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ABOUT ONE BOUNDARY VALUE PROBLEM
FOR POLYHARMONIC OPERATORS

E. L. Radzhabov
Mathematical Institute and Computing Centre

Academy of Sciences of Tadjik SSR

Introduction
A boundary value problem in certain domain D < E. for the polyharmonic
operator A" was studied in [1] by N. Meiman. He reduced the solution of this
boundary value problem to a system of integral equations with a weak
singularity .

The author finds difficulties in giving a complete list of all papers on
the boundary value problem for the polyharmonic operator. More details about
this investigations can be found in [2,p. 403]. In [3] and [4] the analogous
problem for a sphere was studied in relation with the bigarmonic operator and
the polyharmonic operator, respectively .

The boundary value problem for the bigarmonic operator is solved by means
of integrals, while the solution of the polyharmonic operator is determined by
series .

In this paper the boundary value problem will be reduced to a system of
linear algebraical equations having a triangle matrix . This system of

equations may be easily solved .

1. In this section we should prove comparatively a simple equality, which is
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necessary in the following
Lemma 1.1 . If next equality takes place
n n
Yoo (=) at, (1.1
then the o, may be defined by the formulas

a = (Dt i[i] a . k=0,12,..n (12)

p=k
Proof : Expanding the left-hand side of the equality (1.1) by means of

the Newton binomial formula, and changing the order of summation according to
n k n n
[0) A f = f Ao
kZO X pZO kp P kZO . ka Pk

we obtain

Hence, we have for o the following system of linear algebraical equations
n
P = k -
) [k] o = (Da, k=012,
p=k
whose solutions can be found by the formulas (1.2).
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Corollary From the equality

Z(1 ok

Tl
k=0
it follows (1.2) .
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2. Let introduce the following notation: Q denotes the unit m-dimensional
sphere with a centre in the origin of coordinates; S is the surface of this
sphere; T = |x-§| and p = |x|, where xe Q and &eS. Finally, Y stands for the
angle between x and § .
Thus, we can write
PO U . - F(m2 + B, B+1; m2; p?) @.1)
B TST | qme2B ~ 21 : L IHLR )
S
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_ 1 cos _m+2 . L2
Bg = 757 J Tm—ng dpS = TS F /2 + Brl, B+l mi2 +1; p%)  (22)
S

The integrals (2.1) and (2.2) are easily calculated if the coordinate system
is rotated in such a way that the first coordinate axis go along the vector x.
By (2.1) and the results of the first section one has for all 0<k<2n-1:

n-k-1 .
a-pH* T b(-ph' , Ok<n-1
i=0

_ 2.k _ 2yn-1 -
A= P A =4 (1-p) , k=n-1 (2.3)
(1-p>)" , k=n
k-n R
(1-pH™*! [ bi(l-pz)" , n<k<2n-1
i=0

where the coefficients bi are determined by the relation

n-k-1 (m/2+k-n) (k-n+1)
i 1+] i+]j i+j

W L[V —mr - skl
i=0 i+j

b =

Cken g (n-k) . (kentl),

VN b - " n<k<2n-l
L U m/2), G+

where (al)i = a(a+1)(a+2)...(a+i-1) is the Pochhammer’s symbol.

3. Definition 3.1 We will call the zeros of the polyharmonic operator to the

functions having the form (1-p)* rm2p

n (l-gz)“_
Ax Tm+ =0

Lemma 3.1 . The functions

and satisfying the equation

2.k
P &)= L) 4012, 201 G

Tm~2(n-k) ’

are zeros of the polyharmonic operator.
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The proof of this Lemma is analogous to the one of Lemma 1 in [1,p.275].
We should remark that a common number of the zeros of the operator is equal to
2
n+n .

Lemma 3.2 . For any integer k+0,1,2,....., the equality

At _(1-pH™ o (3.2
x M2k
is valid.
Proof. By virtue of Lemma 3.1, we have
2vk
A" L1P) _ ¢ k=0,12,..2n-1 (3.3
X Tm-2(n-k)
If we put k=2n-1 in (3.3), one obtains
A _(L-ph™ (3.4)
x Tm+2(n-1)
and the equality holds for any n=1,2,... . Now, by setting n=k+1, our

assertion follows from (3.4).
From the Lemma XIL1 ([5], p. 530), we can establish "
Lemma 3.3 . If for some integer numbers N, n21, k=0 the equality
A _(d-p9) 9y =0
X TN
is valid, then for any integer v20 one has
v _(1-pH*Y
X N
T
Lemma 3.4 . Let the domain DcE  be bounded by the sufficiently smooth
surface 0 .Let the function a(x,§), xe D, &e o satisfy the following conditions:
(i) a(x,£) is positive, limited and continuous everywhere except for x=§ ,

where it verifies

s 1
Daxll—x-?&ec ToT J a(xg) d&“ ik
c

(ii) The equality

Daxh—"Q“’;Oe o

a(x,£) = 0
fulfils for all &e S(§o), S(&o) being a sufficiently small neighbourhood of the

point &,0.
Then, we have :
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. 1 -
Dxli < o ToT [ ax®) 0® dgo = @&
o
for any function @(&) continuous on the surface o .

The proof of this lemma is analogous to the one of the assertion
[6,p.228].
Corollary . If the first condition in Lemma 3.4 is replaced by

: 1
N
o
then, the following equality
Dx eo TéT [ 20 9®) dgo = @ o)
c

is valid.

4. Consider the following boundary value problem : to find the function u(x)e
C*™(Q) N C"'(Q) satisfying the equation

A"u=0 (4.1
and the boundary value problem
W
Z—u—“ 5= 0u® » B=012,..n-1 4.2)
v

where Vv is the external normal to S and the functions @ (§)e C(S).
Let us construct the function u(x) by the formula

2n-1
ux = ) (ALY, ) “3)
k=n '
where
(A, D) = 157 £ P, ,(x8) f®) dgS @4

the functions Pn k(x,l’,) being defined by (3.1). From the Lemma 3.4 follows

that the zeros of F‘mk when k<n, can not be used in constructing solutions of
the above boundary value problem since either these solutions or their
derivatives will not satisfy the conditions (i) or (ii) of Lemma 3.4 .

Let us choose the functions ‘l‘k(x) ,k=0,1,...,n-1, so that the conditions
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E — A =Q § =0,12 n-1 4.5
va' ( k.n)ls ( ) s PRy (4.5)
are sanshed

The boundary conditions can be written in the form

2n-1 ap.
Daxh—'>n§es kzn (An. \y e (Pp@) #=0,12,....n-1

avh
By virtue of Lemma 3.4 and its Corollary ,we obtain

u
Z ‘P 2 © pylimec g ZT B, (9 = 9,(8) , u=0,1.2,...n-1

where
k+n

B = (A, D) = 157 J U-phy 4 L k=01

Tm+2k

Now, using the results of Section 2, it follows

nl )
Z(‘l)l[nil] p21 , k=0

i=0 !

k n- 14 . ’ 5

L) (—1)’[“‘?"] p¥, k=1,2,..0-1

iZ0 ' j=0 E

B, ()= i

where

_ 1 ki (k+i+j)! S
= @ ,-Zo (-I)Jm,l—l,..,k, k=1,..n-1, (4.7)

Inasmuch 8/8v=3/p on the spherical surface, then from (4.6) we have

n-1 ? . "
Z (_1)1[n;1] (%le' | le—H L k=0
= (4.8)

n
a

& _B (0=
s M

u’[\/pr

Z ( lf[j] —(% P k=12,..n-1

On the other hand, the point x tends to the point & of the spherical surface
from within the sphere and therefore the radius of the sphere will be extended
to 1 and then

li Bl iy =ty Biomp (x) Al (%)
im; X im X) = X
Dax—-Ee S ayl k p—>1 p” vk

Hence, taking into account the formula 4.2.5.61 ([7], p. 620), we deduce from
(4.8) ,for any p=0,1,2,...,n-1:
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n-1 52(m-1)-lL [ n-1 i
D™ 2 [w-m] k=0
Pl

;ﬁ Bk | = u! (4.9

i(_l)n-l-i 21 [n-l-i ] b k=12..n-1
i% H-n+1+i i

where bi are defined by formulas (4.7). By virtue of the binomial coefficients

and (4.9), system (4.5) will take the form
’Bx(:I ¥ 1 =(1° (po

n-

(k-1) (k-1) (k-1) -
Bn k \l‘n * Bn k+1 \yn-k+]+ AL \Pn 1= % (Pk-l (4.10) H
|B™ % +B™ w4 +B™ ¥y =qa ¢ |

0 o 1 1 n-1 n-1 n-1 'n-1 £

where E
9

__ ™! _ i
IAPETCRIET w u=0,1,...,n-1 %

(W _ [n-1 - E

B = [}wl] , 4=0,1,...n-1 ]

4.11) £

B
13

3 . . .
} (1 2% [ull] b k=l..n-Lp=01,..-1
i<0

From (4.11), on account of the formula (4.7), it follows that the diagonal
elements of system (4.10) are not equal to zero.

Solving system (4.10), what it is easily, we shall deduce ‘Pk(é). By
substituting these values of ‘l‘k in (43) , we obtain the solution of the
boundary value problem (4.1)-(4.2).
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