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ABSTRACT

This paper deals with a new fractional g-integral operator type Weyl involving a gen-
eralized basic hypergeometric function ,¢,(.). For the new operator some composition
formulae, fractional g-integration by parts and the g-Mellin transform are presented.
Furthermore, various special cases are mentioned.

Keywords: Fractional g-integral operators; composition formulae; generalized basic
hypergeometric function; fractional g-integration by parts; q-Mellin transform.

1. INTRODUCTION

The most widely used definition of an integral of fractional order is via an integral
transform, called the Riemann-Liouville operator of fractional integration: [17, p. 146]

of200) = / (&= o(t) dt, Re(a) >0,

(1)
dn
= — J8"p(z), —n < Re(a) <0, ne€N.
dz™
Many authors, among them, Agarwal [1], Al-Salam [2], Galué [5-7], Garg [8], Kalia
[10], Kalla et al. [11], Kalla and Kiryakova [12], Kiryakova [13], McBride and Roach
[14], Ross [17], Saigo [18], Samko et al. [19], Saxena [20], Saxena et al. [21], have
defined and studied operators of fractional integration with their applications. Some of
these operators are:
1.1 Erdélyi-Kober Operator: [10, p. 4, Eq. (20)]

A

La.f(2) = T(a) /Oz(x —)* M f(t)dt, Re(a) >0,

n

d
= x’“’"%xﬁﬁnfmﬁnf(r), —n < Re(a) <0.
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1.2 Basic analogue of Kober fractional g-integral operator
A basic analogue of Kober fractional g-integral operator has been defined by Agarwal
(1] in the following form:

I;“‘f(w)z% /Ozt"<x—tq>u_1 f(t) dat, mpeC, Re(u) >0,  (3)

where order of integration p is arbitrary real or complex number, and

(=]

1.3 Basic analogue of Weyl fractional g-integral operator
A basic analogue of Weyl fractional g-integral operator has been defined by Al-Salam
[2] as follows:

KM f(z) = ?Zi;’ / - 2)urt” M f(@ M) dt, neC, Re(p) > 0. (5)
KM f(z) = qu” g u fl@gmh). (6)
Ty k=0

1.4 The operator Ly(.)
A fractional g-integral operator, denoted by Lg(.), was introduced by the author [6]
in the following form:

Ln{M b1762a"' ry Y, T, T, ... 7m7'7f(‘r)}:

-1 z —M qm1+b1 qm,-+bT /
il N . e ca,q"—| f(t) d,t, 7
g A v Ll SO 4t ()
t
M, my, ..., m, non-negative integers, n € N,v € C, by,....,b, #0, -1, -2, ..., ‘— < 1.
T
1.5 The generalized fractional g-integral operator I, [5’11’;17’.:',}2“’] f(z)
It is defined as follows: [7]
(Sa v,ap, - ,0r—1 $767V
I —
q[ bi, -, bs ]f(x) r,)
T a’...’ari”/*‘k‘
/ t0 (x”tQ)u~1 rﬁbs{bl... b i §QaQ} f(t) dyt (8)
0 1y » Us

v+k

1— s Sy
SUZDS i,

"y Us

1q, q} flzd®) (9

where § € C, Re(v) >0, by,....;bs #q ™ form=0,1,--- .
Ifa; =1, forany i = 1,2,--- ,r — 1 the operator (8) reduces to the following special
form:
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I 531/7@1"" 7ai—1717ai+17"' y; Qr—1

q by, -+ ,bs f(x)

V) 0 t6 - V 1f()
“f(z), 6€C, Re(v)>0. (10)

The fractional calculus theory is applied in almost all the areas of science and engi-
neering. Operators of fractional calculus and their g-analogues have many applications,
for example, they can used to solve dual integral and series equations which arise in
crack problems in elasticity [22]. They find applications also in chaos theory ([25]-[26]),
control systems, signal processing, bio-medical engineering, radars, sonars, etc ([3],
[23]-[24]). Further one more important property of fractional integrals is that certain
multiples of them map some orthogonal polynomials to orthogonal polynomials [15].

In this paper we define a new fractional g-integral operator type Weyl, using a gen-
eralized basic hypergeometric function ,¢,(.). For the new operator some composition
formulae, fractional g-integration by parts and the g-Mellin transform are presented.
Furthermore, various special cases are mentioned.

2. BASIC HYPERGEOMETRIC SERIES

In this section, we present some basic definitions, which are useful in our analysis.

2.1 The g-shifted factorial
The g-shifted factorial is defined as [9]

n =70
(a;9), = ( a)(1—aq)(1 —ag?)..(1 —ag™'), n=1,2.. (11)
(1 -ag)(1-ag?)..1—ag™)]t, n=-1,-2,..
and -
(a; @)oo= 1imn (3 ¢)a = T1(1 - ag"), (12)

which converges for |g| < 1 and diverges for a # 0 and |g| > 1, and

(a5 @)oo

(3 0)u= (ag™; q)os

, neZlq <l (13)

2.2 Identities
We recall here following g-identities [9, p. 233, Eq. (I11); p. 235, Eq. (1.35); p. 21

exercise 1.5]:
(@;@nt _ (@;0)n (@ "/big) (B\"
O Dt B0 <qln/a;q>k< ) ' (14)

(6D s
Fy(z) = (qz;q)oo(l q) % 0<g<l1. (15)

(¢,0¢";:9),, (b/c;q), Z ("

B (q,cq

k.
(0; @) m (b;Q)n 1 n/b q) (Cq aQ)m
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From (4), (12), (13) and (15) we obtenemos the following identity

(1= gt) = (@9 _ @0)w @50k _ Tov)  (¢%9) (a7
(5 9) e (@590 (G (1= (G0
2.3 Basic hypergeometric series
This series is due to Heine, [9]
2 (a;9)n(b;q)n
o,(a,b;c;q,2) = —_—" 18
il )= L GG (18)

where it is assumed that ¢ # ¢~™ for m = 0,1, ..., and (a; q), is the g-shifted factorial
defined in (11).
2.4 Generalized basic hypergeometric series

A generalization of the basic hypergeometric series 2¢,, is as follows [9]

ai, o, ..., a,
r¢s(alva27---7ar;b17b23-~-7bS;Q72)ET¢s I: bll b; b ;Q7Z:I -
, 09, .00, 0

\g

% (a1;Q)n(a2; Q- (ar; g n
=0 (¢ Qn(b1; Qn---(bs; @) [(_1) q( )] Z7, (19)

where by,....,by # ¢ ™ for m = 0,1,..;(3) = "("2 D g +#0whenr > s+ 1 and
hm r@s=rF.

2 5 The g-binomial theorem
One of the important summation formulae for hypergeometric series is given by the
following binomial theorem:

oF1(a,c;c;2)=1Fy(a; —;2)=>_ @z”z(l —2)7% 2| <1, (20)

n=0 T
whose g-analogue was derived by Cauchy (1843), Heine (1847) and others [9]

190(a; —; ¢, 2)= i (a: ) (az Do

n=o ( )n (25 @)oo 7

2] <1,]g] < 1. (21)

2.6 The g-derivative operator
This is denoted by D, and defined for fixed ¢ as [9, p. 22]

f(z) — flaz)

Daf () = (1—-9q) =

(22)

2.7 The g-integral

Thomae (1869) and Jackson (1910) introduced the g-integral in the following form
[9, p. 19, Eq. (1.11.1)]

Jo £ 1—(1)21‘( ")g" (23)

n=
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and also defined an integral on (0,00) by [9, p. 19, Eq. (1.11.4)]

I 1-q) 3 fa)" (24)

n=—oo

therefore from (23) and (24) we have

8

JTf 1—q) 3 flg™)g™ (25)

1

I

n

3. DEFINITION OF THE OPERATOR

We define the generalized fractional g-integral operator K, [5"”; = }Z’*l] f(z) as fol-

lows:

671/50/17."7017“—1 q T
K ——
ql: by, -+, bs ]f(x) Fq(’/) *

0 v—1lgz
_§—v Ary - 5 Ar-1, T —-v
/ t ’ (t - 1‘),/71 r¢s |: bll L bs Ll ! 34,9 f(ql t) dqt (26)

where 6 € C, Re(v) >0, by,...,bs #¢ ™ form=0,1,--- .
Making a simple change of variable and using (22) we get

(5,1/,@1,"' ; Ar—1 o q76
qu: blv"'>bs :|f(x)_r\q(l/) *

> —6— 1 Ary - Ar-1, V_lw —v
/1 w = <1__> ) T¢s|:b11’... 7bs o / :QJIJ f(ql ‘rw) d‘lw (27)

w

which, by virtue of (25) and after of a change of index, can be written as

(Syl/aa'la"'7ar—1 (1—Q>
K =
: l: b17 T 7bs :|f(1‘) Fq(”) :
- ok _ k41 ay,--- ,0r-1, qu+k . —v—k 9
doa* (1=, | o b b, iq,q| flgFa). (28)

k=0

Now, using (17) we obtain

Kq[é’y’al"”’ar_l]f(r):(l—q)" L

bla Tty bs
= ok (qu ) I: Qpy - 5 Ar-1, qy+k :| —v—k
Q" T s a,q| flg ). 29
2 G b T )
Ifa; =1forany:=1,2,--- ,r—1 the operator (26) reduces to the following special

form:
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—6 .0

o,V (25 R/ P | 1 Ajg1y " yAp_1 qg°x _s— B
K y ¥ ’ ) R ’ ’ _ f vo(t— . 1-v ] /
q [ bl, o ’bs f(l‘) Pq(l/) L t (f r)u-l f(q t) dqll
- Kg"’f(x), d € C, Re(v) > 0. (30)

Theorem 1 If 0 € C, Re(v) >0, by,....,bs # ¢ ™ for m = 0,1,--- , then we have the
following result for fractional g-integration by parts

00 ) xl Uy,
/ g(q"’x)]q U, aq, Sy da"—/ f (@)K, 0, v, Qr_1 o) B
0 blv"': s b],"',bs
(31)

provided that the g-integrals exist.
Proof Let be

P —v 671/’“’"'7017‘*
I:/ 9(q ") [q{ b ! b lJf(a:) dg.
0 1, »Us

[6 Whal Qe

Using the definition of the operator I, S | () given in (9) and interchanging
the order of integration and summation, in view of the absolute convergence, we get

— & ok ! ar, a1, ¢
E ¢ q o 10| by sq,q| X
0 1 s Us

/0 i 9(q7"z) f(xq") dex

now, making a variable change and using (22), we obtain

1—(1 - ok k+1 ay, -+ ap_y, """
B3 Z;q U 1 7‘¢ bh"'ybs 34,4 X

and interchanging the order of summation and integration we have

(1- / 5k &

I = +l

Ly (v) Z i Wl .
I/+k

Ay, ,0r-1,4 . —v—k
r¢>s{b17m7bs ,q,q} g9(q ’“r)} dqa.

Finally, interpreting this expression in terms of the operator K [6””;11”.:'1’;’*1] () we
obtain (31). ‘

From (10), (30) and Theorem 1 we obtain the following:

Corollary 1 If 0 € C, Re(v) > 0, then we have the following result for frac-
tional q-integration by parts

/0 " 9(q75) I f(2) dgz = / T @) Kg(a) dyr (32)

provided that the g-integrals exist.
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4. COMPOSITION FORMULAE

In this section we investigate some composition formulae for the fractional g-integral
operator I, [5"‘“ e ‘]f ().

Theorem 2 Let K] f(z) and K, [‘;" ;1‘ i ‘] f(x) be fractional g-integral operators,

as defined by (5) and (26) respectively. Then

. 5,1/,(11’..- Ay 6_/1“ VA p,ay, e, Qe qu
1(6 s I( ) :K . : , , ,
q { Q[ by, - b, ]f(iv)} q[ by,-ee by, qth flz) (33)

where § € C, Re(p) > 0,Re(v) >0, by,....;bs #q¢ ™ form =0,1,--- .
Proof To prove the result (33), we make use of the relations (6), (17) and (29)
in the left hand side, to obtain

~5— - 6aV7aa“'7aT— uoo - M;
L i ) SCE A Sl & O

bi, -+, bs o (¢ 0)n

= q q)k ap, -, Qp1, v+k .
Zq‘” Goe " {bll . L g q| flgrh R,
k=0 3 ) 3 Us

Using the result [16, p. 56, Eq. 1]

SN A(kn) =D " A(k,n — k)

n=0 k=0 n=0 k=0
we get
= - 671/’0'7"'70'1‘— I/OO —p—v—
e T i@ =0-a*™ ) fla ) x

T |
1 » Us h=—0

L v+k

(6—p)h q q h—k uk (q q) ay, -+ ,0r-1,9 .
E q q s | b 14,4 -
—0 (q q)h k (q7 q) 1,°°" »Us

Now, the result (14) leads to

52 571/7(1,"’70177 uoo
S ERRe
) yUs h—0

h

Z k(q ;@)K p {ah...’aT_thHc .qq]
L:O lh/q” (‘ZHJ)k TS by, b v

—pu—v—h .
™ q) =l (g z)

v

Hence applying (19) we have

= - (S,I/,Cl,"',CLT, = - (q#aq)h —n—vL
K6 o {IX [ 1 1] .’L‘ } =(1—gq ptv (6—p)h v hl’
q q bl,"' 7bs f( ) ( ) ;}q (q,q)h f(q )
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& (a139);(a2;9)j---(ar—150)5 [, = LSCIET s
Jgﬁ (9:9)(b15);.--(bs; 9); [(1 } ng lh/qu Or T (¢ 9 (G

where we have interchanging the order of the sum on the basis of absolute convergence.
The use of (16), in order to evaluate the inner sum, yields

)

J

h

Z ACRTIL (¢*:q). = (@, a5 q); (@5 0)n
— (¢ h/q" 0! (@ . (¢*5a); (@50
therefore,
. O,v,ay, Ay = SDh )y
K§ ot {K |: 3 #9 U]y y Gop 1:| o } ’u_H, (= H)h p—v hl‘
q q bl""ybs f() ;)q qq) f(q ) X
00 v optv+h. o) g l4s—r
> (a159); (a;,q) ((Z 1;9); (g 7qﬂ+u. 1), [(—1)%1(;)] .
=0 (@9);(bi;9);.--(bs; 9); (g5 q),
that is,
_ S,v,a1, G  n (@D
K6 ;L,;L{K |: 149 215 i 1:| T }: 1—ag)P*tv (6—p)h ) n—v hfl?
q q by, b, f(z) (1-q) ;q —(Q§Q)h fla ) x

h
¢ Ay, ,ar_l,qV’quLlH“ :q,q
Pt blv" Y abquy+u .

on interpretation of the right hand side of the above expression in light of the definition
(29), we finally obtain of the desired result.

Theorem 3 Let K" f(x) and K, [6'%;11,'-:',’17?71] f(x) be fractional g-integral operators,

as defined by (5) and (26) respectively. Then,

O—py—po ==ty 1skn—1 7 AO—H1—po—
Kq 1 2 n—1Hn 1Kq 1 2

Kg*ﬂ1*N2vH2Kg*#1sM1 {Kq [67 V,ay,--- 7ar—1:| f(x)} _

unﬁzyunﬁzKJ—m—uz—m—un_s»un_s L
q

bla"' 7bs

[6_u1—u2—---—unlau+u1+uz+~--+unva1v“

s Qp—1, ql/
Kq b17 . 7bsa q”+“1+“2+“‘+l‘n~1 jI f(l') (34)

where § € C, Re(y;) > 0,Re(v) >0, i = 1,2,--- ;n—1, by,....;bs # ¢ ™ for m =
0,1, 5

Proof We employ here the principle of mathematicial induction. For n =
2, (33) reduces to,

O,V a1, ,Qp_ O — g, V+ by, a1, ,ar_1,q"

S—py, ek s ] g top—1 o Ha, My, a1, y Ar—1,4

K, ulm{Kq[ by b, :lf(l‘)}_Kq{ by.oee by, qrtin }f(x)
(35)

We suppose that (33) is valid for n = k — 1, that is,

28
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O—py—Hg— = pgegsly— [0~y —Ho— 3ol 3 7Oy o= M _asH—
]\,q12 k2k2Kq12 kSkSKq12 Hk—artk—a

Kg—ﬂl—#zang‘“l’“l {Kq |:6’ V’b?lj . l;arl} f(CE)} -

O — fiy — Ho = = fly_gy V + iy + P+ gy @1, 81, G
K,,[ by, - b, @V TRtk f@).

(36)

On operating both sides of the relation (36) by the operator Kf,""l‘“f B B A
we obtain

O—py—pg—"+—Hp_ 1M1 O—puy =P =" — P2 Hk—2 70— H1 —Ho—" " —Hk_3,Hk—3 70 —H1—Ho—" [k _gHk—4
K, K, K, K,

) e Qe Ao
"'K‘(IS_M_HZMK:;_M’MKG{ aV,bllll',” l,)a 1] f(l')} i K:; i —Ho Hr—1HEk—1 x
K O =y — Mg =+ = MgV F g+ g+ g g,01,0 01, G (@)

! b17 o 7bsa q"+l—h+#2+---+uk_2 3

(37)
The application of (33) to the right hand side of the above expression leads to

0=y —pg ==y _1:Hk—1 0=y —pg—"+—Hp_g:lk—_2 [ O—H1—Ho = —Hg_3:Hp—3 70— M1 —Hg—"—Hg_4:Hk—a
K, Ky K, Ky

s o)

5"'/1/1_Hg_"'—ﬂk,17V+‘[L1+'u,2+-~-+uk_1’al’--- ,(lr_l,qu
Kq[ bi, - by, g tithat i f(x)  (38)

which is valid for n =k (k = 1,2,...,n). This completes the proof of (32).
The result (30) joint with Theorem 2 and Theorem 3 yield:
Corollary 2 Let K" f(x) be a fractional g-integral operator as defined by (5),
then
K3 f(a) = K§m+# f (z) (39)

where 6 € C, Re(u) > 0,Re(v) > 0.
Corollary 3 Let K" f(x) be a fractional g-integral operator as defined by (5),
then

B L e L L T e e L 1 T Sy TS — - .
Ky i Y (G n2n2,,.K;5 I M2a#2K§ ul,ulKg,uf(x):

Kg*ltl*#2*'““#1171v’/+l‘1+ﬂ2+"'+ﬂn—1f(x) (40)

where 0 € C, Re(y;) > 0,Re(v) >0, i=1,2,--- ,n—1.

5. Q-MELLIN TRANSFORM

d,v,a1, 001

In this section we establish the g-Mellin transform of the K, [ b b ] (.) fractional

g-integral operator.

29

© Del documento, de los autores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017



The g-Mellin transform of f(z) is defined as [4]
1 oo
Miffe)sh == [ ) (4)

Theorem 4 Let K, [6"“‘ ,birvl] f(z) be a fractional g-integral operator, as defined by
(26), then

v sa D64 ot )0
e R O B o e
) I1vs q .

ay, - ,a,-1,q°,0
r+1¢s+1 |: bll, ,b q16+qy+p+s 7q qjl Mq{f('r)ap+ '5}7 (42)

where M, {f(z);s} denote the g-Mellin transform of f(z) and 6,p € C, Re(v) >
0, by,....,bs #
qg ™ form=0,1,--- .

Proof From (29) and (41) we have,

O, v, 0y, ,Qp_ b = q;q
Mq {l‘qu[ b i b l:l f(l‘),s} = (1 - q) 1Zq6k( )k X
1, ", Us =0 (q Q)k
Ay, ,0r-1, e - s— e
N T I B o PN

where we have interchanged the order of integral and summation.
Making a change of variable and using (22) we obtain,

/ l.p+s—1f(zq—u—k) dql‘ _ q(u+k)(p+s) / w””_lf(w)dqw,
0 0
which can be written as:
/ xp+s—1f($q—u—k) dq.’l,‘ _ (1 o q)q("“Lk)(pH)Mq{f(x);p + 9}
JO

Substitution of this expression in (43) leads to

67V7a7"',arA v v s
Mq{prq[ bll... b 1]f(ﬂﬁ);s}:(l—q)q(”+‘)1\4q{f(:r:);p+8} X

- s k Ay, Ar-1, e
d " glorerak )) v, [ o e ) q] : (44)
k=0 q)k 1 y Us

Now applying (19), we get

> vtk
§ (0+p+s)k\d 1)k q q) Ay, -+, 0r-1,4 . o
q ¢s b - b 74,4 =
k=0 )k: 1, s Us
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= ((11 q (alvq) (ar 1,(1)] 1\ 14s—1r j PO ook (€5 Dk q q) ik |
P e el () D ety AL

On the other hand, from (13)

(), = (@™ 0w _ (€59 (@59 s ),(q”“;q)k (46)
(@Y e (015 9)0 (075 Q) " (g% )k
Hence we have
- (3 )k = 9 @)k
SiI= q(6+p+s)k (q -Hc q 6+p+s)k ) '
; (4 9k J,Cz:% Q)k

Using (21), (13) and (15) the above expression can be written as,

(q6+p+s+u+j. q)

S=(q":9); 190 (QVH; _;q’q§+p+s) = W((I"§Q)J‘

_ (=" T(0+p+s)  (¢%9);
L0 +v+p+s) (¢PHets;q),

Therefore, from this result and (45),

iq(6+p+s (¢ @)k 6 ar, - @, gt cgval £ (1—-qg)% (6 p+5)
k=0 )k blv"'vbs ’ Fq(5+V+p+S)

& _(a139)5(a2;9)5--(0r150)5(8%59); [0 yi ()]0
Jgo( q);(by; q);..-(bs ,q)j(q6+u+p+s;q)j {( 1Yq ] a,

_(1-q)"T(6+p+53) 5 a1, ar_1,q",0
L,0+v+p+s) rH®Pst1 | p L, q6+u+p+saqq :

The substitution from this expression in (44) yields the desired result.

Finally, using (30) and (42) we get the following result, as a particular case:

Corollary 4 Let K, (‘;*” f(z) be a fractional g-integral operator, as defined by (6),
then

L0+ p+s) g+
L0 +v+p+s)

M, {z*K}* f(z)} = MAf(z);p+ s}, &,p€C,Re(v)>0. (47)
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