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ABSTRACT
In this paper, we consider a unified form of yet another generalization of Epstein-Hubble

elliptic-type integrals,

g |
Q)= [(1-k'cos®) *d0;  j=0,1,2 .. and 0<k<l.

0

We examine some of their important properties including asymptotic expansions in the

neighbourhood of k' =1.
Several results obtained recently by some authors, follow as special cases of our results established

here.

1. INTRODUCTION
Recently, Al-Zamel et al [4] introduced a generalized form of a family of elliptic-type

integrals to Epstein-Hubbel [ 8], given by the formula:
™

o, ¢ {s 2 . = i _Y
ZP (k) = [ cos™ " (@)sin®" (&) [T~k  cosB) ' db (1.1)
2 2 J
0 ¥l

where Re(a),Re($)>0; |k;|<1, a,y;ez, j=0,L..;n.

They gave an explicit representation of (1.1) in terms of Fé"), the Lauriecella

hypergeometric function of n- variables [17], and obtained its asymptotic expansion as k' >1.
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Also, Al-Zamel [3] gave a different class of generalized elliptic-type integrals to Epstein-

Hubble family of integrals, of the form:

22-1 2v-2A-1 g

G)

-’f exp(osin” 2) cos™ (§)sin
1

R} (kA v)=
0 2 e
(1-k" cosB)

do (1.2)

with 0<k <1, Re(4)>0,Re(v—1)>0 and Re(u)>-1/2.
He gave a series expansion of RZ and established its relationship with @, [9], the confluent

hypergeometric function of two variables, and its asymptotic expansions as k* —>1.

An another class of generalized elliptic-type integrals has been studied by Ben Nakhi and

Kalla [5], in the following form:

2, 2 B-£-1
cos” (%)(1 —cos” (%)J sin §
R} (x,68)= [ —i do (1.3)
(1-x"cosB)

where 0<x<1, ©>0, Re(B)> Re(£)>0, Re(y)> 1.

This class includes the families of elliptic-type integrals given earlier by Kalla et al. [14],
and others.
Garg et al. [11] have considered a family of elliptic-type integrals involving Gauss

hypergeometric function in the integrand.

In the present paper, we define and study another general class of elliptic-type integrals
Rfy) (k;A,v). We investigate their properties regarding their relationship to @, and Fé”. We also

. . . . . . 2
give some recurrence relations and its asymptotic expansions in the neighbourhood of k™ =1, and

an approximation formula.

2, NOTATION, DEFINITION AND SPECIAL CASES

Let R = RE;’ (k;A,v)

=RY K,k A
(Yl‘Yz‘ 'Yn)( 1.3 20 2 ’V)
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. 29
asm 5 2v-24-1

! (9)sin
q (1-k’ cos@)”

()

de 2.1)

Il
St—y
(¢}

where Re(1)>0, Re(v-4)>0, |k;<l, @, y; € ,j=1...,n
Special Cases:

(i) Ifwelet n=1, k, =k, and y, =px+% in(2.1), we get

29
sy 201 gy o 2V-2A-1

f e cos” (9sin
L
0 (l—kzcose)H :

@

R= de 2.2)

=R, (k,4,v)
This family of elliptic-type integrals are considered recently by Al-Zamel who also
established its relation with @, , the confluent hypergeometric function of two variables in the

following form,

a TMI(v-A o
Ru(k,k,v)z-L)I e ¢1(?»,u+%;v,m,—on)

rova+k*) ' 2

Moreover, if we let oo =0, we have;

2v-2A-1

R=[" cos (&) sin () 1-k" cos0) "3 4o 2.3)

R, (k,4,v) .

This family of elliptic-type integrals was studied by Kalla et al. [14].

(i1) If welet B=v—A, a=0,A=a in(2.1), then
R=["cos™ (@) sin™" () Jnl (1-k’ cos®) " do 2.4

(a B)
(v) (k)

This family of elliptic-type integrals (2.4) is due to Al-Zamel et al. [4], and they have

established the following relationship:
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RoLE@L®)

> n K 2K
F(oc+B) 2] l_ka) K Flg)LB;blr--ybn;a'f'B; 2 ! S ,2—n~J (2.5)

k, -1 k, -1
where Fé") is the Lauriecella hypergeometric function of n-variables [17]. If we let n =3 and

2 2 2 P )
Yx=u+%,'Yz =y;=MA, k; =k’, k; =-%5 and k3:2+5

in (2.1) we get

R = Z(“‘B) (klakzakS)

(1n.72.73)
= (-2f (+9)" A" .80
where Y=o+ and AP represents a certain family of elliptic-type integrals of Srivastava and
Siddiqi [19].
A number of other families of elliptic-type-integrals, considered by several authors, as

mentioned in our survey paper [2] can be easily recovered from our unified form of generalized

elliptic-type integrals defined by equations (2.1).

3. REPRESENTATION OF R{, (k;4,v) IN TERMS OF F;’ and ®{"""
First we express the family of integrals RZ,) (k;A,v)in terms of Lauricella’s

hypergeometric function F[()n).

We have,

. 20
asin 2 24-1

R=J'e cos” (£) sin
0

2v-24-1
2

© q -k’ cos®) "’ o |
1

2 2 .
g 2 ,1-2x=cosb, and dx=sin< cos2 db.

>, then 1-x= cos

let x =sin

X" 1-x)! q -k +2k’%) 7 dx,
1

n —— S,
-[x @), vy Il a-k) " (-wox " dx |
d !
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L(V=A+1)1(A) L(V+1)
'(v+r) ' [(v-A4+0I'(4) '

l%[ k)hz(a)r

I A (1—x)/H L}ill (1-o, x)—7jJ dx

0

()
Fy (V=A+T, ¥y, Vo iVHI, @ ,....0,).

.- 7ig (@), T(v=-A4+y)[(})
_1}(1 k) g r! I'(v+r)

where Fy is the Lauricella hypergeometric function of n-variables.
Now, if'in (3.1), we let

(1) B=v-A,a=06, we have

2k 2k’
(ﬂ VisesVn s BHA; T ] (3.2)

R = l‘I(l k)”% o

The result (3.2) is in agreement with the expression given recently by Al-Zamel et al. [4, P. 12].
(i1) n=1, k, =k, y, =pn+1, then we obtain the result given by Al-Zamel [3].
(i) Further, for n = 3, the result (3.1) reduces to the formula given by Kalla and Tuan

[15, P. 51] which itself is a generalization of several other results given by

Srivastava and Siddiqi [19], Kalla et al. [14].

Now we express R (k;A,v)In terms of (D(M)

We have;

n - 1 n =i
R :n](l—kf) “je‘“x“‘*“ a-x)"" M(1-0,x) Udx
= =

0

n L, ® e L L ¢
=j131(1_kj) 7 3> J-xv 11 /1 ra x () @ 1)1'1 a0 (Fude, o
0

n
£=0  £p=0 =0 4 4! 2]

3 3 > T (}/) N v++ +.4
=Zz ZH(I k})” JZJ( )zja I(l X) AtL+Ly+. ) dX,

0n=0 fy=o £=0 7 0

_ 7 & - — (}/J)lj 4 a_lr(v_ﬂ+é+él+"'+£ﬂ)r(l)
H(1 K'Yy yn (@;) 0 TW+e+8,+..41,)

=0 fy=o t=0 I

>

MM & & & A) ety o 7j 1z1 n)ey ' 2 n
_T(v-I( )Z % (v-4) (1 k) ey n)e, @ @)"(@.)

I'(v) 2PV L Y N 2.0

b
£1=0  £n=0
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_I'(v=-)r@ ) ﬁ(l —k?)_yj (Dinﬂ)
I'(v) j=1 .

(V=A71ses V03 Vi0,,..0,,&) . (3.3)
where CDf"”)is the confluent hypergeometric function of n+ 1 variables.

Now if we let, j=1, k, =k, y, =p+%in (3.3), we get

—T(A)

a F(V 2"”"l
R (K, A,v)= =5 (1-k) . @ (v-Adut+iviea).

where o=

This result coincides with the formula given by Al-Zamel [3] by virtue of the identity due to

Tuan and Kalla [20], namely

®, (a,b,c;0,2)= (l—oo)fb e D, (c—a,b,c @ _ —z)

> o1 2

4. RECURRENCE RELATIONS

Here we establish some recurrence relations, using simple trigonometric identities and other

formulas.
As,
. 29 o "
z F5N 3 221,y . 2v-24-1 4
« e cos 2) sin ¢
R ed=[ o D[ gy, @n
0 H1 (l—kj2 cosd) "
o
Let x:sinZ%,then
e 27 ¢ A-1 A-12 -7
R (k;/l,w)=J1;Il(l—kj) e X a-x" J_Iz]l(l—a)j x) | dx (4.2)
0
2k’
where o, =——— ' j=12,..n.
-1

Now let x:c052% , then

n —y 1 n -
RS (k;4,v)=¢€" j:nl(1+kf)” e x“‘(1—x)V““jr=11(1—rj x) Tdx  (43)

0
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2k

2
1+kj

where 7;= , J=1..n.

=e" R,” (ik; v—-4,v).
Hence from (4.2) and (4.3) we have the recurrence relation

R; (kA v)= " R, (ik; v—2,v). (4.4)

By using the identity sin” 2+ cos’ £ =1in (4.1) we obtain the following formulas:

R(, (kA v)=Rg, (kA v-1)-Rg, (kA +1,v) (4.5)
and R, (kA v)=R(, (kA-Lv-D-R( (k,A-1V) (4.6)

We can also obtain the following recurrence relations simply by multiplying the integrand of

o 1-k’ cos®
definition (4.1) by 12— )
1-kj cosB
a ) _ 2 a
R(y ,,,,, ¥ (k Av)= (1+k )R """ 1+7j""’7n)(k’ A, v) =2k; R(}/]""’1+7j ,,,, },n)(k,l+l,V),
for j=1,...,n. 4.7)
and
R(}/l"""}/j""’}/ 3 (k;A,v)=(01- K )R(y _____ y (k A v)+2k R(}, i n)(k;/1,1/+1
for j=1,..,n . (4.8)
1-cos” ¢
Moreover, by multiplying the integrand of (4.1) by ——2—9—2 , we get these relations
sin” 9
.29
x 2 L 2v-124-1 24-1 g
a e 2) cos o
R, (kid,1)= | ! &) . @ 49
0 I (1-k; cos)”
i
”easinZ% sin 2w=2(A+1)-1 ( ) 2(l+1)—1 (g)
. J' 2= d6
0 H(l—kj)
j=1
which yields the recurrence relation
R(,) (A, V) =Ry, (kA v—1)-Rg, (kA +1,v) (4.9)
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sin” ¢ .
Multiply the integrand again by ——2 to obtain,

cos” 2
asin" g iy 2] 3
- 2 . 2v- -3 9
ke fe @ 0™ @
0 Hl(l—kj cosﬁ)
=

A asng . 2v-2i4 g G
-Je sin @) cos™ (&) db,
0

29
n Mg L 2(v-D2-D-1 g 2-1)-1 g
_ J-e sin (%) cos 3) &

I (l—kf cos6)”
o

n
osin (% 1)
_ J’e Sin2v 2(A-1)-1 (%) - 2(A- 1)1( ) o,
0

Hence we have the recurrence relation,

Ry, (kA V)= R (A -Lv—-1)-R{, (kA -Lv).

S. SINGLE-TERM APPROXIMATION TO R

In this section, we establish a reasonable single term approximation to R.

We have,
! —a-1 i 2 2 (7
R=[ 2770~ x)" e“*ng (1-k;+2k; x) " dx,
0

where | k; [<1, j=1,..,n

1 n —y:
-k} T a-x m‘jl;ll(l+wij)yjdx,

=1 0
' i a-1 " 7j
e B -
=m [x"77A-x)" ™ I a+x)”
. il j
where mand @; ,j=1,...,n are positive real numbers such that

n - 1-k’
m=I1 (l—k?) " and o, = L j=1..,n
. ] ] 2
Fl 2k;
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Now since (1+wij)YJ = (1~x)/WJ ,j=1..,n and e =1+ax for small values of x, then

1

Rzm [x"77(1-0"" (+ox) 1'[)(1~x)h dx,
i
0
where r,=— , j=1..n
)
! A A : A A+r-1
Rsz A=) dx +om va_ Ta-x"T dx,
0 0

= mB(v-AA+r) + amB(v-A+1 A+r)
where r:irJ , (v=A)>0,A>0.
j=1

" IF'v-M)IT(A+1) L om T(v-A+D)I(A+1)
I'(A+r1) I'(v+r+1)

o I'v+n)I'(v-M)I'(A+71) . omI'(v-AM)T(v-M)IT(A+r)
I'(v+r+1) T'(v+r+1)

Twv-M)TA+y) )
W(\) +r+ Ot(v 7\¢))

This formula gives a reasonable approximation to R for small values of x and r, and may be

used to determine numerical values of some physical problems involving this generalized elliptic-

type integrals.

6. ASYMPTOTIC EXPANSION AS k* — 1

Consider the transformation [1] formula for Gauss hypergeometric function, normally

JF, @bie,z)= LOLOZD) (e

F(b)r(c—a) Fl (a,1+a—c; l+a_b;7) (61)
Tareoy 2 B (b,1+a—c 1+b-a;1)

with |arg(-z)|<m

As,
.29
- j” e :in"_“: ©) 00:“_1 @ 40
0 I1(1-kj cos@) "’
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Ifwelet x= sin’ 2, weget

n —_y 1 n —ys
R=I(1-k) " [e” x™ (1-x"" I1-wx) " d,
1 5 1

where o; = — 0

= = e (},lml (}/n)
mEf 5. B Rats

1
m m, v+r+my ...+mp -4 -1 A-1
(o)™ (0,)™ [ x " 1-x)

0

dx,

_/’L)
Tv-OAr(A) & & e VD rim stmy g -
T o) " XX
F(V) r=0 mp=0 mp= (V)r+m1+ Ampmp ..
"(}/n)mn r m mp
e g (o)™ (@)
m,!.... m,!

_ mI(v-MI()

2 & & OV Nameimy o Vo)
o) b3 1 3

r=0 m=0 mp_1=0 (V)r+m]+ +mp_ ml! ...... m, ! 'Y'

a ()" . .(0,)™". ,F(v=A+y+m, +..+m_, ¥, ;v+y+m +m, +o.+m g ;e

Now using the transformation formula (6.1), we get

.F (v—?»+r+m, +..4+m_,y,,v+r+m, +..+m_ ;con)=

I(v+y+m, +...+mn_l)l"(}/n -v+A-1-m;—..-m_,) (L)V+7+ml+m+mn_l
T(A)T(v-y, +r+m, +..+m_ ) = A
S (v—x+r+m, totm 1A 1+ v=A=y, +14+m, +..+m ;con)

F(v+r+m, +..+m,_)[(v-A-y, +y+m, +._.+m, ) (L)
rv-A+r+m,+..+m, _ )T(v-y, +y+m +.+m_ ) "

,F (yn,l+y“—v—r—ml— 1+y,-v+A-r-m, —.. mn,l;i)

nl’

= M(L)V‘l (__1_)r+m1+..,+mn_1 .
T(Arlv-y), on
- (V)Y¢m|+v+mn_1 (V—X+r+ml +mn_l)m“ (]—x)mn

mp =0 (V - y)r+m| +.+mp_] (1 ~YatV- 7\')[+m]+. +mp_] mn!
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1

m,  TWIW-4-y, A
@) +—_——( M )( )7
(1+v-/1—yn+r+ml+...+mn_l)mn "

L= (v-7,)

(Vs o V-2V m o ) oAy, yameem ), (P

mp =0 (V_x)um]+ fm- (V_Yn +r+m| +"'+mn—1)m“ mn!

Substitute ,F, in R to get

- r(v-A)r(, —v+/1)(2k:)1_y_,,, = a-k*™.
r(v-7.) R

i i i (V—l)wmu. e ¥y ...(yn_l )mn-—l (l_x)mn

r=o mp=0 mp =0 (l +tv- }\‘ - Yn )y+rn]+ +mp (V - Yn )r+m|+,,,+mn_| '

N RN - N T e N

r'm,!.m,!

= (V ﬂ‘ yn )7+m1+ Amp_j-mp

+TA)T (v -4-7,) (2k) 7" H(1 DY Z Z

r=0 m=0 mp =0 (V Y )y+m1+...+mn_1—-mn

—_(7 oy iy (o,

Rzl"(v—/l)l"(/l~v+}/n) (Zk:)l_v ri:Il(l—k?)—yj
Tv-7.) e

2 v-4

-k a+0k> -1)

LTI v=2-7,)

r(v-7,)

Which gives the required asymptotic expansion of R.

(k2 'ij(l—kj)‘” (1+0(k —1)).
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