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ABSTRACT 

This paper deals with a new fractional q-integral operator type Weyl involving a gen­
eralized basic hypergeornetric function rcP8 (.) . For the new operator sorne cornposition 
forrnulae, fractional q-integration by parts and the q-Mellin transforrn are presented. 
Furtherrnore, various special cases are rnentioned. 
Keywords: Fractional q-integral operators; cornposition forrnulae; generalized basic 
hypergeornetric function; fractional q-integration by parts; q-Mellin transforrn. 

l. INTRODUCTION 

The rnost widely used definition of an integral of fractional order is vía an integral 
transforrn, called the Riernann-Liouville operator of fractional integration: [17, p. 146] 

al~cp(x) = rto:) ¡X (x - t)"'- 1cp(t) dt, Re(o:) >o, 

(1) 
dn 

= - ¡a+n,n(x) dxn a x r ' - n < Re(o:) :"'.'.: O, n EN. 

Many authors, arnong thern, Agarwal [1], Al-Salarn [2], Galué [5-7], Garg [8], Kalia 
[10], Kalla et al. [11], Kalla and Kiryakova [12], Kiryakova [13], McBride and Roach 
[14], Ross [17], Saigo [18], Sarnko et al. [19], Saxena [20], Saxena et al. [21], have 
defined and studied operators of fractional integration with their applications. Sorne of 
these operators are: 
1.1 Erdélyi-Kober Operator: [10, p. 4, Eq. (20)] 

Ir¡,a f(x) = x;(:)r¡ 1 x(x - t)"'- ltr¡f(t)dt , Re(o:) >O, 

(2) 
dn 

x-a- r¡ _ xr¡+a+n¡ f( x ) - n < Re(o:) <_ O. dxn r¡ ,a+n ' 
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1.2 Basic analogue of Kober fractional q-integral operator 
A basic analogue of Kober fractional q-integral operator has been defined by Agarwal 

[l] in the following form: 

Ii·µ f( x) = ~~~:~ 1x tr¡ (x - tq)µ - l f(t) dqt, r¡ , µ E C, Re(µ) >O, (3) 

where order of integration µ is arbitrary real or complex number, and 

v rroo [ 1 - (y j X) qn ] 
(x - y),, = X n=O 1 - (y /x) qn+v . 

1.3 Basic analogue of Weyl fractional q-integral operator 

(4) 

A basic analogue of Weyl fractional q-integral operator has been defined by Al-Salam 
[2] as follows: 

I-qµ f(x) = ~~~:; ¡00 (t - x)µ- 1C(r¡+µ) f(q (l - µ)t)dqt, r¡ E C, Re(µ) > O. (5) 

Kr¡,µ f(x) = (l - q) ~ qkr¡ (1 - l +1) f( xq- µ- k). 
q r (µ) L µ-1 

q k=O 
(6) 

1.4 The operator L~(.) 
A fractional q-integral operator, denoted by L~( .), was introduced by the author [6] 

in the following form: 

(7) 

M, m1 , ... ,mr non-negative integers, n EN,')' E e, bl , ... , br =!= o, - 1,-2, ... , l ~ I < l. 

1.5 The generalized fractional q-integral operator lq[º·,,·:,',:::o;,:r-1]f(x) 
lt is defined as follows: [7] 

Íq [ó, v , a¡,··· , ar- 1] f(x) = x-ó-v x 
bl , · · · , b5 f q(v) 

¡x [ ª1, . . . , ªr- 1' qv+k ] 
Jo tº (x - tq),,_1 r<f>s bl , ... , bs ; q, q f(t) dqt (8) 

= (1 - q) ~ qk q"k (1 - l +l) - r<f>s [ a1 , ... , ªr-1, qv+k ; q, q] f(xl) 
r (v) L ,, 1 b1 · · · b 

q k=O ' ' 5 

(9) 

where ó E C, Re(v) > O, b1, ... , bs =/= q- m for m = O, 1, · · · . 
If a; = 1, for any i = 1, 2, · · · , r - 1 the operator (8) reduces to the following special 

form: 
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- Ó- v ¡X X c5 
-(-) t (x - tqt_1 f(t) dqt 
fq V O 

1g,v J(x), ó E C, Re(v) > O. (10) 

The fractional calculus theory is applied in almost all the areas of science and engi­
neering. Operators of fractional calculus and their q-analogues have many applications, 
for example, they can used to solve dual integral and series equations which arise in 
crack problems in elasticity [22] . They find applications also in chaos theory ([25]-[26]), 
control systems, signal processing, bio-medical engineering, radars, sonars, etc ([3], 
[23]-[24]). Further one more important property of fractional integrals is that certain 
multiples of them map sorne orthogonal polynomials to orthogonal polynomials [15]. 

In this paper we define a new fractional q-integral operator type Weyl, using a gen­
eralized basic hypergeometric function rc/JJ). For the new operator sorne composition 
formulae, fractional q-integration by parts and the q-Mellin transform are presented. 
Furthermore, various special cases are mentioned. 

2. BASIC HYPERGEOMETRJC SERJES 

In this section, we present sorne basic definitions, which are useful in our analysis. 

2.1 The q-shifted factorial 
The q-shifted factorial is defined as [9] 

and 

{ 
1, n = O 

(a ; q)n = (1 - a)( l - aq)( l - aq2 ) ... (1 - aqn- 1 ) , n = 1, 2 .. . 
[(1 - aq- 1)(1 - aq- 2 ) . .. (1 - aq- n)]- 1, n = - 1, - 2, .. . 

00 

(a; q)00= lim (a; q)n = TI (1 - aqk), 
n->oo k = O 

which converges for lql < 1 and diverges for a=/. O and lql ~ 1, and 

2.2 Identities 

( ) (a; q)oo 
a; q n = ( n ) , aq ;q oo 

n E Z, lql < l. 

(11) 

(12) 

(13) 

We recall here following q-identities [9, p. 233, Eq. (Ill); p. 235, Eq. (I.35); p. 21, 
exercise l. 5]: 

(a;q)n-k = (a;q)n (q1- n/ b;q)k (~) k 
(b;q)n- k (b; q)n (ql - n/ a;q)k a 

r() (q;q)oo (l )1-x O 1 qX=() - q '< q < . qx;q oo 

23 

(14) 

(15) 

(16) 
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From (4), (12), (13) and (15) we obtenemos the following identity 

(1 - qk+l) = (qk+l;q)oo = (q;q)oo (q11;q)k = f q(v) (q11;q)k (17) 
11- l (qk+v; q)00 (q11; q)oo (q; q)k (1 _ q)l- 11 (q; q)k · 

2.3 Basic hypergeometric series 
This series is due to Reine, [9] 

,¡, ( b ) ~ (a;q)n(b;q)n n 
2'f'i a, ; e; q, z = 6 ( ) ( ) z , n=O q; q n e; q n 

(18) 

where it is assumed that e=/= q-m for m = O, 1, ... , and (a; q)n is the q-shifted factorial 
defined in ( 11). 
2.4 Generalized basic hypergeometric series 

A generalization of the basic hypergeometric series 2 c/J1 , is as follows [9] 

(19) 

where b1 , ... , b8 =/= q-m for m = O, 1, ... ; G) = n(n2- l ); q =/= O when r > s + 1 and 
lim rcPs=rFs. 

q-+1 -

2.5 The q-binomial theorem 
One of the important summation formulae for hypergeometric series is given by the 

following binomial theorem: 

whose q-analogue was derived by Cauchy (1843), Reine (1847) and others [9] 

icPo(a; -; q, z )= f ((a; q))n zn_ (~z; ~)oo' lzl < 1, lql < l. 
n=O q; q n z; q oo 

(21) 

2.6 The q-derivative operator 
This is denoted by V q and defined for fixed q as [9, p . 22] 

V f(z) = f( z ) - f(qz). 
q (1 - q) z 

(22) 

2.7 The q-integral 

Thomae (1869) and Jackson (1910) introduced the q-integral in the following form 
[9, p. 19, Eq. (1.11.1)] 

J~ J(t)dqt = (1 - q) f J(qn)qn. 
n=O 

(23) 

24 
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and also defined an integral on (O, oo) by [9, p. 19, Eq. (1.11.4)] 

00 

J';' J(t)dqt = (1 - q) L J(qn)qn, (24) 
n=-oo 

therefore from (23) and (24) we have 

00 

J'; J(t)dqt = (1 - q) L J(q-n )q- n. (25) 
n = l 

3. DEFINITION OF THE OPERATOR 

We define the generalized fractional q-integral operator Kq [º'"':,',:::·,1,:r-1 ] f(x) as fol­
lows: 

where ó E C, Re(v) > O, b1, ... , bs =f. q- m for m = O, 1, · · · . 
Making a simple change of variable and using (22) we get 

Kq [ó, v, a1 , · · · , ªr- 1] f(x) = _!i!_ x 
bl,. .. ' bs r q(v) 

¡oo w-ó-1 (1 -2-) r<Ps [ ~1, ... ':r- 1, q"- 1 / w ; q, q] J(ql - "xw) dqw (27) 
W v- l 1 , · · · , s 

which, by virtue of (25) and after of a change of index, can be written as 

~ qºk (1 - qk+l) "- ] ,./.. [ a1 ' ... ' ªr- J, q"+k . ] f( - v- k ) 
L..., v r'f's bl . . . b ' q, q q X . 
k=O ' ' 8 

(28) 

Now, using (17) we obtain 

Kq [ó, v , a1 , · · · , ªr- 1] f(x) = (l _ q)" x 
bl , · · · , bs 

"\'"""" ók ~ ,./.. ai, ... 'ªr- 1, q . f( - v- k ) oo ( v. ) [ v+k ] 
L..., q ( . ) r'f's b . . . b , q, q q X . 
k=O q' q k J, ' s 

(29) 

If a; = 1 for any i = 1, 2, · · · , r - 1 the operator (26) reduces to the following special 
form: 
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I<q [6, v , a1, · · · , ªi-1, 1, a;+i, · · · , ªr-1] f(x) 
b1 , · · · , bs 

'f_____!_ Có-v (t - ) j ( 1-vt) d t 
-ó ó ¡ 00 

fq(v) x X v- l q q 

I<t·11 f(x) , 6 E C, Re(v) > O. (30) 

Theorem 1 If 6 E C, Re(v) > O, b1 , . . . , bs =/:- q- m for m = O, 1, · · · , then we have the 
following result for fractional q-integration by parts 

provided that the q-integrals exist. 
Proof Let be 

I = 100 g (q-vx) Iq [6, v~:,l::: ·, ~~r-1] J(x) dqX· 

Using the definition of the operator Iq [15'11':,', '.: ,1,:r-1 ] ( ·) given in (9) and interchanging 
the order of integration and summation, in view of the absolute convergence, we get 

(1 - q) ~ qk lk (l - qk+l) 
r (v) ~ v- 1 

q k=O 

I = X 

100 
g (q- 11x ) f(xqk) dqX 

now, making a variable change and using (22), we obtain 

I = [ v+k ] ,1. ai,··· , ar- 1,q. 
r'+'s bl · · · b , q, q 

' ' s 

X 

and interchanging the order of summation and integration we have 

I = 

Finally, interpreting this expression in terms of the operator I<q [15•11·: 1
1, '. : ,:,r-1 ] (.) we 

obtain (31). 
From (10), (30) and Theorem 1 we obtain the following: 
Corollary 1 If 6 E C, Re(v) > O, then we have the following result for frac-

tional q-integration by parts 

(32) 

provided that the q-integrals exist. 

26 
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4. COMPOSITION FORMULAE 

In this section we investigate sorne composition formulae for the fractional q-integral 
operator K [6·"·ª1•·· ,Ur- l] f (x). 

q b1,-·· ,bs 

Theorem 2 Let KJ·µ f(x) and Kq[6·"·~1,:::,;,:r- 1]f(x) be fractional q-integral operators, 
as defined by (5) and (26) respectively. Then, 

Kg- µ,µ {Kq [º' v, a1, .. . 'ªr-1] f(x)} = Kq [º - µ , v +µ,a¡, ... ' ªr- 1, q"] f(x) (33) 
b1 , .. · , bs b1 , .. · , bS> qv+µ 

where ó E C, Re(µ) > O, Re(v) > O, bi, .. ., b8 .¡. q- m for m =O, 1, · · · . 
Proof To prove the result (33), we make use of the relations (6), (17) and (29) 

in the left hand side, to obtain 

~ ók(q";q)k ,.¡., [ a1,··· , ar- 1, qv+k. ] J(q- µ- v- h- kx). 
L., q ( ) r'f's b b 'q, q k=O q; q k 1 1 . . . , s 

Using the result [16, p. 56, Eq. 1] 

00 00 oo n 

LLA(k,n) = LL A(k,n- k) 
n=O k=O n=O k=O 

we get 

h ( µ. ) ( V. ) [ v+k ] ~ (ó- µ)h q 'q h- k µk q 'q k ,.¡., a1 , ... 'ªr- 1, q . 
L., q ( ) q -( -) r'f's b b 'q, q k=O q; q h- k q; q k 1 1 ... , s 

Now, the result (14) leads to 

Kg- µ,µ {Kq[ó,v,a1,··· , ar- l]J(x )} = (l-q)µ+vf q<ó-µ)h(q~;q)hf(q-µ-v-hx) x 
b1 , .. · , bs h=O (q , q)h 

~ (q-h;q)k k(q";q)k ef> [ a1,··· , ar- 1, qv+k. ] 
{:o' (ql-h/qµ;q)k q (q;q)k r 8 bi, · · · , b8 ,q,q 

Hence applying (19) we have 

Kg- µ,µ {Kq [º' v, a1, .. . ' ª r- 1] f(x)} = (1 - q)µ+v f q(ó- µ)h (q~; q)h f(q - µ- v- hx) X 
b1 , .. ·, bs h=O (q,q)h 

27 
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where we have interchanging the order of the sum on the basis of absolute convergence. 
The use of (16) , in order to evaluate the inner sum, yields 

therefore, 

that is, 

[ a1 ,· ·· ,ar- 1,q" ,qv+µ.+h ] 
r+ l<Ps+l b ... b qv+µ. ;q,q 

} , ' S) 

on interpretation of the right hand side of the above expression in light of the definition 
(29), we finally obtain of the desired result. 

Theorem 3 Let KJ•µ.f(x) and Kq[ó,v,:,',:::,:,r-1]f(x) be fractional q-integral operators, 
as defined by (5) and (26) respectively. Then, 

where ó E C, Re(µ;) > O, Re(v) > O, i = 1, 2, · · · , n - 1, b1 , ... , bs -1 q- m for m = 
O, 1, · · · . 

Proof We employ here the principle of mathematicial induction. For n = 
2, (33) reduces to, 

Kg- µ., ,µ., {Kq [ó, v, a1, · · · , ar- 1] f(x) } = Kq [ó - µ1, v + µ1, a1, · · · , ar-1, q"] f( x ). 
b1, · · · , bs bi, · · · , bsi qv+µ. ¡ 

(35) 
We suppose that (33) is valid for n = k - 1, that is, 

28 
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K [(j - µ1 - µ2 - · · · - µk- 2' V+ µ1 + µ2 + · · · + µk - 2' a1, · · · , ªr - 1 , qv] J(x). (36) 
q bl , · · · , b8 , qv+µ¡ +µ2+··+µk-2 

On operating both sides of the relation (36) by the operator K;- µ1 -µ2- ··· -µk - 1 •µk- 1 (.), 

we obtain 

The application of (33) to the right hand side of the above expression leads to 

K [(j - µ1 - µ2 - · · · - µk - 1> V+ µ1 + µ2 + · · · + µk - 1> a1, · · · , ªr- 1, qv] f(x) (3B) 
q bl, · · · , b., qv+µ¡ +µ2 +···+µk - l 

which is valid for n = k (k = 1, 2, ... , n). This completes the proof of (32). 
The result (30) joint with Theorem 2 and Theorem 3 yield: 
Corollary 2 Let KJ·µ f(x) be a fractional q-integral operator as defined by (5), 

then 
Kg- µ,µKí·v j(x) = Kg- µ,v+µ j(x) (39) 

where ó E C, Re(µ) > O, Re(v) > O. 
Corollary 3 Let KJ·µ f( x) be a fractional q-integral operator as defined by (5), 

then 

(40) 

where ó E C, Re(µi) > O, Re(v) > O, i = 1, 2, · · · , n - l. 

5. Q-MELLIN TRANSFORM 

In this section we establish the q-Mellin transform of the Kq [ó,v,:11,'. :-,b:r-1 ] ( .) fractional 
q-integral operator. 
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The q-Mellin transform of J(x) is defined as [4] 

Mq{j(x);s}=-( 1 ) {
00

X 5 - 1f( x)dqx · 
1 - q Jo (41) 

Theorem 4 Let Kq [J,v,:,',::: ,/,~r- 1 ] J( x) be a fractional q-integral operator, as defined by 
(26), then 

,¡, [ a1 ,· ·· ,ar-1, qv ,o ] M {f() } 
r+l 'l's+l b . . . b qo+v+p+s ; q, q q X ; P + S , 

1, ' s, 

where Mq{f(x);s} denote the q-Mellin transform of J(x) and ó,p E 

O, bl , .. ., bs-/= 
q- m far m = O, 1, · · · . 

Proof From (29) and (41) we have, 

Mq { xP Kq [º' v,ba1'.::. ~ ªr-1] J(x); s} = (1 - qt-1 f q°k ((qv.; q))k 
1 , , s k=O q' q k 

where we have interchanged the order of integral and summation. 
Making a change of variable and using (22) we obtain, 

100 xp+s-1 J(xq - v- k) dq x = q(v+k)(p+s) 100 wp+s-1 J(w)dqw, 

which can be written as: 

Substitution of this expression in ( 43) leads to 

00 ( V . ) [ v+k ] """"' (o+p+s)k~ ,¡, a1, ... 'ªr-1, q . 
L.,; q ( . ) r'l's b . . . b ' q, q . 
k=O q, q k 1 , , s 

Now applying (19), we get 

00 ( V. ) [ v+k ] """"' (o+p+s)k~ ,¡, a1, · · · , ªr-1, q . = 
L..,; q ( ) r'l's b b , q,q k=O q; q k 1 , . . . , s 

30 

X 

( 42) 

<C, Re(v) > 

X 

(43) 

X 

(44) 
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On the other hand, from (13) 

(46) 

Hence we have 

Using (21), (13) and (15) the above expression can be written as, 

( ó+p+s+v+j. ) 
S _ ( v. ) . ,.¡. ( v+j. _. ó+p+s) _ q > q oo ( v. ) . 

- q ' q J l 'l'Q q ' ' q' q - ( ó+p+s. ) q ' q J q , q 00 

(1 - q)- v rq(ó + p + s) (q"; q)j 
rq(ó + l/ + p + s) (qó+v+p+s; q)j. 

Therefore, from this result and (45), 

~ (ó+p+s)k (q"; q)k ,./. [ a1, ... , ªr-1, q"+k . ] - (1 - q) - v rq(ó + p + s) 
~ q ( ) r'l's b b ' q, q - f (' ) X k=O q; q k l> ... , s q u + l/ + p + S 

f= (a1; q)J(a2; q)j ···(ªr- li q)J(q"; q)j [(-l)jqW] l+s-r qj , 
j=O (q; q)J(b1; qk .. (bs; q)J(qó+v+p+s; q)j 

(1-q)-"fq(ó+p+s) ,.¡. [ a¡,··· ,ar-1,q",O ] 
= rq(ó + l/ + p + s) r + l 'l's+l b1 , ... , b., q"+v+p+s ; q, q 

The substitution from this expression in (44) yields the desired result. 
Finally, using (30) and (42) we get the following result, as a particular case: 
Corollary 4 Let Kt'" f(x) be a fractional q-integral operator, as defined by (6), 

then 

M { PJ{ª•"j"( ·) } = fq(Ó + p + s) qv(p+s) '1' {j( )· } 
q X q X f (' ) füq X , p + S , qu+v + p+s 
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