Rev.Acad.Canar.Cienc., IX (Ndm. 1), 15-22 (1997)

HIGHER ORDER LACUNARY INTERPOLATION*

GIOVANNA PITTALUGA - LAURA SACRIPANTE -EzIO0 VENTURINO

ABSTRACT - A generalization of a previously analyzed lacunary interpolation problem is
considered. We prove the unconditional solvability of the problem, using elements in an
appropriate class of "deficient” splines. Also, the error analysis presented here sharpens the
estimates obtained in the earlier study. Moreover the convergence rates obtained here are
shown to be optimal.

AMS(MOS) Subject Classifications: 41A15, 65D05
Key words: Interpolation, spline.

1. Introduction. In this paper we consider a lacunary interpolation problem, which is
a generalization of a previous investigation [7], the so-called (0,4) lacunary interpolation
problem and improve the results therein. We assume that information is provided on
a function and its ¢-th order derivative at a set of equispaced nodes. Our task is the
reconstruction of the function by means of a suitably defined spline. It turns out that
in such instance, the spline is "deficient”, in the sense that it is impossible to ensure
continuity of all derivatives up to the maximum possible order, since there is a constraint
relating the number of the conditions, of interpolatory or continuity type, and the number
of coefficients in each polynomial arc of the spline. Solution of lacunary interpolation
problems is usually obtained using special classes of lacunary splines [1,2,3,4,6].

This study can have application in the solution of boundary value problems governed by
ordinary differential equations of higher order. The fourth order case already dealt with
has a direct practical relevance, since it corresponds to the so-called cantilever problem
[5] and is related to the calculation of the deformations of beams. The method presented
here assumes that the underlying differential equations governing the two point boundary
value problem is solved by means of a finite difference approximation scheme. At the
expense of just one more function evaluation, it is possible to obtain data also on the
highest order derivative, in addition to the value of the function. These are the data we
assume given for the problem here at hand. The higher order case considered here in our
opinion possesses a mathematical interest, in itself worthy of investigation.

The paper is organized as follows: after giving the necessary definitions and stating
the problem, we reduce its solution to a linear algebraic system. The investigation of
the structure of the matrix is performed in section 3. In section 4, we analyze a solution
scheme and show that the system is always solvable. Section 5 contains the error analysis.

*Work supported by the Consiglio Nazionale delle Ricerche of Italy and by the Ministero dell’Universita
e della Ricerca Scientifica e Tecnologica of Italy.
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We would like to emphasize that here the resolution scheme is directly used as a model
to follow for the derivation of the stability result. In this way the use of the 2- norm as
in [7] is avoided. The direct use of the supremum norm indeed allows the recovering of
a factor of 1/2, lost in the previous analysis. As a consequence, it turns out that we can
recover the optimal order of convergence for the spline, thereby sharpening the results
of the former investigation.

2. The problem. We assume to work on the normalized interval [a,b] = [0,1],
partitioned by means of the nodes xx = kh, k = 0,... ,n, where h = 1/n. We want
to determine the spline function s(z) of degree ¢ + 2 in each subinterval, satisfying the
following conditions:

1) s(z) € S e its "deficiency” is 2, as emphasized by the upper index;

n,q+2
ii) s(z) € C100,1] i.e. it is continuous up to order ¢ included.
Let sk(z) be the restriction of s(z) to the interval Ay = [zx—1,2x] , k=1,... ,n.

We assume that the number of subintervals in the partition is larger than the order of the
highest known derivative, thus ¢ < n. In this situation there are n(q+3) free parameters
to be determined, i.e. the coefficients of the polynomials making up the spline. On the
other hand the number of interpolatory conditions is 2(n + 1) .

Explicitly, the latter are

Sg:)(fl:k-l): l&l_)l ) 2:07(1 ’ k:l,...,n )

(2.1) i ; )
s(n)(xn) an)(In) , 1=0,q s

where for easeness we use the shorthand notation f,gj) = fO)(x).

We need also to satisfy the following continuity conditions

(2.2) .sﬁj)(:vk):s(klll(xk) , 1=0,...,¢ , k=1,...,n—1.

Their number is then (¢4 1)(n —1). The free parameters that are still undetermined are
then n(¢+3)—2(n+1)—(¢+1)(n—1) = ¢—1 and equal the number of extra (boundary)
conditions that need to be specified to guarantee a unique solution for the problem. For
easeness but without loss of generality, in the sense that specification of conditions at the
other endpoint would result only in marginal modifications of the matrix of the system
and of the relative solution scheme, we choose them to be "initial” conditions, in the
form

(2.3) s 2oy =, i=1,...,¢-1.

We introduce now the "unknowns” of the problem, namely the moments of s(z) and of
its derivatives at the breakpoints:
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Mél_) _S(i)(l'k 1) 5 l’:O’...’q7
MP =P (zy)  , i=q+1,9+2,
MY = s$(z,) , i=0,q.

Then the restriction of the spline to the k-th subinterval can be expressed as follows

q+2 1: > )
Sk(:r)—ZM(’) = k=1,...,n , €Ak

Let us recall that

M('_)l: }El_)l 5 l=0,q . k‘=2,...,n+1,
M(gl):f()l) ) 7:0, s 4q
Differentiating,
g+2—1 (I . )]
(1) (1+7) — Tk-1 .
ZML—I —]' , t=0,...,q.

If we now impose the interpolation conditions that are not yet implicitly satisfied, i.e.
(2.1), and the continuity conditions (2.2) we obtain a square linear algebraic system of
(n —1)(¢ + 1)+ 2 equations in as many unknowns. Explicitly, the latter are

+2 +1 +2 +1 -1 1
T M M, M M gD
(g+2) (¢+1) (g=1) (1)
M M M M.
Notice that they are written in reverse order, with respect to the derivative order. This
will enhance the resulting structure of the matrix for the investigation of the next section.

Let us write explicitly the i-th equation of the system. We need to distinguish three
different cases:

for 2 =4q 1t lls
h q q) = e yn
E M(q+1) . M( ) M‘( 1 ) k 17'

while for 7 = ¢ — 1(—1)1 it is

1 q—1 1
(g+5) R~ () _ i+ b
§ M, (H_]_z)—M1 _—E M, T
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qg+2— 1
Z M,c'“)h. MY = M@,

J#q i

pa=i
Yg—a)

and finally for : = 0 it is given by

J

Z ppar) R M(o)_zq: Iy
@+t 7 T

j=0
q+2
hI h?
ZM(:) MO - MO - M0 T k=2,...,n.
J#q

3. Matrix structure. Let the system be written in compact form as Am = b. Here
the matrix A = [4,,], 7,7 = 1,...,¢ + 1 denotes a block Hessemberg matrix, where
however each block has dimensions that may differ from those of other blocks.

More precisely,

A('n"n) ) Z=17q+1, j:1727

A(zln) L, i=2,...,q, j=12,
ATTIRY =g, =3, ,q41,
APTY =g+l j=3,. 041,

Moreover, let us observe that A; ; =0for j >¢+1, ¢ =1,...,¢— 1, while all the other
blocks are either diagonal, subdiagonal or bidiagonal as explicitly stated below

h: 7+2
- +2)'
hl—]+2
Aijj = ——7——F ,
T (-5 +2)!
and for the cases j =3,... ,¢+ 1

i=lq+l , j=12,

F— In_y v =j -1,
Ri-i+1 § .
A= mF ) =759
Ri=i+1 .
Gl > =g+l
where, by denoting by é; ; the Kronecker symbol, we write
E 2(61',]')"—1,” )

Fz(éi—l,j)n——l,n—l )
D z(éi—l,j)n,n-l .
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4. The algoritm. It is possible to easily solve the system by ”"almost” direct forward
substitution. Let us assume to be at the k—th stage of the procedure, k =1,... ,n — 1.
Then we proceed as follows:

1) We solve the 2 by 2 system obtained from the k—th equations of the first and last
horizontal blocks, getting the unknowns M,(cq_‘:z), M,(C‘f_";l). Then the k—th columns in the

first two vertical blocks can be eliminated;

2) from the k—th equations of the j—th horizontal blocks, ; = 2,...,q, we can
immediately determine the unknowns M,(Cl),i = ¢ — 1(-1)1, since Ms('), s=1,...,k—
1, ¢ = ¢ — 1(—1)1 are already known from the previous steps;

3) at the end of the (n — 1)—th step of the procedure, it is sufficient to solve the
last equations of the first and last horizontal blocks, thus determining the remaining
unknowns M, ,(17_"12), MT(qull).

It is fundamental to note that in the implementation of the above procedure, the structure
of the matrix is left unchanged. In particular after the deletion at each stage of the (¢+1)
columns relative to the unknowns determined at that step we find an analogous matrix
to the one present before the elimination took place, but of smaller dimensions.

The 2 by 2 matrix B of the linear system that needs to be solved in step 1) of each stage
of the procedure to obtain the unknowns M](q+2)M](-q+l),j =0,...,n—1, and finally in
step 3) has the form

B =

2
5 ok ]
hat2 patl .
(g+2)! (g+1)!

Easily, detB # 0, so that in view of this and the fact that the procedure never breaks
down, we have the following important result.

THEOREM 1. The linear algebraic system for the calculation of the moments of the
spline function is always nonsingular.

5. Convergence results and stability estimates. Let us assume that f(z) € C(4+3)
over [0,1] and let us denote by T(z) its truncated Taylor expansion, i.e. the Taylor
polynomial of degree ¢ + 2

q+2 . (l‘ . )]-
T(z)= E f(])(xk_l)————],' = , T €Ak,
J=0 ’

Then
f(z) = T(z)= Khit? .

Here and in what follows, K and K ; denote suitable constants. Let us define the errors
we need to estimate:

e(")(;p):f(p)(z)_s(p)(x) ’ P=0a aq+2a
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(5.1) P =P _MP | p=1,...,q-1,g+1,q+2.

If 2 € Ay, denoting by ex(z) the restriction of e(z) to Ag, we have

(5.2) ex(2) = f(z) - T(z) + T(2) - sx(2).
Since
g 28 (z - s (& =)
T(z) — sk(z) = )
J#q

by imposing the continuity at the point zx, we obtain

q+2

R
3 e =Kokt | k=1,
gy o A

(53) q+2 j

)= =Kioht™® | k=2,...,n.

; J!
=1
J#q

Proceeding in a similar fashion, by imposing the continuity of the :—th derivative,
1=1,... ,¢ — 1 at the breakpoints, we get

q+2 i
3 egj)—.h]—.——, — el =K hI | k=1,
j=q+1 (7 -3
5.4
( ) q+2 () hJ @)
Z . —e) =K ;R0 ) k=2,...,n—1.

J#q

But, in view of the interpolation conditions,

=0 , k=1,...,n,

so that
q+2 i
Gy W70 e 33
5.5 ey —— = Ky q4h
( ) ]';H k 1(] _ q)[ q

The ”error equation” Ae = e is given by the system whose equations are (5.5), (5.4), (5.3).
Here, e represents the error vector, A is the same matrix discussed in section 3, € denotes
the consistency error, in this case the interpolation error. The latter has components of
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order 65:) = O(h?T37") in the equation corresponding to the i—th derivative, where the
notation for the consistency error mimics the one used for the discretization error (5.1).
Once again, we denote the unknown vector using a reverse order:

+2 +1 +2 +1 -1
eT___{e(()q )’egq )’e(lq )’e(lq )’egq )

(1)
yeee 3@ guee

(g+2) (¢+1) (¢-1) e(l)

©5€n—1 1€n—1 1€n—1 5+ 6n-1
so that the matrix of the system is the same as the one for the moments, analyzed in

the previous section. To determine the errors eip ), the same earlier considerations hold.

Step 1) of the algorithm applied to the error equation leads then to the solution of the

following system, initially in the unknowns eﬁ““) egﬁl)

h? (g+2) 3

a7 h eg! K ,h

(5.6) [ pok2 pest ] [ ?q+1)] - [K 10'2“3]'
G Tl Leo b

b

Easily, then we have the following important stability result
(5.7) B~ = O(h™?) .

Direct solution however allows us to obtain a sharper estimate for e
that can be obtained by a crude application of (5.7) to (5.6):

qu) than the one

(5.8) e = 0o(h) , Y =0(r?).

Iteration of the calculations as prescribed by the algorithm leads to the convergence
result. Let us denote by R the matrix corresponding to all the elementary operations
described by the algorithm. The solution of the error equation is equivalent then to the
solution of the equation e = Re, with I = RA, the identity matrix.

In view of the above remarks, it is indeed sufficient to note that A~! = R, and that
the algorithm when considering the equations related to the :—th derivative, consists in
forward substitution, i.e. in moving to the right hand side at most ¢ terms of the same
order as the one of the right hand side, i.e. O(h9*3~%). The previous statement is easily
established by induction. Since ¢ < n, no loss of accuracy ensues for the unknown being
determined at this stage, the right hand side remaining of order O(h9*3~%). Finally, for
step 3) of the algorithm, the analysis done earlier for the system (5.6) applies, the only
change being in the name of the unknowns. It thus leads to the same conclusion, i.e.
estimate (5.8) for the unknowns 6(12), egl).

The convergence of the algorithm is thus ensured, and the rate equals the one of the
consistency error. In summary

THEOREM 2. For the error in the calculation of the moments, on top of the above

q+2) g+1)

estimations for e(() and eg we have

&) = O(hHY) | i=g-1(-1)1,
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and, iterating the procedure,

e(,ci):O(lzq+3_') , k=1,....n—-1 , 1=1,...,q—1,g+1,q+2.

As a consequence, since the problem is linear and we use a consistent method, in view of
estimate (5.7) we have also the stability result

THEOREM 3. The norm of the inverse matrix of the system satisfies the following
estimate

A= = O(h7?) .

On using the triangular inequality on the error representation (5.2), we have also the
error for the spline at arbitrary points in [0,1].

THEOREM 4. For the error of the spline function and its derivatives the following
estimate holds

1f®P(2) = sP(@)| = 0(h***7P) . 2€[0,1] , p=0,...,q+2.
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