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Introduction 

A bom;idary value problem in certain domain D e [ m for the polyharmonic 

operator 11" was studied in [!] by N. Meiman. He reduced the solution of this 

boundary value problem to a ; ystem of integral equations with a weak 

singularity . 

The author finds difficulties in giving a complete list of ali papers on 

the boundary value problem for the polyharmonic operator. More details about 

this investigations can be found in [2,p. 403]. In [3] and [4] the analogous 

problem for a sphere was studied in relation with the bigarmonic operator and 

the polyharmonic operator, respectively . 

The boundary value problem for the bigarmonic operator is solved by means 

of integrals, while the solution of the polyharmonic operator is determined by 

series . 

In this paper the boundary value problem will be reduced to a system of 

linear algebraica] equations having a triangle matrix . This system of 

equations may be easily solved . 

l. In this section we should prove comparatively a simple equality, which is 
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necessary in the following 

Lem ma 1.1 . If next equality takes place 

f ak (1-t/ = f ak tk ' 
k=O k=O 

then the ak may be defined by the formulas 

ak = (-l)k f [~) aP , k=0,1,2,. ... ,n 
p=k 

(1.1) 

(1.2) 

Proof : Expanding the left-hand side of the equality (1.1) by means of 

the Newton binomial formula, and changing the order of summation according to 
n k n n 

l cpk l \p fp = l fk l \k cpp 
k=O p=O k=O p=k 

we obtain 

Hence, we have for ak the following system of linear algebraica! equations 

f [~) aP ~ (-1/ ak , k=0,1,2, ... ,n , 
p=k 

whose solutions can be found by the formulas (1.2). 

Corollary From the equality 

f--\ l ªk [hf 
k=O (1- t) k=O 

it follows (1.2) . 

2. Let introduce the following notation: O denotes the unit m-dimensional 

sphere with a centre in the origin of coordinates; S is the surface of this 

sphere; ' = 1x-1;1 and p = 1 x ¡, where xE O and SE S. Finally, y stands for the 

angle between x and 1; . 

Thus, we can write 1 J~d s 2 AA = Tn = F (m/2 + p, P+I; m/2; p) 
tJ j V 1 'tm+ 2 2 J 

(2.1) 

s 
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B = 1 I ~ d S = m+ 2 F (m/2 + P+l P+l· m/2 +1 · p2) (2.2) 
P TST 'tm+2Jj S m 2 1 ' ' ' 

s 

The integrals (2.1) and (2.2) are easily calculated if the coordinate system 

is rotated in such a way that the first coordinate axis go along the vector x. 

By (2.1) and the results of the first section one has for all 0~2n-I: 

(l-p2)n-l 

(l-p2)n 
k-n 

, 05;k<n-I 

, k=n-1 

, k=n 

(l-p2)n-k-1 _L b;<I-P2f; ' n<k!;;2n-1 
1=0 

where the coefficients bi are determined by the relation ¡ n-k-1-•[·+) (m/2+k-n) (k-n+l) 
( 1)' í' 1 J >+) >+) Q5;k 1 

- ¡~O J (m/2),+J(I+J)! '_<n-

b = 
' 

k-n [ .) (n-k) (k-n+l) 
( 1), í' l+J >+¡ >+J '-<2 1 
- l J (m/2) (•+J) ! 'n<,,_,, n-

J =O i+J 

where (a); = a(a+l)(a+2) ... (a+i-1) is the Pochhamrner's symbol. 

(2.3) 

3. Definition 3.1 We will call the zeros of the polyharmonic operator to the 

functions having the form (l-p2/~ 't-(m+2Pl and satisfying the equation 

/',." (t-f)ª=o 
X 'tffi+ p 

Lemma 3.1 . The functions 

( 1 -p2)k 
Pn.k(x.s) = 'tm . 2cn-kJ, k=O,l,2, ... ,2n-I 

(3.1) 

are zeros of the polyharmonic operator. 

57 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



The proof of this Lemma is analogous to the one of Lemma 1 in [l,p.275] . 

We should remark that a common number of the zeros of the operator is equal to 

n2+n . 

Lemma 3.2 . For any integer k+0,1,2, ..... , the equality 

i'i.k+l ( 1 - p2)2k+l = o 
X 'tffi+2lc 

is valid. 

Proof. By virtue of Lemma 3.1, we have 

2 k 
ó." ( 1-p ) =O, k=O,l,2, .... ,2n-1 

X 'tffi-2(n · k) 

If we put k=2n-1 in (3.3), one obtains 

(3.2) 

(3.3) 

ó." ( l _ p2)2n·l = O (3.4) 
x 'tm+2(n - 1) 

and the equality holds for any n=l,2,. ... . Now, by setting n=k+l, our 

assertion follows from (3.4). 

From the Lemma XII.! ([5J .• p. 530), we can establish " 

Lemma 3.3 . If for sorne integer numbers N, n:2:1, k:2:0 the equality 

¡',. n -1!.:.PJ.k = O 
x '¡;N 

is valid, then for any integer v:2:0 one has 

Ó.n+V ~+V= 0 
x '¡;N 

Lemma 3.4. Let the domain DClEm be bounded by the sufficiently smooth 

surface cr .Let the function a(x,s), xe D, se cr satisfy the following conditions: 

(i) a(x.s) is positive, lirnited and continuous everywhere except for x=s , 

where it verifies 

(ii) The equality 

D3x~secr ~ I a(x,s) dscr = 1 
cr 

D3x~S E cr a(x,s) = 0 
o 

fulfils for ali se S(S). S(S) being a sufficiently small neighbourhood of the 

point s 0 • 

Then, we have : 
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for any function cp(s) continuous on the surface a . 

The proof of this lemma is analogous to the one of the assertion 

[6,p.228]. 

Corollary . If the first condition in Lemma 3.4 is replaced by 

D3x~se a ~ I a(x,s) dsa = ex 
a 

then, the following equality 

03x~s E a ~ I a(x.s) cp(s) dsa = ex <p(s) 
º a 

is valid. 

4. Consider the following boundRry value problem : to fmd the function u(x)e 

C2°(0) n C"-'<m satisfying the equation 

t:.."u=O (4.1) 

and the boundary value problem 
aµ u 
-µ- ¡s = <J>µ<sl . µ=0.1 .2 •... ,n-1 (4.2) 
av 

where Y is the externa] normal to S and the functions <pµ(S)E C(S). 

Let us construct the function u(x) by the formula 
2n - l 

u(x) = [ (An.k 'f'k_0 )(x) (4.3) 
k=n 

where 

(A t)(x) = Ji- f P (x.s) f(S) d~s , 
n,k ! v 1 n, k ~ 

s 
(4.4) 

the functions P (x,s) being defmed by (3.J)_ From the Lemma 3.4 follows 
n .k 

that the zeros of P0 .k when k<n, can not be used in constructing solutions of 

the above boundary value problem since either these solutions or their 

derivatives will not satisfy the conditions (i) or (ii) of Lemma 3.4 . 

Let us choose the functions 'f'/x) ,k=O,l, ... ,n-1, so that the conditions 
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2n- l aµ L -µ (A '!' _ l¡s = <l'µ<Sl, µ=0,1,2, ... ,n-1 
k=n av n,k kn 

(4.5) 

are satisfied. 

The boundary conditions can be written in the fonn 
. 2n-l aµ 

O lim~ S L -µ- (A '!' ) = <pµ@ , µ=0,1,2, ... ,n-1 
3X---7~E k=n BV n ,k k-n 

By virtue of Lemma 3.4 and its Corollary ,we obtain 
2n-l . aµ 
1 '!' _ (!;) 0 , hm~ S - µ B (x) = <pµ@ , µ=0,1,2, ... ,n-1 
k~n k n .7X---7~E BV k 

where 

B (x) = (A l)(x) = ~ d S 1 I ( 1 2)k·· 
k n,k+n TST 'tm+2k ~ 

, k=O,l, .... ,n-1 

s 
Now, using the results of Section 2, it follows 

Y(-1)'[";') p2i' k=O 
1=0 (4.6) 

t b, 0((-1~[·-1 -') p2J , k=l,2, ... ,n-1 
i =O j =O J 

where 

1 V · (k+i+il' ._ . _ 
b, = frñ72TIT,. 1. .L (-lY Jl(m/Z+i) . (k+J)! , 1-l, .. ,k, k-1,..,n-l, 

¡=O J 

(4.7) 

lnasmuch a/aV=B/p on the spherical surface, then from (4.6) we have 

"f <-1J'[";') ci~'.~j, P2i-µ, k=o 
1 =O 

aµ ¡ - B (x)= 
a µ k 

(4.8) 

f b ·e-i<-10[•-l-i) (2j J' P2j-µ k=l 2 -1 
.Lo i .Lo ! i \2j-::¡:i)T ' ' , ... ,n 
1 = J= 

On the other hand, the point x tends to the point !; of the spherical surface 

from within the sphere and therefore the radius of the sphere will be extended 

to 1 and then 
. aµ . aµ aµ 

O hm~ S -µ B (x) = hm - µ B (x) = -- B (x) 
3x--..,e av k p-->1 ap k avµ k 

Hence, taking into account the formula 4.2.5.61 ([7], p. 620), we deduce from 

(4.8) ,for any µ=0,1,2, ... ,n-1 : 
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-B 1s= µ! 8µ f BYµ k 

(-l )n-1 22(n-I)-µ [ •-1 ) 
µ..n+l 

,k=O 

(4.9) 

,k=l,2, ... ,n-1 

where b; are defined by formulas ( 4.7). By virtue of the binomial coefficients 

and ( 4.9), system ( 4.5) will take the form 

B~~: 'l'n 1 = <\ cpº 

where 

a = (-l)"-1 
µ 22cn-I)-µ µ! 

, µ=0 ,1, ... ,n-1 

Bcµi = [•-1 ) 
o µ..n+l 

, µ=0 ,1, ... ,n-l 

(4.11) 

Bcµi = [ (-1); 2-2; [•-i-; .) b. ,k=l , ... ,n-1;µ=0,l, .. ,n- 1 
k i =O µ..n+l+1 1 

From (4.11), on account of the formula (4.7), it follows that the diagonal 

elements of system (4.10) are not equal to zero. 

Solving system (4.10), what it is easily, we shall deduce 'l'k(!;). By 

substituting these values of 'l'k in (4.3) , we obtain the solution of the 

boundary value problem (4.1)-(4.2). 
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