven by (1.16). 

'DIBOREH9: Let felH~.,q<a,> ,,Pe Sa(I), and (a-(3~-1/2.Then 
(1) 

< <f(x) • l.(x,y)> • ,P(y) ) = (f(x) • J l.(x,y)<P(y}dy) 
o 

(3.7) 

Proof:We now reetrict .,, to tbe poeitive real line. Since 

F1 <:v>=<f(x),l(x,y)> ie of elow srowth a8 J'+OO ('lbeorem 8) and 

ie L ebeesue integrable on O<y<Y for every Y on (O ,m) • we DQ" take into 

account tbat F1 (y) seneratee a reaular member in S~(I) with 

(a-(3)~-1/2 to write the left hand eide of (3.7) ae 
(1) 

< <f(x) • l.(x,y)> • ,P(y) ) = J <f(x) ,l(x,y)><;(y)dy, .P E Sa(I) 
o 

Our theorem will be proved when we show tbat 
(1) (1) 

f <f<x> .1.cx.:v>::wf><:v>d:v = <f<x> • J l(x,y><PC:v>dV 
o o 
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Followins Zemanian [14,p.148] and l'.oh and Zemanian [3], the 

technique of Ri81MD!l B1mB can be used to expre1SS 
y 

J <f(x) , l'.(x,y):>q>(y)dy' = 
y 

(f(x) • f l'.(x,y~(y)c:b) 
o o (3.10) 

Finally, the risbt hand side of (3.10) converaes to the rlght hand 

side of (3.9) becauee of the followin8 inequalities: 

1 e -xx -<X i.: (l .t m f/) <:v)l'.(x,y)dy'I 
• y 

= 1 J' mf/)(y)e-o.xx-<X (-1)kyk l'.(x,y)dy'I 
y 

OI) 

s J' I• <v>l-P'fl-P 90.x <21iY>- 'a...p > Ja...p <2fxv>I b 
y 

OI) 

s Aa...p .t 1 •<v>vk-PI b. 
y 

Tbe laet inequali ty is due to te..a 4. Since f/) e Sa ( 1) is of 

rapid deecent. the last integral. whioh is 1ndependant of x • 

vaniehes as y .. m.Tbis ca.pletes the proof of the theorea. 

We now state an inversion theorem for our d18tributiona.l 

generalized llankel-Clifford traneformation <F~.fl-transfol'lllltion). 

'DIBORBH lO:Let F1 Cv> = (P~.flf)(y), 1ie Di~.fl<o,> as in (3.1) where 

y>O.Let (a~l2!: -1/2.Tben,in the senee of converaence in D'(I) 

f<x> =lia r: P1 <v>I<v.x>dv (3.11) ·-where l'.(y ,x) = (x/y)-(a~ )/2Ja...p (~) 

Proof:Let f/)(x)ED{I). We wieh to show tbat 

(3.12) 

tende to <f(x), f/)(x)> as R-. Froa the &900thnese of F1 (y) 

and the fact that eupport of f/)(x) is a c~t eubeet of 1, we 

may write (3.12) as a repeated integral on ex.y) bavins a 

continuoue integrand and a finite domain of intesration. Hence 
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we can clumge the order of the integration and obtain 
a> ..R • a> 
€~(X) ~ F1Cy)l(y,x)dydx = f 0 (f(t) , l(t,y)f0~(x)l(y,x)dxdy 

(3.13) 

• By an araument basad on Riemann BUll8 for the integral .r 0 ••• dy. 

the risht side of (3.13) can be written u 
• a> < f(t} • € l:(t,y>t; ~(x}l.(y,x}dxdy > (3.14) 

= <f<t>. .r:c -f , - <a+f1>/Z Ja-/J<2t'ti" )f:~<x>C ; ,-<a+f1l/z Ja-fJ<2lXY >dxcb') 

From (1.5) of Theorea 3, and tbe ~totic representation of 

tbe BeBSel functions enable us to show tbat for any a>O, 

the testina function 1n (3.14) converges 1n D-la,/J,a to ~(t) as R+a>. 

Since f&H ¿, .tJ • a wbere O<a<c-r , 1 t follows that < 3 .14) converaes 

to <f(t).~(t)> as •-+«>.This provee our theorea. 

As a resul t of tbe inversion theorea, we have the 

following uniqueness theorea. 

'l'HHORBH 11 :Let P1(y)= F¿_.Pf for y>O and G1Cy}= F~,138 for y>O, f 

and g being in a-t¿,,/J<u ) .If F1 (y)=G1 (y). for every y>O,then f=g in 

tbe senee of equality 1n D~(I}. 

Proof : By theorem 10. 

f-g = U.a t [ F1 (y) - G1 (y)] 1.(y,x)cb' = O. 
•-+«> 

4.AN OPERATIONAL CALCULUS s 

Our distributional generalized Hankel-Clifford transformation 

senerates an operational calculus by 11eans of which certain 

(partial) differential equations 1nvolv1ng generalized functions can 

be solved. 

We define tbe operator 

.ó.:,P : D-1~,P(ur) -+ IH~./J(ur) 
by tbe relation 
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( 6 • f(X) , t/J (X) ) a .f3 

for all fe IH~ .11<ºr )and t/J(x)e 1Ha.f3<ºr) • (a-(1):!::-1/2.It can be readily 

eeen tbat 

for each k=l,2.3, • ••..• In this case f is a regular distribution 

senerated by en element of D(l),then 

¿• ,,= [ xn2+ca~+l)D + ~x_.J as defined by (1. 7). 
i0l 11p X X 

The distributional seneralized Hankel-Clifford transformation is 

ueeful in solvins initial value problema. Indeed, "" now establish 

a theorem tbat enables us to traneform a differential equation of 

the f orm 

(4.1) 

wbere P is a polynomtal and u and s possess F¿ .f3-tranefol'918, into 

an alsebraic equation of the form. 

P[ -y J U(y) = G(y) 

where U(y) = CF~ _p>u<x» <:v> and G(y) = CF~ •11scx» (y). 

THEOREM 121 For k = 0.1.2 ••••.• 

= 

for :liéH ~ .l1 (o r ) • 

(-l)1e kF~ f 
y a ,11 (4.2) 

Proof:From our definition of 
k 

• the operator ll. a .l1 and from ( 3. 5 >. "" bave 

F~ .f3[ 6: .f3fl 
• k 

(y) = <Cll.a ,,; f(x). K(x,y)) 

k 
= (f(x) • ll.ª .f3K<x.:v» 

=<-1>1el (f(x) • ICx,y)) 

=<-1>1el CF~.f3f)(y) 

We now wieh to find a seneralized function uáH~.11 Co) for 

80IDe o>O eatisfyins the distributional differential equation (4.1) 

where P is a polynoaial bavins no roots on -o:i~ O. By applying F~ ,(1 
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to (4.1) and invoking Theorea 12, we obtain 

PC -y 1 U(y) = GC:v> 

where U and G are F~.~ - trarusfoaatioDB of u anda respectively. 
Takina tbe inverae F~ .~-transfol'llation. we aet aa our aolution 
a aeneralized function u in IH~.~(o) aucb tbat 

• <U.~> = 11• < .¡; 
a-MX> 

J!!.ll._ 

PC-y 1 
K(y,x)dy • ~(X)} 

for every ~ e D(I) if PC-y l ;i< O. 

We now wiBh to f ind u e IH ~ .P (a > sucb tbat C F~ .Pu') <y) = ..!!!.l.L . 
PC-y l 

Bv Tbeorea B, we lmow tbat 1 G(y)j!> e ,,r-P 88 y .. m 

for ~ non-nesative integer r depending u.pon g and ao 

J!!.ll._ 

P[- y l 
K(y,x} le an integrable function in O<y<R and tben 

J'ª ..!!!.l.L K(y ,x)dv le a locally integrable function in O<x<11> 
0 PC-y 1 

and it definee a regular dietribution in D'(l).Mow let Q(x} be 

(4. 3) 

a palynOIDial of dearee Cr+l) bavina no zeroe on tbe nesative 

real axie. Tben tbe conversence of tbe rigbt band eide of (4.3) 

can be eetabliebed ae followe: 

KCy,x)dv • ~<x» 

= (Q(6 • '>fª G(y) K(y .x>dv .~ (x)} 
a,P o P[-y]Q[-y] 

-=('{,a G(y} KCy .x>dv ,Q(60 .P ~ Cx)} 
P[-y]Q[-y] 

by integration by parte. 

Let ue suppaee tbat tbe support of ~Cx> le contained in CA.Bl . 

Tben. we can find a coDBtant L eucb tbat for R, .~ >L 119 bave 
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IJI = 
• < S' 2 G{y} lt{y,x}ey • l/>Cx»I 

ª• P[-y] 

• ~ S' 2 M yr ey .. O as 1\ .~ .. CID where M is a suitable 
ªz fPC-yJj jQ[-y]' 

positive number.Tberefore 

U.a < r• GCy} ltC:v .x>cb' • I/> <x» 
... CID o PC-y] 

exista and by completeness of D#<I> there exista fie D#{l} such 

that 
lila< r• J!!.ll. K<:v.x>cb' • l/>(x}) = <f.'1>) (4.4) 
a..m o P[-y] 

Mow for all I/> e D( I} • we have 

or 
lila < r• G<:v>lt(y .x>cb' • I/> Cx» 
a .. CID O 

Hence by our inversion 'Dleorea 10 it follows that 

• <s.'1>> = < P<•\ • .11 )f,I/>). 

Tbis provea that f determined by (4.4) • which belongs to D# <I} and is 

the restriction of uáH~ ,P(o} to D< l}. satiafies the differential 

equation < 4.1). 

5 APPLICATIONS1 

'Dlis sectlon is devoted to an appllcation of the precedins 

theor:v to two Caucby type problema havins seneralized functions 

like initial conditions.Tbe distributional seneralized llankel-Clifford 

transfor11&tion can be used in solvins certain partial differential 
equations involvinS the seneralized ltepinski operator.Ve point out 
that other equations,as tbe seneralized Fokker-Plank equation 

elu el elu el 
X "t = ax [ p(x} 6X 1 + elx [ q(x)uJ + r(x}u 
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wben p(x) = x • q(x) = o.~ and r(x) = a(lx-1. (a and (1 are real mmbers 

and conatant). as well as tbe seneral linear equation of heat 

conduction 
au a2 u au a(x.t>-at - b(x.t)-2- - o(x.t)~ - d(x.t)u = f{x.t > 

ax 

wben a<x.t) =X. b(x.t) = x. c(x.t) = a~+l • d<x.t) = apz.- 1. 

f(x.t> = o. reduce to equationa of pneralized Iepinsk1 type. 

An operational calculws generated by F¿ .'1- tranafoniation 

is now u.sed in eolv!ng two Caucblr type problema: 

Let ws detel'lline a function u<x.t) on the domain {(x.t) : 

O<x<oo. O<t<oo} which eatiefiee the aeneralized Iepinaki equation 

tFu au -1. a u 
X llxz +(a~+l) ""iX + apx U ~ 4J"'t : 0 (5.1) 

for(a-(1)i!: -1/2,and X>O under the initial condition u(x.t) converges 

in Di~.'1(0) to f(x) e Di~.'1(0) for aome o >O as tt+O+ . 

We will find tbe eolution in tbe epace IH ~ .P (o> for acme o > O and 

(o.-(1 )i!:-1/2. 

Let O(y.t) = F¿.'1<u<x.t)(y).Tben appbing (4.2) to (5 . 1) we obtain 
IJ 

-y O(y.t) ~ 6t OC:v.t> = O 

wboee eolution ie 

O(y.t) = F1 C:v)mr:p(-yt/X) 

wbere F1 <:v>= CF~.'1f{x))(y). 

Oein8 the invereion formula etated in l'heorea 10 we set 

• u<x.t) = 11a '{, P1 (y) mq>(-yt/X) I<:v.x>d:v 
a..oo 

For each ti> • D<I> one can ehow that 

<u<x.t>.tl><x» = {,t» t/>(x)dx {,t» P1 (y) exp(-yt/X )IC:v.x>d:v 

Now one can obeerve :frcm (5.3) that 

u(x.t) = '{,t» F1 <y)exp(-:vtA>I<:v.x>cbr <x.t>O) 

Oein8 tbe ~totic ordere of F1<:v> ae eetabliehed in 
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Theorem 8 we can justlfy that 

• " "° • " ( Aa.ft - :>..lit )u=-{, Fl(y)( Aa.ft - "-CJt)exp(-yt¡:>..)l[(y,x)dy 

Therefore u(x,t) as deflned 1n (5.2) eat1ef1ee the senerallzed 

Kep1nBk1 equatlon (5.1).To verlfy the lnitial condition, aseume as in 

§4 that Q(x) le a polynom.lal of degree {r+l) with no roote on the 

nesative real axis . Then, we have 
co • co F. (7) <u{x,t) , ~{x)> = J'0~{x)dx Q(Aa.ft)J'o & 

That le, 

Q(-y) 

= r: Q(Aa ,/1 ~ {x)dx r: Fs {y) exp(-ytA )lt{y ,x)dy 

Q(-7) 

{by lntegration by parte) 

<u(x,t) • ~<x» = J.B r: Q(Aa,(1~(x)dx r: F. {y) exp(-ytA )lt(y,x)dy 
Q(-7) 

(5.5) 

We asmme that the BQPPOrt of ~<x> le contained 1n (A,B>. B>A>-0. 

The risht hand eide ex;preBBion 1n (5.5) converses uniforal.7 for all 

t>O as Roa>. Tberefore, lettinS t;.0+ 1n (5.5) and ewltchins tbe 11a1t 

operation wlth reepect to R and t 1n tbe r18ht hand elde of (5.5) we 

set 

U.a <u(x,t>.~<x» = J.B r: 
t;.o+ 

or 

Q(Aa.ft~(x)dx J': Fs(y) 1[(7,x)dy 

Q(-y) 

(by lntegration by parta) 

= <f.~> {in vlew of Theorem 11) 

Thus the condition le verlfied.The eolution obtained le unigue 1n 

the eenee of equalit7 over D{I) 1n view of uniqueneBB Theorem 11. 
Silülarly we can find the eolution 

(5.6) 
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of the partial differential equation involving the seneralized KepinBki 

equation 
~ IJ # 

x ~ +(a-+{J+l) ... u + a{1x ~u -A _J! = O 
IJ~ vX lll 

satisfying the initial conditiona 

(1) u(x.t) converses inlH~,p(o) to f(X) & IH~,p(o) as t+O+ 

(ii) !t ucx.t) converses in IH~,p(o) to zero. as t+O+ · 

and verify tbat (5.6) is a solution of (6.7) [14.p.158] . 

(5 . 7) 

Rellark 1: It is proposed to develope the theorv in distributional 

sense for the second seneralized Hankel-Clifford transforwation 

defined by (1.14) which is the seneralization of the eecond 

Hankel-Clifford transforwation 
Q) 

F2 (y)=cHµf=J0 ¿ Cµ (xy) f(x)dx (5 .8) 

defined by Héndez and Socas in [81. where Cµ<x>= x...,..12Jµ<2'i> 111 the 

Bessel-Clifford function of tbe first kind of order µ . Mote tbat when 

a=O.f1=-µ, Cl.14) reduces to (5.8) and then to show tbat the 11tucb' of 

these two tranaformationa (1.14)and (1.3) on certain space11 of 

seneralized functiona allowa one to salve a clase of pertial 

differential equations of the seneralized Kep111Bk1 type for any real 

values of its parameter (a~). 

Remark 2: In future it 111 proposed to extend these two transformations 

(1.3) and (1.14) to a larser space of seneralized functions 

siailar to Koh and Li [4]. 

Rellark 3:It is proponed to develope the distributional set UP for 

the finite seneralized Hankel-Clifford transformation. 

Remark 4:Using the theory of one-11ided seneralized Laplace 

transforwation of seneralized functions by Malsonde and Cboudbary [5] 

and the theory thus developed can be uBed to solve a dietributional 

integral equation which will be the future investiaation. 
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