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In this paper, we consider a unified form of yet another generalization of Epstein-Hubble 

elliptic-type integrals, 

n · 1 

Qi(x) == f (1 - k 2 cos8) -i-2 d8; j =O, 1, 2, .... and O:::; k<I . 

We examine sorne oftheir important properties including asymptotic expansions in the 

neighbourhood of k2 == 1. 

Severa! results obtained recently by sorne authors, follow as special cases of our results established 

here. 

1. INTRODUCTION 

Recently, Al-Zamel et al [ 4] introduced a generalized form of a family of elliptic-type 

integrals to Epstein-Hubbel [ 8], given by the formula: 

(1 .1) 

where Re(a), Re(JJ) > O; lkj l< l, a ,yj EC:. , j=O, l,. .. . ;n. 

They gave an explicit representation of (1.1) in terms of F~nl, the Lauriecella 

hypergeometric function of n- variables [ 17], and obtained its asymptotic expansion as k 2 ~ 1. 
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Also, Al-Zamel (3] gave a different class of generalized elliptic-type integrals to Epstein-

Hubble family ofintegrals, ofthe form: 

n 

R : (k)c, v)= f ( . 2 ª) 2l.-1 (ª) . 2v-2l.-1 ( ª exp asm 2 cos 2 sm 2) de 
µ+l 

(1-k 2 cos6) 2 

(1.2) 

with O:s;k < l, Re(A-) > 0,Re(v-A-)>0 and Re(µ) >-112. 

He gave a series expansion of R : and established its relationship with Cl> 1 (9], the confluent 

hypergeometric function oftwo variables, and its asymptotic expansions as k2 ---+ 1. 

An another class of generalized elliptic-type integrals has been studied by Ben Nakhi and 

Kalla [5], in the following form: 

(13) 

where O :s; x < 1, ro > O, Re(f3) > Re(f)~O, Re(y)> .:+ 
This class includes the families of elliptic-type integrals given earlier by Kalla et al. [14], 

and others. 

Garg et al. (11] have considered a family of elliptic-type integrals involving Gauss 

hypergeometric function in the integrand. 

In the present paper, we define and study another general class of elliptic-type integrals 

R~rl (k) .. , v). We investigate their properties regarding their relationship to Cl> 1 and F~nl . We also 

give sorne recurrence relations and its asymptotic expansions in the neighbourhood of k 2 = 1, and 

an approximation formula. 

2 . NOTA TION, DEFINITION AND SPECIAL CASES 

Let 
(<X) 

R = R crl (k), , v) 

= R <al (k1 , ..• , k •. ) .. , v) 
<Yi"Yr ····Y.l 
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. 20 
7r asm 2 2.A.-1 ( 8 ) . 2v-2A-l (º) 

= f e cos 2 sm 2 dB 
n 2 y· n (1- k j cos B) i 

j=I 

where Re(A.) > 0, Re(v-A.)>0, lkjl<l,a, rj E cz,j=l....,n. 

Special Cases: 

(i) Ifweletn=l, k 1 =k, and y1 =µ+t in(2.l),weget 

29 
n crnn 2 2l.-J (ª) . 2v-2l.-J (ª) f e cos 2 sm 2 de R = 

µ+l 

(1-k 2 cose) 2 

(2.1) 

(2.2) 

This family of elliptic-type integrals are considered recently by Al-Zamel who also 

established its relation with <1> 1 , the confluent hypergeometric function of two variables in the 

following form ; 

µ+l 

f(v)(l+k 2 ) 2 

e" <1> 1 (A.,µ+f ; v , ro,-a) 

Moreover, ifwe !et a= O, we have; 

r 2'--l 2v-2A.-1 2 -µ-1 

R = Jo cos Ct) sin (1) (1 - k cose) 2 de 

= Rµ (k ,2,v) . 

This family of elliptic-type integrals was studied by Kalla et al. [14]. 

(ii) Ifwelet~=v-/.., a=O,/..=a in(2. l),then 

= z C"-~) (k) 
(y) 

(2.3) 

(2.4) 

This family of elliptic-type integrals (2.4) is due to Al-Zamel et al. [4], and they have 

established the following relationship: 
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R - IT(l-ki) F0 l3,b1 , ... ,bn,a+l3,-2-, ... . ... ,-2 -
_ l (a)l (¡:l) n 2 -Yj (n)l . . . 2k1 2kn j 

r(a + 13) J=I k 1 - ] kn - 1 
(2.5) 

where F~n) is the Lauriecella hypergeometric function of n-variables [ 17]. If we let n =3 and 

1 k2¡ = k 2, 2 p 2 - 8 y1 =µ+2,Y 2 =y3 =A., k 2 = P_2 andk3 = 2 +o in(2.l)weget 

where y =a+ 13 and A<a..PJ represents a certain family of elliptic-type integrals of Srivastava and 

Siddiqi (19]. 

A number of other families of elliptic-type-integrals, considered by several authors, as 

mentioned in our survey paper (2] can be easily recovered from our unified form of generalized 

elliptic-type integrals defined by equations (2. 1). 

3. 
a (n) (n+I) 

REPRESENTATION OF R <rl (k;A., v) IN TERMS OF F0 and <1>1 

First we express the family of integrals R~r) (k;A., v) in terms of Lauricella' s 

h . fu . p <nJ ypergeometnc nct1on 0 . 

Hence, 

(where 

We have, 

let x = sin 2 % , then 1- x = cos2 % , 1- 2x= cos8 , and dx=sin % cos% d8 . 

1 n 

R=f e a.x x v+1 (1 - x/·-1 rr(l-k 2 +2k 2x) -Yi dx, 
O J=I J J 

2k2 

w =-i- ' j = 1, ...... , n ) . 
J k2 - 1 

J 
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= Il(l-k2)-rj f (a),_ qv-A-+r)l(A)_ l(V+r) 

j=l J r=O r! f(v+r) r(v-A+r)f(A,) 

J A,v-2 +' - 1 (1-x) 2 - 1 ln (1-w xfrj) dx , 
o j = l J 

- n 2 -rj "' (a), r(v-l+y)f(l) (n) . 
- CT(l-kj) L F0 (v-l+r, y1, .. . ,yn ,v+r, w1, ... ,wn). 

J=l r=O r! r(v+r) 

where F~" 1 is the Lauricella hypergeometric function of n-variables. 

Now, ifin (3 .1), we let 

(i) ~ = v - A. , a = 8 , wehave 

(3 .2) 

The result (3 .2) is in agreement with the expression given recently by Al-Zamel et al. [4, P . 12). 

(ii) n = 1 , k , = k , y , = µ + f, then we obtain the result given by Al-Zamel [3]. 

(iii) Further, for n = 3, the result (3 .1) reduces to the formula given by Kalla and Tuan 

[15 , P. 51] which itself is a generalization of severa! other results given by 

Srivastava and Siddiqi [19], Kalla et al. [14). 

a (n+l) 
Now we express R r (k;l, v)ln terms of <1>1 : 

We have; 

n ·"' .,., 1 ll (y) (y) 
=CT(J-k2)-rJ " " " I v-2 -1 (J- )2-1 ~ _ l_t_1 ( ) l1 l1 ~ ( ) ln ln ·=1 J L., . .. L., L., X X o¡ o 1 ú.l1 X .. .. . . o 1 á)n X 

J l1=0 ln=O l =O O "- " 1· "n · 

= f .... f f D(l-k2fYj (Y) t j (w)lj i__fl(l-x)2-l xv-2+l +l ¡+ .. . +l n-l dx, 
J=l J f, 1 J f,I l1=0 in=o i=O j· · 0 
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h "'( n+l) · h fl h . fu . f w ere "'' 1s t e con uent ypergeometnc nctton o n + 1 variables. 

Now ifwe !et, j = l, k1 = k, y1 = µ +tin (3.3), we get 

Rª (k A. v)= r(v-A.)r(A.) (l-ki2 )-µ-! <1> ( A. • ) 
µ , , r(v) 1 v- ,µ+2;v;úl;a . 

where 
2k 2 

Ol=-2-. 
k - 1 

This result coincides with the formula given by Al-Zamel [3] by virtue ofthe identity dueto 

Tuan and Kalla [20], namely 

- b z ( ) <l>, (a, b,c;ro, z) = (1-ro) e <l>, c-a,b, c, 00"'_1 -, -z 

4. RECURRENCE RELA TIONS 

Here we establish sorne recurrence relations, using simple trigonometric identities and other 

formulas. 

As, 

. 20 
" asm 2 H-1 8 . 2v-H-l 8 

a (k· 1 )= J e cos (2) Slll (2) d(} 
R (y) ,,11,,V. , 

n 2 y· 
n (I - k j cos B) i 
j=I 

Let x = sin 2 1, then 

(4 1) 

1 

R; (k;A.,ú.l)=Il(l - k~fYj I eax xv-.<-J(l - x/-1 n(l - ú.lj x)-rj dx (4.2) 
~ o ~ 

2k 2 

where ro J =-2 -J- ' j = 1, 2, ... , n . 
k j - 1 

2 
Now let x =cos % , then 
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where 
2k~ 

r; . = --J- , j = l, ... ,n. 
J l+k 2 

J 

=e .. R~ .. (ik; v-/..,v). 

Hence from (4.2) and (4.3) we have the recurrence relation 

(4.4) 

By using the identity sin 2 % + cos 2 % = 1 in ( 4.1) we obtain the following formulas: 

(4.5) 

and R~Yl (k; A., v) = R ~Yl (k; /..-1, v -1)-R~yi(k, /..-1, v) (4.6) 

We can also obtain the following recurrence relations simply by multiplying the integrand of 

1- k 2 cose 
defínition ( 4. l) by ~ , 

1-kj cose 

for j = 1, ... , n. (4.7) 

and 

for j = 1, ... ,n . (4.8) 
2 e 

Moreover, by multiplying the integrand of ( 4.1) by 1 - c~s 2 , we get these relations 
sin % 

a sin 2 fl 
a "e 2 

R (rJ (k;A., v)= f 
o 

asin 2 fl 
"e 2 

-f 

. 2(v-1)-21-1 
Slll ( º) 21-1 (º) 

2 cos 2 de 
n 2 r· 
I1 (1-ki cose) J 
j=l 

sin 2v-2(M1)-1 (f) cos2(M1)-1 (f) de 

rr(l-k2) r j 
j=l J 

which yields the recurrence relation 
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1- sin 2 Ji 
Multiply the integrand again by 2 2 to obtain, 

cos % 

a sin 2fl 
a " e 2 sin 2v-2.H (Q) COS H-3 (Q) 

R crl = J ----"---2--=2'----r- .--- 2=--- de 
o n (1-k j cose) J 

j=I 

" . 20 I asm 2 . 2v-2A.+1 
- e sm (f ) cos 2.H (f ) de , 

o 

sin 2(v-1i-2ci.-1i-1 (%) cos 2ci.-1)-1 (%) 

n 2 y 
II (1 - k i cos8) J 
j=l 

n . 2 e I asm 2 . 2v-2(1.-l)-1 9 2(1.-1)-1 (.li) dS 
- e sm (2-) cos 2 , 

o 

Hence we have the recurrence relation, 

R~rl (k;/1., v) = R~r> (k) .. -1, v -1) -R ~r> (k) .. - 1, v) . 

5. SINGLE-TERM APPROXIMATION TO R 

d8 

In this section, we establish a reasonable single term approximation to R. 

We have, 

1 

R= J ,c,i-1(1-x),i-i e= TI (1-k>2k>frj dx , 
j=I 

where 1 k i 1< 1 , j = 1, ... , n . 

where m and wJ , j = 1, ... ,n are positive real numbers such that 

1- k 2 

m=n" (1-k 2 )-rj J 
1 and co i =-- 2- , j = 1, .. , n. 

j=I 2k j 

72 
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{ \-r / w1 
Nowsince \l+;fyJ 1 = (1 - x) ,j=l, ... ,n ande~' =l+ax forsmallvaluesofx,then 

1 

R = mfx v->.-1 (1 - x/-1 (l+ax) IT(l - x)1i dx, 
o j=l 

where r _ _".J_ . 1 
i- ro , J =, ... ,n 

J 

1 1 

R = m f xv-l.-l (1 - x/H-l dx +am f x v-l.+l-l (1-x) l.H-l dx , 

o o 

m~(v -A., A.+r) + a m~(v-A.+l, A.+r) 

n 

where r = L ri , (v-A.) >0 , A.> O. 
j=l 

r(v-A.)r(A.+r) am r(v - A.+l)I'(A.+r) 
= m + ---------

r(A.+r) r(v+r+l) 

r(v + r) r(v -A.)r(A. + r) a m r(v - A.)r(v - A.)r(A. + r) 
= m + --~-~~-~~-

r(v+r+ l) r(v+r+l) 

r(v - A.)r(A. +y) ( ( ')) m v+r+a v-11. 
r(v+r + l) 

This formula gives a reasonable approximation to R for small values ofx and r, and may be 

used to determine numerical values of sorne physical problems involving this generalized elliptic-

type integrals. 

6. ASYMPTOTIC EXPANSIONAS k' ---+ 1 

Consider the transformation [l] formula for Gauss hypergeometric function, normally 

F(ab·cz)=r(c)I'(b-a)(-z)-ª F ( b 1 ) 
2 1 , , , r(b)I'(c - a) 2 1 a,l+a - c; l + a- ;2 (6.1) 

r(c)r(a-b) ( )-b ( ) + -z 2F1 b, l+a-c, l+b-a; f 
r(a)r(c - b) 

with larg(-z)l<n 

As, 

asin 2 fl 
" 2 . 2v-2,\-I (º) 2,\-1 (º) f e sm - cos -R= 2 2 

n 2 y· D (1 - k j cos B) J 

dB 
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Ifwe !et x = 
• 2 e sm 2 , we get 

2k2 

where ro J = - 2 -J- , j = l,. .. ,n. 
kJ -1 

00 ar 00 

=m:L :¿ 
r=O r! m1=0 

r(v-A-)r(A-) 
= m 

r(v) 

00 00 

2: 2: 
r=O m1=0 

(V - A) r+m 1 + .... +mn .. (Yilm1 .. (rn lmn ··· 

(v)r+m1+ .... +mnm1!. .. 

... . (yn)mn 

m/ ... mn!y! 

(v)r+m¡+ ... +mn- 1 

Now using the transformation formula (6.1), we get 

m, ! ..... mn-1 ! y! 

r{v+y+m1 + ... +mn_l)r{yn - v+A- - r-ml - ... - mn-1) (_Lf+r+m1+ ... +mn-I 

r(A-) r{v -rn +r+m1 + ... +mn-1) "'n 

+ f{v+r+m1 + ... +ffin_1)f{v-A_-yn +y+m1 + ... +mn-1) (_L) Yn 

r{v-A-+r+m1 + .. . +mn_l)r{v-rn +y+m¡ + ... +mn_l) "'n 

i (v)y+m1 +.+mn-l {v - A.+r+m, + mn-l)mn (1 - A.)mn 

(V - y ) r+m1 + ... +mn- I (1- y n +V - A)r+m1+ ... +mn- I m n ! 
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f (v)c+m1+ +mn-1 

(v - A.) r+m1 + .. +m. 

Substitute 2 F, in R to get 

r ( )m1 ( )mn a ú)l . .. ú)n 

Hence 

(1- k ~ )"-A-rn (1 + O(k~ -1)) 

+ l(A-)r(v-A--yJ(2k~) -r" CT(l-k 2 )-rj (l+O(k-1)) . 
r(v- rJ i=I J 

Which gives the required asymptotic expansion ofR. 
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