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Abstract 

In this paper the author establishes a theorem on bilateral generating function of modified 
Bessel polynomial from Lie group view point. A nice application of the theorem on bilateral 
generating relation of the above-mentioned polynomial is also pointed out. 

A. M. S. Subject Classification Code: 33A65 

Key Words : Generating functions, Modified Be.ssel polynomial. 

1 Introd uction 

The object of this paper is to derive sorne bilateral generating relations for modified Bessel 

polynomial, introduced by H. L. Kralll and O. Frink [l], which is defined by 

Y,!ª>(x) = 2Fo [-n,n +a -1;-;-~], 

by means of suitable interpretation of the index n ( n = O, 1, 2, ... ) of the polynomial, provided the 

parameter a is not a negative integer or zero, and the parameter {3 is not zero. In this connection 

we like to establish the following theorem. 

Theorem 1 J/ there exists a generating relation of the form 

00 

G(x, w) = 2: anYJ0
-

2n>(x)wn, {1.1) 
n=O 

then 
2 ( (3w ) ( wz ) (1 + wxy)- exp -

1
-- G x(l + wx), ( )

2 +wx 1 + wx 
00 

= 2: O'n(z)Y~n-2n)(x)wn (1.2) 
n=O 
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where 

The importance of our above mentioned theorem líes in the fact that one can get a large number 

of bilateral generating relations from (1.2) by attributing different suitable values to ª" in (1.1). 

2 Proof of the Theorem 

For the Bessel polynomial, we consider the following linear partial differential operator R [2] 

a a 
R = x 2y-

8 
- 2xy2-

8 
+(a - 2}xy + {3y, 

X y 

such that 

R (y~o-2n)(x)y") = {3Y~~;2n-2)(x)yn+l 

The extended form of the group generating by R is 

(2.1) 

(2.2) 

ewRJ(x,y) = {1 + wxy)0
-

2exp ( (3wy ) f (x(l + wxy), ( y )
2

) (2.3) 
1 + wxy 1 + wxy 

Let us consider the following unilateral generating relation 

00 

G(x,w) = Lªny~o-2n)(x)w" (2.4) 
n=O 

Replacing w by wyz, we obtain 

00 

G(x,wyz) = Lªn(zw)" (y;~0-2n>(x)y") (2.5) 
n=O 

Now operating both sides by ewR, we get 

ewR[G(x, wyz )] = ewR [~ an ( zw )" ( YJª-2
") (x )y")] (2.6) 

The left hand side of (2.6) becomes 

{1 + wxy)ª-2exp ( /3wy ) G (x(l + wxy), wyz ) 
1 + wxy (l + wxy)2 

(2.7) 

Meanwhile, the right hand side of (2.6) can be written as 

(2.8) 

oc oc n+k 
= '""''""' n ~ (f3ky(o-2n-2k) ( .) n+k) ~~llnZ k! n+k X Y 

n=Ok=O 
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00 00 ( )"+k 
= ' ' 1 ·" wy Jk (y(n -2n- 2k·) ( )) ~~e,,_ k! n+k I 

n=Ok=O 

Eq11ating (2. 7) ;tnd (2.8) WC' gC't 

where 

n - 2 . ( f]wy ) ( wyz ) (l+W.T!J) e:rp G ;¡;(l+w:r!J).( )? 
l +wxy l +w:ry -

00 

= L u,,(z }l~!0-211 > (:r)(11·u)" 
n=O 

11 311-k 

u,. (.::)= L ªk(n - k)! .::k 
k=O 

Setting y = l. we com plete t he proof of thC' theorcm. 

3 Application 

As an applirntion of the theorem. we consider thC' following generating relation [2] 

2 ( Bt ) L J k (n - "k) k (1 + :rl)ª - e:~p -- = -Y'.. - (:r)t 
1 + /J· k! k 

k=O 

111 t hc abovC' m 011tio11C'cl t hC'orem. if WC' s nbst itntP 
¡J" 

llu = -
n! 

t hC'n WC' o h tain 

G(.r.. 11•) = (1 +11'.r)" - r:rp ---_., ( ¡Ju· ) 
1 + 11'.1' 

Hern·C'. by t hC' appliratiou of our thcorem. onc can obt aiu t he following gcueralization 

(1 + w:r + w.rz)º - -e.Tp --- + -,----.,..------., ( ¡Jw d lL'.:: ) 
1 + U'.1" (1 + w.r)(l + w.t· + wxz) 

00 

= L u 11 (.:: )Y,J"- 211l( .r)w" 
n::::O 

wltC'rC' 
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(2.9) 
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