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ON THE WATSON-WRIGTH TRANSFORMATION ON CERTAIN 

WEIGHTED LP-SPACES 

Abstract • 
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In this paper we study the boundedness and ranges of the 

Watson-Wrigth integral transformation on certain weigthed L -spaces 
p 

by 

using Mellin multipliers techniques. Moreover this integral transforms 

is extended to several spaces of generalized functions. 

Key words Watson-Wright transformation, weighted 

Mellin multiplier techniques, Bessel functions. 
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1. Introduction • 

spaces, 

The function wv,v•(x) was defined by G.N. Watson [19,p.308] in 1931 

by means of the integral relation 

--~/z[-1 t wv v• (x) • x- t Jv (xt )Jv, <r )dt 
• 0 

(1) 

where as usual Jv denotes the Bessel function of the first kind and 

order v. 

27 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



The integral of the right of (1) was first evalued by C.V.H. Rao 

[11] and that it playes the role of a transform was studied in detail by 

K.P. Bhatnagar [3]. 

G.S. Olkha and P.N. Rathie ([9) and [10]) introduced the following 

generalization of the Watson function wv,v•• 

µ µ• r >..-,_µ _µ• ' wv'v· >._(x) - x1/Z t Jv(xt)Jv,<r>dt 
• • 0 

(2) 

where the integral on the right exists provided that 

a) v, v• > -1, 

' b) O<.µ '<1 or µ '•1 and >..+v+i>O, and 

t 
c) 0<.µ<1 or µ-1 and ->--+v '+2>o. 

Here~ denotes the Wright's generalized Bessel function (see [20]).Note 

h 1,1 
t at WV 'V' ' 0 -WV 'V ' • 

Taking the functions defined by (2) as kernels, the last authors 

defined the Watson-Wrigth transform by the integral equation 

~µ'O' re O'J,Jµ' °v: v, :x. Cf > Cy> - J 
0 

Cxy) wv :v, ,X. cxZr>f (x)dx ( 3) 

under the above restrictions and O' E IR suitable. In [10] an inversion 

formula for (3) was established. 

P.G. Rooney (13] considered certain weighted L -spaces denoted by 
p 

~v and defined for real r and 1Sp<CC to consist of those complex valued 
' ,p 

functions f, 

In this paper we study the boundedness and ranges of the 

Watson-Wright transformation on the spaces ~r , by using the techniques ,p 

developed by Rooney [13]. Moreover we define the generalized 

_ _µ µ. O' 
lfv 'v• '>..-transformation on the spaces~~ , the dual space of ~v • 

• • ' ,p ' ,p 

Our notation will be that of [13]. Specifically, we say a function 

m belongs to .Ill if there are extended real numbers a(m) and '1Cm), with 
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ot(m)</1(m), so that 

i) m(s) is analytic in the strip ot(m)<Re s<~(m), 

ii) in every closed sub-strip, ctSRe sSc2 , where ot(m)<CtSc2 <{1(m), 

m(s) is bounded, and 

Also, for X and Y Banach spaces, [X,Y} denotes the bounded linear 

transformations from X to Y; [X,X} will be shortened to [X]. 

Let Y y denote the collection of operators S ~ [ ~ y / 2 , 2 J, which are 

defined in terms of a kernel k, associated with S, by an equation of the 

form 

The following formula (see [10,p.52}) will be useful in the sequel: 

(4) 

' ' for Re s>max(-V-2 ,-v'+A-2 ), µ>O and µ'>O, where .At represents the Mellin 

transformation. 

2. The boundedness and the range of the Vatson-Vright 

transformation. 

We now study the boundedness and the range of the 

_ _µ,µ• ,c 
H'v ,v, ,A -transformation on the spaces ~ by 

Y,p 
using the technique 

developed in [13] by P.G. Rooney. 

Define firstly the function 

µµ 'Cl [oµµ• ..... • • ( ) • ( z )d 
''v 'v' ,X. x - t wv v' A t t 

0 ' • 

According to well known properties of the Mellin transformation and by 

( 4) one follows, 
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where 

t 
with max( -2V-l-O', -2V '+2A-1-0') <2 . 

By [ 4, 1. 18 ( 6) ) , 

1rcx+iy) I ~ c2n)t/ZIYlx-(t/2)expc-nlYI /2) ' as IYl .. co (5) 

uniformly in x for x in any finite interval, and thus 

for a suitable M>O and being ~ - ~ ( ~ + C µ +µ • ) ( ~ + ~ ) +v ( 1 +µ ) + ( v • -A ) ( 1 +µ • ) . 
2 2 2 ' 

H cl" 'µ ' 'O' ( ) i b d d id d ence, v,v• ,>.. t s oun e , prov e that µ+µ '<2 or µ+µ '•2 and 

_j..J µ' O' 
Therefore, by virtue of Lemma 4.1 [13), the H'v:v.:>...-transformation 

belongs to Yt under the above restrictions. 

Also, the Fourier-cosine transformation is a member of Yt, being 

.At ( F f )( ~+it ) • w ( t ) .At ( f )( ~ - it ) , for t 6 ( -CO, +co) c z z 

where w(t)•2itrc~c~+it))/rc~c~-it)) and F denotes the Fourier-cosine 
2 2 2 2 c 

transformation. 

µ µ• O' 
If max(-2V-l-0',-2V'+2A-l-0')<1 then UL ' , '.,. (s) is analytic in the strip 

-v,v •"' 

max(-2V-l-0',-2V'+2A-l-O')<Re s<l 

Moreover, by using again (5), if 

µ µ• O' 
then 111v:v•:)..cx+it) is bounded provided that µ+µ'<2 or µ-µ·-1 and 
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~+c+v+v '->..<-2 z 

From (4), 

d µ,µ• ,O' 
'(i-; Dlv,v•,X.(S) • 

O' _>.., _ (? / 2 ) µ µ • , O' • v t O' • v •A t O' t 
• 2 Dlv : v • , A ( 8 ) ( ¥' (-' + i +-' +' ) +¥' (' + i - i +' +' ) - 2¥' ( i ( l - 6 )) + 

•O'Vt •O'tAV' t 
+µ'Y'c l+v-µ c,+, + 2 +, > > +w'Y'c l+v • -w c,+,+,-2 + 2 > >-2¥1c 2 s > > 

where 'Y'(s)..f''(s)/rcs). But from (4,1.18(7)), as s-+OO in larg slSn-6, 

where O<O<ft, 

¥'(s) • log s - (2s)-1 + 0( Is l- 2 > 

Hence, if µ+µ '<2 or µ-µ ' .. 1 and ~+c+v+v '-A<-2 , then 
2 

d µ ,µ. ,O' i I I 1 
~.v',A(x+ t) • 0( t - ) as It 1-+oo , 

for every x such that max(-2V-l-O',, -2V' -2A-l-O')<x<l. 

µ µ• O' 
Therefore, 111v:v• :A EA with 

(7) 

Ot(m)-max(-2V-l-0',,-2V'+2A-l-O') and ~(m)•l, 

provided that µ+µ'<2 or µ-µ·-1 and :+c+v+v•->-<-2. 

t 
Recall that if 2>Clt(m), then 

.At(',µ,µ: ,O'f)(~+it) - d'·µ: ·~(t)(.Atf)(~-it) 
°v,v ,>... 2 v,v •"' z 

for t & (-00, +oo) and f & Z
1

,,,,
2 

,z. Also 

µ,µ• ,O'ct i > d'·µ· ,O' I 
Dlv,v',X. i+ t • v,v•,x.(t) w(t) t E ( -00, +oo) 

Now, according to (12, Theorem 1), if l<p<OO, max(~, 1-~ )SY<l, 
p p 

nSqS-
1

- then F E [Z ,Z ) . Hence, from [13, Theorem 3), if l<p<OO, ,..---- 1-y• c Y,p 1-Y,q 

t t t t • 
max(P,1-P):Sr<l, p:Sq:S

1
_y , acm><2 , µ+µ'<2 or µ-w-1 and 2 tc+v+v'-A<-2, 

~_JJ µ. O' 
and 1-~(m)<Y< <l-Ol.(m), then ffv:v•:A can be extended as a member of 

[z Z ] d .)J ,µ • ,O'(~ ) c F (~ ) 
v • 1-""' an °v v • >... ""' - ""' • ,,p ,,q •• ,,p c ,,p 

We now define 
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where (V, v' ,µ ,µ' ,>..) and cv,, v,' ,µ, ,µ,' ,>..,) sa tisf ie the conditions a), 

b) and c). 

By using again (5) and (7) we can prove that if 

is less than 

' .Ui (l+vi )-0',-1+2>-,-2vo, µ,+µpµ+w or µ,+µi-µ+w and 

Ai Vi Vi O'i O' A v v' 0'-0', 

2 c1+µi>+ 2 c1-µi>+ 2 c1-µi>- 2 +2 - 2 c1+µ'>- 2 c1-µ>- 2 c1-µ·>++cµ+µ•> , <-1, 

then l & A with ot(l)-max(-2V-l-O', -2V' +2>--1-0') and {3(l) 

Also 

l(~+it) - rf'.W,O'(t)/rf'i•µi,O' (t) for every t e (-00,+Q:)) 
2 v , v • , >.. v i , v i , >..1 ' 

then 

and 

By invoking again (13, Theorem 3], if l<p<OO, 

Moreover, if µ-µi, µ '-µi , 

max(~, 1-~ )~Y<l, p p 

' ' max(-2Vi -1-0'i. -2Vi +2Ai -1-0'd<min(µ ( l+V )-0'-2V-l, µ. ( l+V' )-0'-1+2A-2V.). 

then l-i e A, with acl-1 )-max(-2Vi-l-O',, -2Vi +z>--,-1-a,) and f3cl-i )• 

' ' -min(µ ( l+V )-0'-2V-l, ,U, ( l+V' )-0'-1+2A-2V'). 

Therefore, if l<p<CC, max(~,1-~)SY<l, pSqS,~y• µ-µ,, µ•-µi, 
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max( l-f1(l), l-f1(l'-1)) <Y<min( 1-0t(l), l-Ot(l'-1)), 

( 1-µ) (V1-V )+( 1-µ') (1.>1-V' )+X.t(l+µ' )-X. ( 1+µ )+(µ:µ' +1) (O'-O't)=O 

t 
and Ot(l)<-</1(l) , then 

2 

The above results can be sUDlll8rized in the following 

Theorem 1 : If l<p<OO, max(~,1-~)S'Y<l, pSqS~ t v• and (V,V' ,µ,µ• ,X.) 
p p ~-~ 

and cv,,v,•,µt,µt',X.t) satisfie the conditions a), b) and c). 

t • 
i) 0t<2 , µ+µ'<2 or µ.µ•-1 and 2 +o'+V+i>•-X.<-2, and O<'Y<l-Ot, where 

Ot-max(-2V-l-O',, -2V • +2X.-l-O'), then 

.)J 'µ' 'O' E ( ~ ~ ) and 'ff 'µ' 'O' ( ~ ) S F ( ~ ) 
~.v•,X. 'Y,p' 1-'Y,q v,v•,X. 'Y,p c 'Y,p 

t 
ii) °'t <2 </11 , 1-f11 <'Y<l-<Xi,, µ 1 +µpµ+µ' or µ 1 +µ1-µ+µ' and 

)...t Vt Vl_ 0'1 CY)... V V' O'-O't 
2 c1+µ1>+ 2 c1-µt>+2 c1-µ1>- 2 +2 - 2 c1+µ'>- 2 c1-µ>- 2 c1-µ·>++cµ+µ·> , <-1 

where~ -max(-2V-l-O', -2V '+2X.-l-O') and 

then 

• • <~ > s t• 1• s.c~ > ~ 
µ • O' ~ µ• O' 

'v ' ')... 'Y • p t 'v l. • )...t 'Y ' p 

Olz-max( -21.>-l-O', -2V '+2X.-1-0'), 

' ' /12-min(µ(l+Vs.)-O't-2Vs.-1, p,(l+Vi)-0'1-1+2X.s.-2Vi), 

OCZ-max(-2Vs.-l-O's.,-2Vl_+2X.s.-l-O's.) and 

' ' f1z -min ( µ ( 1 +v ) -0' - 2V- l , µ , ( l+V ' ) -0' -1 +2)... -21.> ' ) , and 

( 1-µ )(1.>1-V )+ ( 1-µ' )(Vl_-V. )+X.s. (1+µ' )-X. ( i+µ >+cµ;w +1) (O'-O't)-0 

then 

• • <~ > - , • s.c2 > ~ 
µ ' O' ~ µ• O' 

• v •• )... 'Y • p t • v l. • )...t 'Y • p 
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3. The generalized Watson-Wright transformation. 

In this section we define the _ _j.J ,µI ,O' f i 
lfv,v·,A.-trans ormat on on certain 

spaces of generalized functions. To this end, we first establish a 

Parseval equation for the integral transformation under consideration. 

Theorem 2 : If f Ei :e and g Ei ~ , where l<p<oo, l<q<oo, r,p r,q 
~:SnS~S-t- Ol<~ µ+µ'<2 or µ-µ·-1 and !+CY+V+V'-A<-2,0....-v<l-OI, being r r q-t t-y • 2 1 2 ~ 

Ot-max(-21.>-l-O',, -21.>' -2>---1-0'), then 

I ~·~>~<f> cx>g<x>dx - [f<y>~·~: ·~cg> <y>dy Jo I I 0 I I 

(8) 

Proof : Let Co denote the collection of functions, continuous on 

(0,00) and vanishing outside some interval (a,b), where O<a<b<OO. If f Q 

Co and g E Co, then from (3), 

r _ _j.J µ· O' r r O' µ µ· lfv'v• '>-.(f)(x)g(x)dx • g(x)dx (xy) w'v'v• A.(x2y2)f(y)dy • 
0 I t 0 0 t I 

the interchange of the orders of the integration being easily justified 

by Fubini's theorem. Thus (8) is true if fE E Co and g E Co, and hence, 

since from (13, Lemna 2.2], Co is dense in ~Y and :ey , the general ,. ,p ,. ,q 

result will be true if we show that both sides of (8) represent bounded 

bilinear functionals on :ey X :ev 
I" Ip I" ,q 

Now, since in the imposed conditions ._,µ,~: •': is in [:l!v ,:1!1 v , ] , '\> t,.. 1"- I" I q -,- Ip 
p-t 

where p'---p-• by using Holder's inequality 

I lf(y)~'~'.'~<g)(y)dyl S llxyf(x)l lx1 ->'~,~'.'~<g)(x)ldxs Jo I I Jo ' I x 

s Uf Hy, PU~:~: :~sH 1 _r, P' s K Uf llr )lgllr ,q 
where K is a bound of ~ ·~: ·~ as an element of c:ey ,:el_Y • ] . so that ,.... • ,. ,q ,. ,p 

the right hand side of (8) is a bounded bilinear functional on ~v X ,. ,p 

X :e , as is the left hand side of (8) by a similar calculation, and 
Y,q 
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the resuls follows. 

,,µ µ. C1 
Now we define the generalized °v'v• 'A-transformation on z;, as the 

' • ,. ,p 

adjoint of the classical transformation on Z 1 Y , through 
- .. ,q 

<(.)-',µ' ,C) 'f A.> • <f .)-',µ•,CIA.> (9) 
°v,v• ,A ,.,., '°v,V',A.,., ' 

for f E Z • and tfl E Z . Last expression can be unders- tood as a 
Y,p 1-Y,q 

generalization of the Parseval equation (8). The following assertion is 

a simple consequence of Theorem 1,i), 
_ _µ µ. C1 

Theorem 3 : The generalized (H'v:v•:>...>'-transformation, defined by 

(9), is a continuous linear mapping of z;, into Z 1•_Y , provided that ,. ,p ,. ,q 

' ' < < <' ' .. l<q<OO, max(q,l-q)-1-Y<l, q-~y· 2>max(-2V-l-0',,-2V'+2"--l-C), µ+µ'<2 or 

µ-µ '•1 and ~+c+v+v • -A<-2 and max(-2V-l-O,, -2V '+2A-1-0')<Y<l. z 

By using the Holder's inequality we can see that if f is in 

Zl-Y,p'' being p'~, then f defines a regular generalized function on 

z.:, . Hence, Z
1 

y ,cZ;, and if f belongs toZ1 y ,, then c~·.~>.~)'f ,. • p -.. • p ,. • p -.. • p 

exists provided that the conditions in Theorem 3 hold, when q is 

replaced by p'. We have, according to our definition (9) 

«~·~'.'~>'f,t/J> - <f,~·~'.'~4'> • [f<x>~·~:·~ctfl>Cx)dx 
t • t ' 0 ' ' 

where f> E z
1 

Y , • By applying (8) we arrive at 
- ... p 

[ f(x).)J,µv: '~(t/J)(x)dx • [·,µ,µv: '~(f)(x)fJ(x)dx • <'JJ,W •
0

f tfl> 
o °v, •"' o°v• •"' °v,v•,).. ' 

Therefore, when f E Zl-r,p•' it is proven that 

ci'. .w ,c >, f _ .)J .w ,c f 
v,v• ,>.. °v,v• ,>.. 

_ _µ ,µ. ,<Y .)J ,µ. ,<Yf 
in other words, the classical H'v,v• ,>..-transformation °v,v• ,>... is a 

special case of the generalized transformation(~:~::~)'. 
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Remark : A generalization of our work to transformations of the 

form 

[ 
o P' J.J µ• 

(Tf)(y) - (xy) p wv'v• A(x2y2 )f(x)dx 
0 • • 

where 

p• J.J,µ• t/2[ A-LJ..I _J..J• t 

P WV v. A (X) - x t J'v p<xt)J'v. P' <r )dt 
• • 0 • • 

and ~.P denotes the Lommel-Maitland function defined by the series 

( [ 6]) 
00 

j!: ~ ~-l)k(z/ 2 )2k+V+2P 
v,p<z> - ho (l+P+k)r(l+P+v+µk) 

is possible. By using the techniques of this paper one obtains similar 

results (see [2]). 
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