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ABSTRACT- In this paper, the decomposition method is applied to a 
Nonlinear Boundary-Value Problem (NLBVP) for ordinary differential equa
tions [9]. We compare the convergence of this method with the spline approx
imation, studying the order of convergence and the applicability to similar 
NLBVP's. 

KEYWORDS-Decomposition method, Adomian's polynomials, NLBVP's, 
Green's function. 

l. INTRODUCTION 

In the beginning of the eighties, Adomian [4-7] proposed a new and fruitful 
method (so called decomposition method) for solving linear and nonlinear 
( algebraic, differential, partial differential, integral, etc.) equations. It has 
been shown that the decomposition method yields a rapid convergence of the 
solutions series to linear and nonlinear deterministic and stochastic equations. 

Consider the NLBVP [9): 

d2y 
- = eY Ü <X< 1 
dx2 ' - -

(1.1) 

y(O) = y(l) =O. (1.2) 

1 He was a professor in the Departement of Mathematics, College of Mathematics and 
Computers, Mosul University, Mosul-IRAQ. 
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2. DECOMPOSITION METHOD AND NONLINEAR BVP 

In this section we shall describe the main algorithm of Adomian's decom
position method when it is applied to a general nonlinear equation of the 
form 

y-N(y)=f, {2.1) 

where Nis a nonlinear operator, f is a known function, and we are seeking 
the solution y satisfying {2.1). We assume that for every f, Eq. {2.1) has 
one and only one solution. 

The Adomian's technique consists of apprax:imating the solution of {2.1) 
as an infinite series 

00 

{2.2) 

and decomposing the nonlinear operator N as 

00 

N(y) = LÁn, {2.3) 
n=O 

where An are polynomials {called Adomian polynomials) of Yo, ... ,Yn (4-7], 
given by 

00 00 

The proofs of the convergence of the series E Yn and E Án are given in 
n=O n=O 

[1,2,3,6,8,11]. Substituting {2.2) and {2.3) into (2.1) yields 

00 00 

LYn-L:An=J. 
n=O n=O 

Thus, we can identify 

Yo = f, 
Y1 - Ao(Yo), 

Y2 - A1(Yo,Y1), 

Yn+i = Án(Yo, · · · , Yn)· 
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Thus all components of y can be calculated once the Á,¡ a.re given for n = 
O, 1, 2,... . We then define the n-term appraximant to the solution y by 

n-1 
<Pn[Y] = E Yi with lim </>n[Y] =y. 

n-+oo i=O 

Applying the decomposition method as in (4-7], Eq. (1.1) can be written 
as 

Ly = N(y) (2.4) 

~here L = f? is the lin:a.r operator and N(y~ = e11 is the no~ea.r operator. 
Smce L = ~ now, the mverse operator L-1 is no longer the simple two-fold 
integral as in [6], and we must determine the Green's function G for this L. 
G, of course, is determinable in a number of ways. 

Using L with the conditions (1.2), we reduce the problem (2.4) by writing 
y = YÍ +y;, where yjsatisfies Lyj = N(y) with yi(O) = yi(l) = O and Y2 
satisfies Lyi =O with y2(0) =O and Y2(1) =O as in [5] . For the homogeneous 
conditions, i.e., for yj, we have 

YÍ = ¡1 G(x,~)N(y(~))~ 

where G(x, ~) is the Green's function given by 

G( e) {z({- 1), O~z~{9 
X,~ = {(z-1), O~{~z9 

and for the nonhomogeneous conditions, i.e., for y2, we get 

Yi =O 

Consequently, 

Y= YÍ + Yi = ¡1 
G(x, ~)N(y(~))~ + Yi 

Upon using (2.2) and (2.3) it follows that 

(2.5) 

(2.6) 

From Eq. (2.6) the iterates a.re then determined in the following recursive 
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way: 

Yo - y;= o 

Y1 - 11 
G(x, ~")Aolle 

Y2 - 11 
G(x, ~)A1lle 

Yn+l = 11 
G(x, ~)And~, n =O, 1, 2, . .. . {2.7) 

CXJ 

For the nonlinear term N (y) = e Y = ¿ An, the Adomian polynomials are 
n=O 

derived as follows: 
dll 

f (Yo) = eYº, h11 (yo) = -d f (yo) = evo, v = O, 1, 2,. . . {2.8) Yo 
By Eq. {2.8), the Adomian polynomials are: 

Ao - eYº 
A1 - eYºY1 

A2 - eYº [ Y2 + ( ~!) Y~] 
Á3 = 

Á4 -

As = 

At; = 

A1 -
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The exact solution of (1.1), (1.2) is given by 

y* ( x) = 2 ln {e sec [ ~ ( x - % ) ] } - In 2 

where e is the unique solution of. 

e= V2cos (¡). 
The numerical results demonstrating Theorem 8.1 and the estimated orders 
of convergence (EOC) are calculated in the usual way are given in Table 1, 
taken from [9], where n represents the number of nodes. 

Table 1 

n //Yh -y*//"" EOC /ID (Yh -y*)//"" EOC l/Dz (Yh -y*)//,,,, EOC 
5 2.0378E - 06 3.7966 5.8804E- 05 2.8363 4.5894E- 03 2.0438 
10 l.4665E- 07 3.8799 8.2334E- 06 2.8831 l.1130E- 03 2.0569 

The Adomian results are given in Table 2, where n represents the number 
of iterations. Note that Adomian method, unlike the method of [9] gives 
comparable errors for y( x), y ( x) and '!/' ( x). 

Table 2 

n 11</>n(x) -y*(x)llnn llD (</>n(x) -y•(x))llnn llD2 (</>n(x) - y*(x )) 11~ 
5 0.63752E - 04 0.19013E - 03 0.68213E - 03 
6 0.13725E - 04 0.40661E - 04 0.14872E - 03 
7 0.30861E - 05 0.91018E - 05 0.33743E - 04 
8 0.7166E-06 0.21058E - 05 0.78851E - 05 
9 0.1703E- 06 0.4998E - 06 0.18853E - 05 
10 0.415E- 07 0.1208E - 06 0.45871E - 06 

The estimated orders of convergence (EOC) are calculated at the points 
x = 0.1, 0.3, 0.49 in Table 3. 

Table 3 

X EOC of y(x) EOC of y'(x) EOC of y'(x) 
0.1 0.9579765778 0.9598054006 0.9400877961 
0.3 0.9592072387 0.9641110898 o. 96007 53758 
0.49 o. 9633065411 0.9661222712 0.9658450243 
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Now we give two examples with different nonlinearities. 

Example 1 ([10)) Take 

-y' = 10y2 + 1, y(O) = y(l) =O. 

Now, We have L = -~ and N(y) = y2• Then 

Ly = lON(y) + 1 

Applying the above mentioned steps on L, we get 

1 2 1 
Yo - --x +-x 

2 2 

Y1 - 101
1 
G(x, {)Aode 

Y2 - 101
1 G(x, {)A1d{ 

Yn+l = 101
1.G(x, {)And{, n =O, 1, 2, .... 

where G(x, {) is the Green's function given by 

G(x, {) = {~:=!~: ~;~!~! 
and An are given as: 

Ao - y: 
A1 - 271oy¡ 

A2 - Y~+ 2YoY2 

Aa - 2y1 Y2 + 2YoYa 

Á4 - y:+ 2Y1Ya + 2yoy, 
At; - 2Y2Ya + 2Y1Y4 + 2YoYs · 

Aa - Y~ + 2'Y2Y4 + 2Y1Y5 + 2YoYs 

In Fig. 1 we represent </>2 , </>8 , <f>o· 
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X 

Fig. 1 x : </J2 - : </Js - : </J9 

Example 2 ([10]) Take 

-y"= (y')3 + 1, y(O) = y(l) =O. 

We have L = -*1 and N(y) = (y')3 • Then 

Ly = N(y) + 1 

Using the above mentioned steps on L, we get 

1 2 1 
Yo - -2x +2x 

Y1 - 11 
G(x, e)Ao<te 

Y2 - 11 
G(x, e)A1de 

Yn+i = 11 G(x, e)An<te, n = O, 1, 2, . .. . 

where G(x, e) is t he Green's function given by 

G( é) {:i:(l-(), 0$:i:$(9 
x, lo = ((1- :i:), 0$($:i:9 
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and ~ are given as: 

Ao - (y~)ª 
A1 - 3 (1/c,}2 y; 
A2 - 3 (y~)2 y;+ 3 (y;}2 y~ 
Aa - (YD3 + 3 (y~)2 Ya + 6y~y;y; 
Á4 - 3 (Yo)2 Y~ + 3 (y;)2 y; + 3 (y;)2 Y~ + 6YoY;Ya 
As - 3 (Yo)2 y~+ 3 (y;)2 y~ + 3 (y;)2 y~ + 6y~y;y~ + 6y~y;y~ 
Á() - (y;)ª + 3 (y~)2 y~ + 3 (y;)2 y~ + 3 (y~)2 y~ 

+61/ciy;i/s + 61/ciy;y~ + 6YiY;Ya 

In Fig. 2 we represent </J2 , </J8 , </J9• 

0.12 

o 0.2 0 .4 

Fig. 2 X : </J2 - : </Js - : </J9 

The nonlinear problems (1.1), (2.9) and (2.10) satisfy the following theorem. 

Theorem 3 ([2]) With the following hypotheses, 

1. N is 0<00> in a neghbourhood of Yo and 11 N(n) (y0) 11 ::; M' , for any n 
(the derivatives of N at y0 are bounded in norm); 

2. llYill ::; M < 1, i = 1, 2, . .. , where 11· ll is the norm in the Hilbert space 
H; the series L::°==0 ~ is absolutely convergent and, furthermore, 
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3. CONCLUSIONS 

X X 

l. If wetake L =~in (2.4) with the inverse operator L-1 [·] = J J [·] dxdx, 
o o 

the resulting convergence of the Adomian method is much worse. 

2. The decomposition method in {1.1) gives a more accurate approxima
tion of y'(x) and y"(x) than the method using splines of [9). 
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