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Abstract :

In this note we have obtained an integral representation for the product of
two extended Jacobi polynomials. Some particular cases of interest are also
pointed out..

I. Introduction

The extended Jacobi polynimials defined by Patil and Thakare [1] are

(1.1) F_(a, B;x)= (;1? (x-a)*(b-x)" (ﬁ)n
- Dn [(X _ a)n+(x (b _ X)n+B]r D= Ei——
dx
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The aim at presenting the note is to derive an integral representation for the
product of two extended Jacobi polynomials as defined in (1.1). In this
connection we would like to point it out that the integral representation for
the product of two Jacobi polynomials derived by S. K. Chatterjea [2] is
incorrect and the correct version of the same has been obtained as a special
case of our result. In fact, it may be mentioned here that in [2], the relation
(2.9) is wrong and the results (2.13) and (2.14) are incorrect - the correct

versions of which are given in (2.9) and (2.10) of this note.
2. DERIVATION

In deriving our result we shall make use of the following

formulae [3] :

(2.1) S, (e, v, x) =,F, (-n, ot + n; 7; x)
(1+B) 2=b

(2.2) F_ (o, B;x)= —A"F, (-n, 1+ o+ B+n;1+p; )
n! a-b
o
(2.3) D (o, v x)= (n)!“ ,Fq (=n, o+ n; ¥; x)
_ (o9, ,
= 3. (o, ¥; x).

The definitions (2.1), (2.3) are used in [3] and [2]. The relation (2.2) is
proved by the present authors [4].

From (2.3) it follows that

| _ L (_1)1- (a')m’r r
(24) @ (o, ;%)= ZO m—!—x :

Now replacing o by (1+ o+ B),y by (1+ B)and x by ( : - E )in (2.3), we

have

(1+B)n an)n(l_’_a_*_B,l_FB; x-b

(2.5) F (o, B;x)= A+a+p), a-b

)
Therefore, with the help of (2.4), we obtain
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(2.6) F. (o, B; x) 3 (o, By)= gmin

Now using the results [5] :

1+B),A+P),
1+a+f),(1+o +f),

LR R Qi) (o),

"]

=0 50 (m-1)! (n-s)! (1+P), (1+B),

1 X—br y-bs
r!s! (a—b) (a—b)'

n/2
y : (+u1+ 1\:+ 13 = [ eos 0 do, (u+v>-1)
(w+1)T(v+1) /2
and
TWIv) |

L (p+v)

we obtain from (2.6)

- j £ (1 - )™V dt, (u>0,v > 0)

(2.7) Fo (o B x) Fy (o, B y)

_ g (¥ B A+P), FA+p)ra+p)
(1+o+B) 1+’ +p) T@+a+P)T(1+a +p)
tB4men L T2 ™2
0 -n/2-m/2

x oB-B) @it (m-mei o min) g (B+B) g

(m+n) (1)

FrR+oa+pf+a +p +m+n+k)

(cosd)
k=0 k! cos 6

k
) rp+p +k+1)(m+n-k)!

x a-b

r+s=k T

m+n

3 (k)(t(x—b)

1+B),,(1+B),

a-b

r S
) ((1 -t)(y-b) ) ™ (-9 4 do dt

ra+pra+p)

(1+a+p), (1+o +f),

IF2+a+B+o’ +f) 28*F+mtn

FA+a+B)C1+o +f)

1 /2 =®/2
jt

o+pB+m

F@E+p+1)

2
f 0 -n/2 -n/2
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(B+B") @

x (1-t)* *F*n BB Pt (m-n) i o 5(mn) g cog

D (AF Qa0+ B
k=0 k! (B+P+1) (mrn-k)!

tx-D) ooy 1-1 &= b ) -0 k
(a-b) a-b

X cos® } dd do dt
cos 0

(1+B),, (1+p"), T (1+P) T (1+f") T (2+o+p+o'+f)

=}\(m+n)
(I+otB),, (1+a'+p"), T (1+o+P) I (1+a'+f") T (B+p'+1)
, 1 ®/2 =/2
(B+p +m+n) +Bom eBan
x_2__2__j j J‘t“ Brm (1 _ gy B
= 0 -n/2 -n/2

x e PP g oosP P @ x | (2+a+Brol+B,

t (x-b -
{ (X ) e@-0)i +(1-t)( y E )e(e-tb)i} cos ®
B+p+1, — 2 a- ) d® do dt
cos 6
obtained by making use of (2.4).
Now from (2.7), by using (2.5), we obtain
(2.8) F. (o B;x) F, (o, B’ y)
B 2 B+ +m+n) Foa+a' +B+pf +m+n+2)
n? Fa+Bf+m+1) T (o +p +n+1)

FB+m+1)T(F+n+1) L ™2 ™2
FR+p+m+n+1)

X

tu+B+m (1 _ t)a’+B’+n

0 -n/2 -n/2
5 o(B-B) @i+ mm)6i (i) g o B+
X F., (0t o/ +1,B+B’;

o, At (-9 (y-b) et} cos @
+

cos 0

) d® de dt

which is our desired result.
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Some special cases:

Case - I. Now putting b=-a=1and A =1 (in 2.8) and finally
interchanging o, B and o, B, we have

(@+0’+m+n) r ((X+(1’+B+B’+m+n+2)

29) PP (x) PP (y) =2

n? T (0+B+m+1) T (o +p’+n+1)
, 1 /2 =n/2
r ((X +m+ 1) r (a +n+ 1) jta+[}+m (1 _ t)(x’+[3'+n
No+o' +m+n+1) 0 -m/2 -m/2
X e(a—a’) @i + (m-n) Oi COS(m+n) 0 COS(OH o) @

) ren t (x-1)e®-9i+(1-t) (y-1)e®ilcos @
x Pm+n(a+a,B+B +1) (1+ { ( ) ( )éy ) } )d(Ddedt,
cos

which is the correct version of the integral representation of the product

of two jacobi polynomials derived by S. K. Chatterjea in (2.13) of [2].

Case-II Now putting a=pB=a’=p"=0 in (2.9), we have

1 n/2 =n/2
=2 .
(210) P_(x)P_(y) — (m+n+1) _!.-nj;z _J;zt

x(1-t)"e ™ WOcosm*m g
{t (x-1) e®-9 + (1-t) (y-1) e @i} cos D

xP_ 0D+
cos 6

m+n

) d de dt

which is correct version of (2.14) of [2].
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