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Resumen 

En este trabajo mostramos una estimación local del gradiente de cualquier 
solución de la EDP cuasilineal 

-ti.u+ H(x, u, Du) = J, m n, (E) 

bajo adecuadas hipótesis de estructura sobre los datos. Con la estimación anterior 
demostramos que existe una solución minimal de (E), explosiva sobre oil. 

Abstract 

A local estimate of the gradient of every solution to the quasilinear PDE 
(E) is obtained in this work, under suitable structural conditions of the data. We 
show the existence of a minimal solution blowing up on the boundary with the 
help of this estimate. 
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R. LETELIER AND J . ORTEGA 

l. INTRODUCTION. 

In this work we consider the quasilinear equation 

-~u+H(x,u,Du)=f in n, (E) 

where n is a bounded open set of IRN, N ;:::: 1, f E Lr:;'cCü) and 
H : n X IR X IRN -t IR+ is a function which satisfies the following structure 
conditions: 

E1 .- The function x --. H(x,r,q) belongs to Lr:;'c(ü), for all (r,q), and the 
function (r,q) -t H(x,r,q) is continuous for all X in n. 

E2.- IH(x,r,q) - H(x,r,q')I $ PH(lq - q'I), alrnost everywhere in n, for all r 
and for Jq - q'J srnall, where PH : IR+ --. IR+ is an increasing continuous 
function with PH(o+) =O. 

Ea.- H(x,r,q) - H(x,s,q) 2': -\[,B(r) - ,B(s)], r;:::: s where ,B: IR+--. IR+ is 
an increasing continuous function with ,B(o+) =O. 

REMARK l. 

Sorne particular choices of H of relevance in the applications are: 

N f) 
-~u+ L. a;(x) a:. + ,B(u) = f 

i=l ' 

(E.) 

-~u+ a(x)Vuk + fJ(u) = f 

where ,B IR+ --. IR+ is an increasing continuous function, with 
,Btü) =O; and f E Lr:;'c(ü). 

DEFINITION. 

Let 1 < s < oo. We say that u E W1~·:(n) is a strong solution of the 
quasilinear equation 

-~u+H(x,u,Du)=f in n, (E) 

if 
-~u( X) + H( X' u( X), Du( X)) = !(X) alrnost everywhere in n. 

We prove sorne results on the existence of strong solutions u E W1~','.'°(ü) of 
the equation (E), blowing up on the boundary an. Note also that only the general 
condition u= +oo on an is required. 
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LOCAL GRADIENT ESTIMATES ANO EXISTENCE OF ... 

In order to prove this result, we proceed in several steps. 

STEP l. 

In this first step we obtain a local estimate of the gradient in L 00 norm, 
useful in the proof of the theorems of existence, where the topological fixed points 
results of Leray-Schauder will be used (see [Gi-Tr], [La-Ur], [Se] and [Di-Lel]). 

STEP 2. 

In this step we construct a function u : n ---4 m+ as the pointwise limit 
of solutions of a suitable sequence of approximated problems. This function u is 
a solution of our problem 

-Liu + H(x, u, Du) = f m n 
u= +oo on an 

(P) 

STEP 3. 

By using the local estimates obtained in the step 1 and sorne compactness 
arguments we pass to the limit in the approximated problems showing the existence 
of a strong solution of the problem ( P). 

Finally, we point out also that the strong solution of (P) constructed 
via approximation is in addition the minimal classical solution of (P). 

11. THE RESULTS. 

STEP 1.- A LOCAL ESTIMATE OF THE GRADIENT. 

THEOREM 1 [Di-Lel]. 

Let u1,u2 E w1:·;'(r2), be such that 

-Liu1(x) + H(x,u1(x), Du1(x)) ~ -Liu2(x) + H(x, u2(x), Du2(x)) a.e.x m n, 
(1) 

and 

l. u1(x) h d ( 8") imsup-(-) ~ 1 w en ist x, H ---4 O. 
U2 X 

(2) 

Then 

U¡(x) ~ U2(x) a.e. X in f2. (3) 
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R. LETELIER AND J . ORTEGA 

THEOREM 2 [Di-Lel). 

Let us suppose that we have the structural hypotheses E¡ , i = 1, 2, 3. Let 
¡ : JR+ ---+ JR+ be a continuous function with ¡(O+) = O and satisfying the 
following conditions: 

/

00 crc:;)1/2 < oo, (1i)-y 

where r(r) = r ¡(s)ds, satisfies the inequalities: 

(4) 

>.(f3(r) - f3(s)) ~ (v + c)¡(r - s), if r ~ s ~O, (5) 

for sorne positive constants e and v. 

Let u E W1~';'°(n) be a strong solution of (E), with f E L~c(n) and f ~ O, 
then for every n' e e n we ha ve 

u( X) ::::; e V X E n' (6) 

where the constant C depends only on the structural data of (E), n' and on the 
L00(n') norm off. 

Furthermore, if C¡ is the constant of (6) related to the date f then, 

Ji ::::; h implies e" ::::; eh . 

REMARK 2. 

For the homogeneous choice /m(r) = rm, m > O, the condition (H)-r is 
satisfied if m > 1, taking ( 4) the form 

µpH(r)::::; c(2v)-1 1 + (v)-1 N(2)(m-l)/2 r 2m/(m+l), [ [ ] m/2(m+l)] 
( 4') 

furthermore, for this particular choice of ¡ we have that the uniform estimate (6) 
can be written as: 

[ (
R2 I ¡2 )] 2/(1-m) 

u(x)::::; (cm(v))-1 ~m~v~ Xo 
(6') 

+ /3-l ( llH(., O, O)l: oo,BR¡ 2 (xo) ) 
" , x E BR¡2(xo), 
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LOCAL GRADIENT ESTIMATES Al'iD EXISTENCE OF ... 

where cm(v) and lim,v are known constants that can be explicitly evaluated. 

To conclude the first step, we show a local estimate of the gradient of any 
strong solution of (E). As we shall see later on, this will play an essential role on 
the proof of the existence of solutions of (P). We use the known method due to 
S.Bernstein in 1910 (see [La-Li], [Se]). It consists in the study of the function 

~(x) = 1Du(x)l2 ' X En. 

For the sake of simplicity, we will suppose in the proof, that the data are 
smooth. We will omit the laborious processes of approximation that are needed by 
the statement. Since we are interested in local estimates, we may restrict ourselves 
to the class of functions of the form, 

w(x) = i.p(x)~(x), x En, 

with t.p E Cg'°(n) verifying O ~ t.p ~ 1 in n and t.p = 1 in sorne subset of n . 

Our result is the following: 

THEOREM 3 (LOCAL ESTIMATE OF THE GRADIENT). 

Let u E W1~·:(n)nW1~,'."'(n), 1 ~ s ~ oo beastrongsolutionof(E), with 
f E W¡~','.'°(n), f ~ o and H : n X IR+ X IRN -+ IR+ a differentiable function 
satisfying the conditions, 

Hr(x,r,q) ~O q E IRN (7) 

and 
. (H(x,r,q)) 2 +4Nq · ~H(x,r,q) 

hm X = 00 

lql-00 [qf2 [1 + l~~(x,r,q)/] 
(8) 

for every X En, r E IR+· 

Then for every 8 > O we have that: 

[Du(x)I ~ Có if X E n_ó (9) 

where n_ó = {x E n : dist(x,on) > 8} and Có is a positive constant which 
depends only on the upper estimates of u, f and D f in n_ó . 
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R. LETELIER AND J . ORTEGA 

PROOF 

As in [La-Li], we consider cp E C~(n) verifying, 

o s 'P s 1, 'P = 1 in n_6 and l~'PI s Ccp, IDcp [.f s Ccp2 lil n, 

where the constant C depends only on 6. Supposing that all the data are smooth, 
we can argue about the function 

w(x) = cp(x)~(x), X E fi. 

Our argument will use the differential expression 

Cw = - ~w + 2cplD2 ul2 + 2cp-1(Dcp · Dw) + 2cp ( Du · ~~ (x, u, Du )) 

. aH 
+ 2cplDul2 Hr(x, u,Du) + Dw · aq(x, u,Du). 

U sing the repeated index convention, we will ha ve the relations 

aH ( aH ) ( aH ) Dw · aq(x,u,Du) = cp D~ · aq(x,u,Du) + ~ Dcp · aq(x,u,Du) . 

Then, we can replace those terms in the definition of C and obtain 

Cw = - ~cp(D;u)2 - 2cpD;uD;;;u + 2cp-1(D;cp)2 (D;u)2 

+ 2cp ( Du · ~~ (x, u, Du)) + 2cp~Hr(x, u, Du) 

+cp (n~. 8;:(x,u,Du)) +~ (Dcp· ~~(x,u,Du)). 
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LOCAL GRADIENT ESTIMATES Al\D EXISTENCE OF ... 

On the other hand, differentiating the equation (E) with respect to x; and 
after multiplying by 2cpD;u, we get 

-2cpD;uD;iiu =2cpDu · DJ - 2cp ( Du · ~~ (x, u, Du)) - 2cp'PHr(x, u, Du) 

-cp (ncp · ~~ (x,u,Du)) 

after sorne simple simplifications, this last term leads to the expression 

As w is continuous in n and vanishes on an, there exists Xo E n such 
that w(x) ~ w(xo), Vx En. Without loss of generality, we can suppose that Xo 
belongs to the support of cp, since, on the contrary the estimate (9) results clear. 
We will show that w(x0 ) is bounded by a constant c6, in terms of the statement, 
since under these conditions we will have 

1Du(x)l2 ~ w(x) ~ w(xo) ~ C6, Vx E n_6' (11) 

which is what we want to prove in (9). 

To simplify the notation, we can assume particularized all the computations 
which follow in x0 and we omit the x0 term. As x0 is an stationary point of the 
function w, the definition of Cw leads to 

Cw = - ~w + 2cplD2 ul2 + 2cp ( Du · ~~ (x, u, Du)) + 2cp'PHr(x, u, Du) 

= -(~cp)if? + 2cp(Du · Df) + if? ( Dcp · ~~ (x, u, Du)) + 2cp-1 IDcpl2 'P. 

(12) 

Now, we try to get an upper bound of the right hand size of (12). By 
using l~'PI ~ Ccp, IDcpl2 ~ Ccp2 and the Cauchy-Schwarz inequality, we get the 
relations 

and 

2cp(Du · Df) ~ 2cp!Dul IDJI ~ 211Dfllcpif?1/ 2 , 

-(~cp)if? ~ l~cpl'P ~ Ccpif?, 

if? ( Dcp · ~~ ( x, u, Du)) ~ 1Dcp1 1 ~~ ( x, u, Du) 1 if? 

~ Ccp2 I~~ (u,x,Du)I if? ~ Ccp I~~ (x,u,Du)I if? 
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R. LETELIER AND J . ORTEGA 

(in this last estímate we use that O :::; cp :::; 1 ). 

If we call C the maximum of the constants 21/D /11 and 3C, the expressions 
(7) and (12) lead to 

-~w + 2cplD2 ul 2 + 2cp ( Du · ~~ (u,x,Du)) :::; Ccp~ 1 /2 + Ccp~ 

+ Ccp 1 ~~ (x, u, Du)I ~ . 

The nature of the point x 0 implies that 

2cplD2 ul 2 + 2cp ( Du · ~~ (x, u, Du)) :::; Ccp~ + Ccp~ 1 !2 +Ccp1 ~~ (x , u, Du)I ~ . 
(13) 

Due to Cauchy-Schwarz and Young inequalities and the equation (E) we 
ha ve 

2cplD2 ul 2 2". ~ (~u)2 = ~ {H(x, u, Du) - !} 2 

2:: (1/2N)cp(H(x, u, Du))2 - (1/N)cp/2 

= (1/2N)cp(H(x,u,Du)) 2 - (1/N)cp///11 2 • 

Now, choosing e as the maximum of the constants 211111 2 and 2NC, from 
the previous inequality and (14) we have 

cp(H(x, u, Du))2 + 4Ncp ( Du · ~~ (x, u, Du)) :::; ccp + ccp~ 1 !2 

+ ccp~ + ccp~ l ~~ (x, u, Du)¡, 

and therefore, 

(H(x, u, Du))2 + 4N ( Du · ~~ (x, u, Du)) - e~ 1 ~~ (x, u, Du)I- e~ - c~ 1 12 :::; e 

(15) 
(recall that cp(xo) >O). • 
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LOCAL GRADIENT ESTIMATES Ar\D EXISTENCE OF ... 

Finally, we can use a coercitivity argument to obtain (11). In fact, we 
consider the continuous function :F : JR.N ----+ IR., defined by 

:F(q) =(H(xo, u(xo), q))2 + 4N ( q · ~~ (xo, u(xo), q)) 

218H 1 2 - clql aq(xo, u(xo), q) - clql - clql 

from which (14) takes the form 

:F(IDu(xo)I) ~c. 

The regularity hypotheses of H and (8) imply the relations: 

lim lql 2 lªaH (x,r,q)I =O, 
¡q¡-o q 

and 
2 aH r (H(x, r, q)) + 4Nq · az(x, r, q) 

lql~ ¡q¡21~~(x,r,q)I =oo. 

Thus, we have proved that, 

:F(O) = (H(xo,u(xo),0)) 2 and lim :F(q) = oo, 
lql-00 

concluding (11) from the bound of the right hand size of (14). 

REMARK 3. 

The last result coincides with the result obtained in [La-Li, Appendix] for 
the homogeneous choice H(x, r, q) = lqlk +.Ar, k > 1 and .A> O, considered there. 
Results about the sublinear case are treated in [Ba-Di-Di]. 

REMARK 4. 

The hypotheses (8) and (9) are close to the ones used in [Se], [Lil] and 
[Li2]. 

REMARK 5. 

Using approximation methods, we can extend the last result to the choice 
H(x,r , q) = a(x)lqlk + .Aj3(r), where k > O,.A >O, J3 is an increasing continuous 
function and a E L00(!l) is a continuous function . 
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R. LETELIER AND J . ORTEGA 

STEP 11.- CONSTRUCTION OF THE FUNCTION U 

PROPOSITION 4. 

Let f! be a Cº•1 domain in JRN, suppose also that H verifies the structural 
hypothesis E;, i = 1,2,3, (7) and (8), 

H(x,0,0)=0 'efxEf! 

and H(x, r, q) ::; r¡(r )(1 + lql 2 ) . Suppose furthermore that for sorne non decreasing 
function r¡ : JR+ ---+ JR+, (1i)-y, ( 4) and (5) hold. 

If f E W1~';'(f!) , f 2: O, then the approximated problem 

-Ó.UR + H(x, u, DuR) = f R, a.e. in n 
UR = R, on an , 

with fR(x) = min{f(x) , R}, has a unique solution UR E nC2(n} 

PROOF. 

Clearly ÍR E W 1•00 (f!), the sequence {fa} is increasing in R and f R---+ f, 
in W1~·;'(f!) . 

On the other hand, the properties of H and the bounded nature of the 
problem (PR) allow us to say (via sub and super solutions method) that (PR) 
admits, at least, one classical solution UR E c2(n) (see [AmH] and [Gi-Tr]). Also, 
from Theorem 1, it follows that UR is the unique solution. 

Moreover, the Comparison Theorem shows also that the sequence { uR} R is 
increasing on R . That is, 

Now let X En, fixed but arbitrary. We define u(x) by 

u(x) = lim UR(x) = sup uR(x). 
R-oo R >O 

Since the sequence { uR} R is bounded by a constant which depends only on 
L 00 norm off (see Theorem 2), the monotonicity of the sequence { uR} R allow 
us to canclude that u is a well defined function in the open set n. 
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LOCAL GRADIENT ESTIMATES AND EXISTENCE OF ... 

STEP 111.- EXISTENCE OF THE STRONG SOLUTIONS OF (P) 

THEOREM 5. 

Let us suppose that H verifies the structural hypotheses E;, i = 1, 2, 3, (7), 
(8), 

H(x,0,0) =O, 'Vx E 11 

and H(x,r,q):::; r¡(r)(l + lql2 ), for sorne increasing function r¡: JR+ ~ JR+. 
Supppse also that (H)..y, (4) and (5) hold. 

If f E W1~·~(11), f ~ O, then the problem (P) has, at least, one strong 
solution u E W1~·~(11). 

PROOF. 

We will prove that the function u constructed in the previous step is a 
strong solution of (P). To do this, it is enough to prove that: 

b) u verifies, in strong sense, the equation (E). 

e) u satisfies the "boundary condition". 

Proof of a). 

Let n' ce n be fixed but arbitrary, we shall prove that u E W 2·P(11'), 
1 < p <OO. 

From the definition of u and Dominated Convergence Theorem, we obtain 
that: 

UR ~u, in LP(11'), 

On t-he other hand, the local estimates of UR in W 1 •00 (11') and the 
hypotheses H(x,r,q):::; r¡(r)(l + lql2 ), allow us to obtain that: 

and 
UR ~u, in W 1•00(11') (i) 

Furthermore, since 

D.uR = H(x, UR, Du.R) - ÍR 
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R. LETELIER AND J . ORTEGA 

is bounded in L 00 (f!') independent of R. From Theorem 9.11, [Gi-Tr], we have 
that if n11 ce n' then: 

//un//w2"(íl")::; C{//unl/LP(fl') + l/ónl/LP(fl')}::; M, 1 < p < oo, (ii) 

where M is independent of R. 

Therefore, from (i) and (ii) (see [Br]), we have that 

u E W 2·P(f2"), 1 < p < 00 

and 
uR ----+ u, in W 2 •P(f2"), 1 < p < oo ( iii) 

Proof of b). 

Let n' ce n. 

From (iii), the continuity of the function H and from the convergence 

f R ----+ f, in LP(f!'), 

we have that 
ÓuR - H(x, UR, DuR) - ÍR 

converges in LP(f!'), 1 < p < oo, to 

óu - H(x,u,Du) - f 

now, from the equation of the problem (Pn) and the uniqueness of the limit, it 
follows that u verifies the equation (E) , in LP(Q') , 1 < p < oo, and therefore u is 
a strong solution of the equation. Moreover, from the equation (E) we obtain 
that u E W1~';'(f2). 

Proof of e). 

Finally, the condition 

lim u(x) = oo 
dist(x,80)-o 

follows from the monotonicity of the sequence { uR} n, the fact that UR = R on 
an and from the continuity of u in n. 
This concludes the proof. 
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LOCAL GRADIENT ESTIMATES AND EXISTENCE OF ... 

PROPOSITION 6. 

The function costructed in (15) is the minimal solution of (E). That is, if 
v is a strong solution of (E) such that, 

lim v(x) = oo 
dist(x,80)--+0 

then, 
u(x)::; v(x), a.e. X in f!. 

PROOF 

If v is a strong solution of the problem (P), then from Theorem 1, 

UR(x)::; v(x), a.e. X in f!. 

therefore, 
sup{uR(x): R >O}= u(x)::; v(x), a.e. x inf!. 

REMARK 6. 

Since f E Cª(f!'), for sorne a E (O, 1), and x ---+ H(x,., ·) is Holder 
continuous (see Theorem 3), we have that ~u E CP(f!'), Vf!' CC f!, for sorne 
/3 E (O, 1). From Schauder's Theory (see for instance [Gi-Tr]) we also have that 
the solution u of the problem (P), is a classical solution. 
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