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ABSTRACT- In this paper, the decomposition method is applied to a
Nonlinear Boundary-Value Problem (NLBVP) for ordinary differential equa-
tions [9]. We compare the convergence of this method with the spline approx-
imation, studying the order of convergence and the applicability to similar
NLBVP’s.
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1. INTRODUCTION

In the beginning of the eighties, Adomian [4-7] proposed a new and fruitful
method (so called decomposition method) for solving linear and nonlinear
(algebraic, differential, partial differential, integral, etc.) equations. It has
been shown that the decomposition method yields a rapid convergence of the
solutions series to linear and nonlinear deterministic and stochastic equations.

Consider the NLBVP [9]:

%=e”,0§x§l (1.1)
y(0) = y(1) =0. (1.2)

lHe was a professor in the Departement of Mathematics, College of Mathematics and
Computers, Mosul University, Mosul-IRAQ.
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2. DECOMPOSITION METHOD AND NONLINEAR BVP

In this section we shall describe the main algorithm of Adomian’s decom-
position method when it is applied to a general nonlinear equation of the
form

y—N(y) = f, (2.1)

where N is a nonlinear operator, f is a known function, and we are seeking
the solution y satisfying (2.1). We assume that for every f, Eq. (2.1) has
one and only one solution.

The Adomian’s technique consists of approximating the solution of (2.1)
as an infinite series

I (22)

n=0

and decomposing the nonlinear operator N as
-S4 23
n=>0

where A, are polynomials (called Adomian polynomials) of o, ... ,yn [4-7],
given by

A, = _1_'07_[ (Z/\y)] ,n=0,1,2,....
A=0

=0

The proofs of the convergence of the series ) y, and ), A, are given in
n=0 n=0
[1,2,3,6,8,11]. Substituting (2.2) and (2.3) into (2.1) yields

Zyn EAW f.

n=0
Thus, we can identify
Yo = f )
= Ao(),

v2 = Ai1(%o,%),

Ynt1 = Aﬂ(y())"'7y‘n)'
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Thus all components of y can be calculated once the A,, are given for n =
0,1,2,.... We then define the n-term approximant to the solution y by

n-1
$uly] = 3 3 with lim ,[y] = y.
i=0 e

Applying the decomposition method as in [4-7], Eq. (1.1) can be written
as

Iy=N@ (2.4)

where L = gy is the linear operator and N(y) = €¥ is the nonlinear operator.

Since L = gg' now, the inverse operator L~! is no longer the simple two-fold
integral as in [6], and we must determine the Green’s function G for this L.
G, of course, is determinable in a number of ways.

Using L with the conditions (1.2), we reduce the problem (2.4) by writing
y = yi +v;, where yjsatisfies Ly; = N(y) with 3;(0) = yi(1) = 0 and y}
satisfies Lys = 0 with y3(0) = 0 and y3(1) = 0 as in [5]. For the homogeneous
conditions, i.e., for ¥}, we have

i = [ GEONwEE
where G(z,£) is the Green’s function given by
G(@,8) = {fe-1 ocececs (2:5)
and for the nonhomogeneous conditions, i.e., for y;, we get
¥ =0
Consequently,

1
v =1 +15 = / Gz, N ((E))dt + 3

Upon using (2.2) and (2.3) it follows that

Sotn= [ G > Aude+3; (26)

n=0 n=0

From Eq. (2.6) the iterates are then determined in the following recursive
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way:
Yo = Yp=0
1
- [ ¢
" /0 (z, €) Aod

1
Yo = /OG(“’»f)Aldf

"1
g 2 /o Gz, &) Andé, n=0,1,2,.... 27)

For the nonlinear term N(y) = eV = ) A,, the Adomian polynomials are
=0
derived as follows: "

f (%) = €, hy (o) =
By Eq. (2.8), the Adomian polynomials are:

Ao — eyo
A = ey

[ 1
Ay = €|yt (g) yf]

1
A = €” ya+y1y2+(3,)y?]

= el (o (B ()
y5+ (

v (y5+yzys+y1y4+y1 (3) v+ (3 ylys]
| + (&) dua + (&) 8
 wo [ ve+ (3) ¥E +yoya + vivs + (3) 83 + viveys + (3) yfy4]
te = o e T D
-y7+y3y4+y2y5+y1ys+( 1) vays + 11 (37) U3 + V1veva
A7 = & ég,g Yivs + u1 (3,2113+(%)ylyzye.+(3l
+(3) vi () ¥3 + (3) vivs + (3) e + (7)) 4]
ys+(2,)3/4 + Y3Ys + Y2Ys + V1y7 + Y2 (f') 1)1/%?/4
+Y1Y3Y4 + Y1Y2Ys + )y1y6+(4|) +Y
oo TR
2 y] 30 y3 3 y3y2y3+
+ (41,1) 0y (2]1) Ys + (511) Yivs + (6!) Yiy2 + (sl) U

=e®,v=0,1,2,... (2.8)

w'... —_e

[y

/-\
)—l
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The exact solution of (1.1), (1.2) is given by

y*(z) = 2In {csec [% (z - %)] } —In2

where c is the unique solution of.
c=2cos (2) .

The numerical results demonstrating Theorem 8.1 and the estimated orders
of convergence (EOC) are calculated in the usual way are given in Table 1,
taken from [9], where n represents the number of nodes.

Table 1

lon —y*ll. [ EOC ||D (yn — )l | EOC [ 11D (yn — v*)ll, | EOC

2.0378E — 06 | 3.7966 | 5.8804F — 05 | 2.8363 | 4.5894F — 03 2.0438

=loy 3

0| 1.4665E — 07 | 3.8799 | 8.2334F — 06 2.8831 | 1.1130E£ — 03 2.0569

The Adomian results are given in Table 2, where n represents the number
of iterations. Note that Adomian method, unlike the method of [9] gives
comparable errors for y(z),y (z) and y'(z).

Table 2
n_| [¢n(2) = y* (@) | 1D ($a(z) = y* (@)l [ [D? ($n(z) — v* (@)
5 10.63752F — 04 0.19013F — 03 0.68213F — 03
6 |0.13725FE — 04 0.40661F — 04 0.14872F — 03
7 10.30861F — 05 0.91018F — 05 0.33743F — 04
8 |0.7166E — 06 0.21058F — 05 0.78851F — 05
9 |0.1703E — 06 0.4998E — 06 0.18853F — 05
10 | 0.415E — 07 0.1208E — 06 0.45871F — 06

The estimated orders of convergence (EOC) are calculated at the points
z =0.1,0.3,0.49 in Table 3.

Table 3
x EOC of y(z) | EOC of ¥/(z) | EOC of y'(z)
0.1 | 0.9579765778 | 0.9598054006 | 0.9400877961
0.3 | 0.9592072387 | 0.9641110898 | 0.9600753758
0.49 | 0.9633065411 | 0.9661222712 | 0.9658450243

101

Universitaria, 2017

realizada por ULPGC. Biblioteca

autores. Digitalizacion

© Del documento, de los.



Now we give two examples with different nonlinearities.

Example 1 ([10]) Take

-y’ =10y + 1, y(0) =y(1) =0.
Now, we have L = —4 and N(y) = 3*. Then
Ly=10N(y) +1

Applying the above mentioned steps on L, we get

— _.l 2+.1.
Y = 2$1 2-’6
w o= 10 /0 G(z,€) Aode
1
Ya = 10/0 G(z,€)Ad¢

' 1
Ynt1 = 10/ G(Q),f)A”df,n=0,1,2,....
1]

where G(z,§) is the Green’s function given by

®(1-€), 0<z<E<1
G(z,6) = {:él-g, 05:5551

and A, are given as:

=

2yon1

Y3 + 200,

2112 + 2yoys

Y3 + 201Ys + 2yov

2y2y3 + 2y19s + 2yoYs

= U3+ 2yavs + 20175 + 2006

rrrrrrE
I

In Fig. 1 we represent ¢,, ¢g, @.
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0.14} O
N

0.12] A

0.1]

0.08]

0.0

0.04]

0.024

Fig.1 X:¢y —:¢g —:¢y
Example 2 ([10]) Take

-y = @)’ +1, y(0) =y(1) = 0. (2.10)
We have L = —;—'f;- and N(y) = (¢)*. Then
Ly=N(y)+1
Using the above mentioned steps on L, we get
= i + L
L
1
w = [ 66t
1
n = [ Geomd

"
Yn+1 = / G(zyf)Andf’ n= 0v1)2)""
0
where G(z,£) is the Green’s function given by

1-§), 0<z<(<1
G(z,€) = {:((1-:3, 05:5z51
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and A, are given as:

A =

Ay
A,

As
Ay
As
As

(%)’

3 (vh)" v

3 (v0)" va +3 (1) v

(v1)* + 3 (vh)” v + 6Yovith

3 (%) va +3 (41)" 3 + 3 ()" vo + 6Yovi ¥4

3 (v0)" s + 3 (41)" v + 3 (v5)* s + By vh + Buovays
(v)* +3 (¥0) vs +3 (v4)" e + 3 (14) %

+6Y0Y1Y5 + 6%0Y2Ys + 6Y1Y55

In Fig. 2 we represent ¢,, ¢g, Pg.

The nonlinear problems (1.1), (2.9) and (2.10) satisfy the following theorem.

0.12] T

0.1

0.08]

0.06]

0.044

0.02

0 02 04 N 08 08 1
Fig. 2 X:¢, —:¢s —:4

Theorem 3 ([2]) With the following hypotheses,

1. N is C®) in a neghbourhood of yo and ”N(")(yo)” < M, for any n

(the derivatives of N at yo are bounded in norm);

2. ||yl < M <1,5=1,2,..., where ||-|| is the norm in the Hilbert space
H; the series ) o o An is absolutely convergent and, furthermore,

4] < (eXp (W\@)) YaY:
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3. CONCLUSIONS

T T
1. If wetake L = 2 in (2.4) with the inverse operator L' [] = [ [ [] dzdz,
00

the resulting convergence of the Adomian method is much worse.

2. The decomposition method in (1.1) gives a more accurate approxima-
tion of ¥/(z) and y”(z) than the method using splines of [9)].

REFERENCES

[1] ABBAOUI, K. and CHERRUAULT, Y. “Convergence of Adomian’s
Method Applied to Differential Equations”. Mathematical and Computer
Modelling 28(5), 103-109, (1994).

[2] ABBAOUI, K. and CHERRUAULT, Y. “New Ideas for Proving Con-
vergence of Decomposition Methods”. Computers Math. Applic., Vol. 29,
No. 7, pp. 103-108, (1995).

(3] ABBAOUI, K. and CHERRUAULT, Y. “Convergence of Adomian’s
Method Applied to Nonlinear Equations”. Mathematical and Computer
Modelling 20(9), 60-73, (1994).

[4] ADOMIAN, G. “Stochastic Systems”. Academic Press, (1983).

[5) ADOMIAN, G. “Nonlinear Stochastic Operator Equations”. Aca-
demic Press, (1986).

[6) ADOMIAN, G. “Nonlinear Stochastic Systems Theory and Applica-
tions to Physics”. Kluwer, (1989).

[7] ADOMIAN, G. “Solving Frontier Problems of Physics: The Decom-
position Method”. Kluwer, (1994).

(8] CHERRUAULT, Y. and ADOMIAN, G.“Decomposition Methods: A
New Proof of Convergence”. Mathematical and Computer Modelling 18(12),
103-106, (1993).

[9] GANESH, M. and SLOAN, I. H., “Optimal Order Spline Methods for
Nonlinear Differential and Integro-Differential Equations”. Applied Numer-
ical Mathematics 29, 445-478, (1999).

[10] GILBERT CHUDURY and PHILIP KORMAN, “Computation of So-
lutions of Nonlinear Boundary Value Problems”. Computers Math. Applic.
Vol. 22, No. 8, pp. 49-55, (1991).

[11] GUELLAL, S. and CHERRUAULT, Y. “Practical Formula for Calcu-
lation of Adomian’s Polynomials and Application to the Convergence of the
Decomposition Method”. International Journal of Bio-Medical Computing
36, 223-228, (1994).

105

Universitaria, 2017

realizada por ULPGC. Biblioteca

autores. Digitalizacion

© Del documento, de los.





