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ABSTRACT

In this paper, we obtain the Laurent Padé Approximats (LPA) to a given
formal Laurent series, as a Laurent Padé-Type Aproximant (LPTA) of higher
order, in a similar way as the process carried out by Brezinski ([1]), for the
classic case. For this purpose a new concept of Padé-Type Approximant to a

Laurent series is introduced.
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1. PRELIMINARY CONSIDERATIONS.

Let (ck)':’m be a bi-infinite sequence of complex numbers, and L the set of

all the formal series G(z) of the form,

o
G(z) = ) ¢ 2* (1.1)
fe

We shall denote by IIn the linear space of the polynomials of degree n at
most, and by T = U TTn the space of all polynomials. For every pair of integers
p,q with p = q, we shall denote by l\p the linear space of the Laurent

polynomials (L-polynomials) or functions of the form
L(z) = i cc]z"

=p
and A = U qu the linear space of all L-polynomials (obviously ﬂn=Ao n).

For each p,q € Z with p=q, the projection operator is defined by

np:qG(z) = Jgpcjz" (1.2)

For a formal Laurent series, if the nonzero coefficients extend only to

one side, which can be +x or -wo, it is necessary to have a notation to
indicate which part of the formal Laurent series is zero. So, the notations O’

and O need to be defined as follows

«©
J
G(z) = 0(2™ o Glz) =0 e G2 = szcjz

m
G(z) = 0_(zm) ® nmﬂ.mG(‘z) =0 e G(z) = z cz
: ®

being G(z) € L.
As a natural extension of the classical concept of Padé Approximant to a
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formal power series, in [5] the so-called Laurent Padé Approximants (LPA) to a
formal Laurent series have been defined. On the other hand Bultheel, in [2]
makes an algorithmic and algebraic study for such those approximations.
Indeed, splitting G(z) in two, that is G(z) = G(O)(z) + Er(o’(z), being

©
69z = c°/2 + Z ckz" (1.3a)
g
~(0) -k
G2) = c /2 +kZlc_kz (1.3b)
we have first the following
Definition 1 ([2], p.26)
P (2)
Let m and n be nonnegative integers and the rational functions R(z) = —=—;
R Qn(z)
. P (2) - -
R(z) = ==—, where P (2), Q (2),P_(2), Q (z) € A, such that
Q (z) m n m n
n

DQ(2) eA andQ(z) €A
n o,n n -n,
(0)

,0
m+n+l

2) G7(2) - R(2) = 0 (z )

3 %2 - R@ = 0™

4) R(z) + ﬁ(z) is equivalent with the quotient of L-polynomials P(z)/Q(z),
with P(z) e A_m.m and Q(z) e A_n_n. We shall then call the pair (R(z),ﬁ(z)) a
Laurent Padé Approximant (LPA) of type (m,n).

These approximants are obviously an extension of the classic Padé
Approximants because the Laurent expansion of R(z)ﬂi(z) matches the
coefficients of z* in L for |k| = m+n.

On the other hand, as is well known, Padé-Type Approximants (PTA) are an
special interesting case in the study of the rational approximations, because
of the free election of the denominator mean, that a lesser number of
coefficients in the initial series is required to be known. Such approximants
used to provide, in some cases, better estimations than Padé Approximants (see
[1] for more details).

Thus, we can also consider rational approximants to F(z) with a given

denominator in the sense of the following

Definition 2
Let m and n be nonnegative integers and Q (z) € A ,Q(z) € A two
n o,n n -n,0
P (z) P (z)

given L-polynomials. The pair (R(z),li(z)) where R(z)=—2 ; R(z)= == ,is a
Qn(z) Qn(z)

Laurent Padé-Type Approximant (LPTA) of type (m,n) for F(z) if the following

conditions are satisfied
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D P_(2), P_(2) € A
2) 6% - R@ = 0 (™"
3) %@ - R@ = 0 (2™
4) R(z) + li(z) is equivalent with ﬁ(z)/a(z), where ﬁ(z)sl\_m_m and a(z)el\_n'n.
Q(z) will be called the generating L-polynomial of the approximant. Such
approximants have been studied by us from an algebraic point of view (see [3],
[4]).

In this paper, we shall obtain the LPA as a LPTA of higher order, making
use of an analogous process followed in [1] for the classic case. For this
purpose it is necessary to define the concept of Padé-Type Approximant {o a

Laurent series in a similar way as that used by Bultheel in [2].

2. PADE-TYPE APPROXIMANTS TO A FORMAL LAURENT SERIES.

In ([2], p.25) the concept of Padé Approximant for a Laurent series was

defined as follows

Definition 3
Let m and n be integers and nzO, then the pair (Am(z)/Bn(z)) with Bn(z) € Hn
and Am(z) = O_(zm) is a Padé Approximant of type (m,n) for the formal Laurent

series (1.1) and we shall denote by PAL, if

m+n+1

G(z)B (z) - A (z) = 0.(z ) ;B (0)=0 (2.1)
n m + n

Observe that Am(z)/Bn(z) should be understood as a notation for a pair of
elements rather as a quotient.

In the particular case in which c = 0 for k=-1,-2,... (that is, G(z) is
a formal power series) and mz0 then Am(z) € I!m and the pair (Am(z)/Bn(z))
coincides with the classic [m/n] PA for G(z).

It can be easily seen that a necessary and sufficient condition for the
existence of Am(z) and Bn(z) (except a multiplicative factor) is |Tr("")| # 0,

meZ; neN, T:‘m) being the Toeplitz matrices represented by

m m-1 m-n
c C_ ceeens
(m) o m+l m m-n+l
T = |¢ = 5 4
n ‘m+-) A
1,)=0
c c
m+n  men-l...... m

In such case it will be said that G(z) is a normal series.
Since we have only taken into account in the correspondence conditions
the ihcreasing character (i.e. toward +w) we might wonder if an alternative

definition with decreasing correspondence conditions (toward -«) could be
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given. In this way, the rational approximants defined in (2.1) will be called
Padé Approximants in an increasing sense. Thus, to define the PAL in
decreasing sense the so-called dual series F(z) to G(z) will be required. Thus

we have

©
Fiz) = } 4z with d =c_, keZ (F(z)=G(z™)
-®

n n
and if we denoted by st - [d ] = [c ] we have first the
n m+l-) m-1+)

1,J=0 1,)j=0
following
Proposition 1
G(z) is normal iff F(z) is normal too.
Proof.
One has

)" . (-m) (m) g(m (-m)
s'™| = [d ] = T' ™, henceforth Sm ‘[ m]‘ =ITm‘;

n m+j-1 1,J=0 n n

and the proof follows.g

Let (Km(z)/ﬁn(z)) be the PAL of type (m,n) in increasing sense for F(z),
with
m — n — _‘ _ _
A (z) = Z 3z and B (z) Zobjz; Bn(O) =b°==0
then, by (2.1) we have
F2)B (2) - &_(2) = 0,(2™"™")
Thus,
FIB (Y - & (27 = 0 ™™
n m -~
and consequently if we write
B =B@Hadi (2 =% z) =0(™
n n m m +
it follows that

o_(z—(m+n+1))

G(2)B (2) - & (2) =
n m

The pair (Xm(z)/ﬁn(z)) it will be called the PAL in decreasing sense of
type (m,n) for G(z) the following immediately holds

Proposition 2
The pair (Km(zﬂ)/ﬁn(z'l)) coincides with the PA in increasing sense for the

dual series F(z).

Proof.
It is enough to take into account the unicity property of the PAL for
G(z).g
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In [2], connection between the LPA and PAl‘ (see (2], Theorems 4.2 and
4.3) is exhibited. On the other hand, if (R(z),R(z)) represents the LPA of
type (m,n) for G(z) and (S(z),S(z)) is the LPA of type (m,n) for the dual

series F(z), then we have
Proposition 3

(Rz™1),R(z™) coincides with (S(2),5(z))

Proof.
Since (R(z),R(z)) is the LPA for G(z), and from conditions 2 and 3 in the

Definition 1 we have,

6% - Rz = 0 (H™™) = 0 ™™ (2.22)
69e™ - R = 0 () ™™Y) = 0 (™™ (2.2b)
Now, taking F(z) = F(c’(z) + F(O)(z), with
® N )
FPQ) = c°/2 + z c_kzk and Fm)(z) = c°/2 + ckz'k, we have
~ k= k=1
69z H=F2) and G(é’(z'l)=Fm)(z) and replacing in (2.2) one has that

the pair (ﬁ(z").R(z'I)) constitutes the LPA for the dual series F(z).g

From the two last propositions we can conclude that it does not matter
which definition of PAL (increasing or decreasing) can be taken. We shall

consider throughout the paper the PAL in the increasing sense.

Now, as a new extension of the classical concept of Padé-Type Approximant

we shall define this one for a Laurent series, as follows

Definition 4

Let m and n be integers with n=0, and the polynomial Bn(z) € Hn with Bn(0)=0.
The pair (Am(z)/Bn(z)). being Am(z) = O_(zm). is said to be a Padé-Type
Approximant of type (m,n) for the formal Laurent series (1.1) with generator
polynomial B“(z) and we shall represent it by PTAL, if

m+l.

G(z)Bn(z) = Am(z) = O‘(z )5 (2.3)

It is readily seen that the coefficients of Am(z) can be obtained from

the coefficients of the series and from the generator polynomial. Indeed, if

m n
we write A (z) = Z az and B (z) = sz" by (2.3), then the coefficients
= -® J n ‘|=oJ
are given by
n
a] = l(Zoc]_kbk. j=...,m-2,m-1,m (2.4)

When m=0 and G(z) is a formal power series (c =0 if k=-1), then by (2.4),
one has, aJ=0 for js-1, that is, Am(z) € Hm and the pair (Am(Z)/Bn(z)) takes

sense as a quotient, and represents the (m/n) PTA for the formal power series
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G(z) with denominator Bn(z).
On the sequel we shall show how an LPTA can be deduced from two PTAL. For
that, we shall use a more general decomposition than (1.3) for G(z). So if

meZ, then we write

6(2) = 6™z) + 6™(2) (2.52)
(m) ¢ “(m) ek
with G ™ (z) =1/2¢c z + Z cz* and G™(z) =1/2c 2™ + Z c(2 (2.5b)
k m k
k=m+1 -8
Theorem 1.

a) Let (P(m)(z)/Q:‘m)(z)) be a PTAL of type (m+n,n) for the normal series

(m)

(1.1) being Q (z2) e Hn its generator polynomial such that Q:‘m)(O) = 1, and

(m)

define A (z) by

"A™(2) = P™(z2) - 6™ (20 ™(2) (2.62)
: " " (m)(2)

Then A ™(2) is a polynomial of degree n and R(m)(z) = ':T is a (n/n) PTA
Qn (z)
to the formal series z ™G™(z).

b) If (P(m)(z)/Q(m)(z)) is a PTA of type (m-1,m) for G(z) with generator

2"A™(2)

polynomial Q(m) ), then R(m)(z) sec MR T 1.1 represents a (n/n) PTA to the
o 27Q'™(2)
n

formal power series z_mG(m)(z). Now A:‘m)(z) is given by

2" ™(2) = 6™ (210 ™ () - P) (2.6b)

Proof'.
a) If we denote by E:“) the residual of the PTA (P(m’(z)/Q;m)(z)). then

E™) = 62) Q™) - P™) = 0™
hence, by (2.5),
E™@ = 6™ + 6™@] ™ (@) - P™(2)
and consequently,
™2 Q@ - E™) = P - 6™ M) (2.72)
Now, taking into account that P(m)( ) = 0( i G(m)(z) = 0+(zm).

the left-hand side of (2.7a) is O‘(z ), meanwhile the right-hand side is
O(me), thus (2.7a) represents a polynomial of degree m+n, denoted by

(m) (m)

(z), with A (z) € II , hence

2"A™z) = 6™2) Q™2 - E™(2) (2.70)
and
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™) Q™(z) - 2"A™(z) = E™(2) = 0, ™™, (2.8)

(m),

After dividing by z Q (z) we get

e A™(2)
276 - G=— = 0" (2.9)
Q ™(z) %
(m)(z)

which proves that -2 is an (n/n) PTA to the series z "G

(m)
= (2)

b) Let now (P(m)(z)/Q(m)

(z)) be a PTAL for G(z) of type (m-1,n), and
denote by E(m)

(z) the resxdual, then we have
EM@) = 16™) + @) ™ - P@) = 0 ™. (2.10a)

Hence,
E™(2) - 6™ Q™) = 6¢™(z) Q'™ () - P™(2)

being the left-hand side O (z™) and the right-hand side 0 (z™™), and
therefore
"A™(z) = 6™2) Q™) - PM2) (2.100)
with A(m)(z) € Hn‘ Consequently
™2 Q™) - 2" ™) = P™(z) = 0 " 2.1
and
2"A™(2)
276" - —2— = 0™ (2.12)
2" ™(z2)

and the proof follows.g

For the sake of simplicity, if we set m=0 then one has

Corollary 1

Under the same conditions as in Theorem 1, the pair
2% 2"A %)

Qm)(z) . Q(O) 2)
n

represents a LPTA of type (n,n) for the series G(z).

Proof’.

Use Theorem 1 and Definition 2.y

As a result, we have seen how from two PTAL of types (-1,n) and (n,n) we

can obtain an LPTA of type (n,n) for the same formal Laurent series G(z).
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3. HIGHER ORDER APPROXIMANTS

Since to obtain the LPTA for a formal Laurent series G(z) we need two

arbitrary polynomials Q;D)(z) and 6;0)(2), we might think how to choose these
ones, so that the order of correspondence were increased as much as possible.
Thus, the so-called higher order approximant arise (see [1]). On the sequel,
when m=0, upperindex (0) will be deleted.
Let us suppose that the pair (Pn(z)/Qn(z)) is a P’l‘AL of type (n,n), where
P (2) = iazJ,Q(z)= ibz’,bto
n L 0 o) 0
By (2.4), one has

n
aj = kzocl‘kbk' j=...,n-2,n-1,n

Moreover, because of (l;n(z)/an(z)) is a PTAL of type (-1,n), with
S Ay S i
Pn(z) = z az = 0(z), Qn(Z) =

o )

bz, b #0
0J 9

ne~-1s

then,
- n -
aJ = Z cj_kbk, Jj=-1,-2,...
k=0

Now, if En(z) is the residual of the PTAL (Pn(z)/Qn(z)). one has

n+l
)

.o
= ez
J=n+1

E (z) = G(z) Q(z) - P (2) =0(z
n n n +
and the following Theorem holds.

Theorem 2
With the above notations if the coefficients b, and bj of the denominator
polynomials satisfy the conditions

n ~
Z c b=a =0 i=1,2,..,p (1spsn) (3.1a)
120 =-1-) ) -1

3

Zc b =e =0 i=n+l,n+2,..,n+q (3.1b)
1Ly 1) !

A(z) z™A(2)
n

then, for the pair , —=——| one has,
Q(z) z™"Q(2)
n n -~
o A (2) o - 2z "A (2) o
%) - 2— =0(z2"") and %2 - —2— =0 (""" (3.2)
Q,(2) " z'"Qn(z) -

Proof.
Let us first suppose that (3.1a) holds, then P (z)=0 (z®") and by
(2.11) one has

692 Q) - A(2) =P (2) = 0 (2P
n n n -

and henceforth
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5"
- z A (2)
¢%2) - —2— =0z
z nQ“(z)
In other words, we see that the order of correspondence for the P’l‘AL to

6'(z) has been increased up to n+p+l.

n+q+1

From (3.1b), we have En(z) = 0‘(z ) so, by using (2.8), it results

62) Q (2) - A (2) = E (2) = 0 (2"
n n n +
and consequently
(0) A (2) +q+1
Gz) - =— =0,
Q (2)
n
In such that case, it will be said that

A (2) z'";\n(z)

Q(z) z™"Q(2)
n n
represents an LPTA of higher order.

Obviously, the highest order of correspondence will be reached

when p=g=n, and the coefficients of the polynomial Qn(z) sz“, will be

o

n
e~1s

]
determined from the linear system of equations
n
) e b, =0 i=n+lLn+2,...20 (3.3)
1L 10
Since G(z) is a normal series, then the polynomial Qn(z) satisfying the

relations (3.3) is uniquely given by

o} 2 z
c c (e
n+l n 1
c 2 c 1 CZ
n+ +
Q (2 =K " (K=0)

c c 55 C
2n 2n-1 n

In short, Qn(z) coincides apart a multiplicative factor with the

denominator polynomial of the [n/n] PA to the formal power series Gw)

[11).

(z) (see

On the other hand, if Q“(z) satisfies the conditions (3.la) with p=n,
then the coefficients bJ are now obtained by solving the linear system

n -
Z c, b =0 i=L2..n (3.4)
j=0

Taking into account that
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Q (z)
n
hence
. 27 A (2)
ZF(2) - L 0,z"
Q. (2)
but z'lFl(z) = 62) and z'lA“(z) €T . that is,
o 2 'A (2)
GNz) - —=— =0(2" (3.5)
Q (2) '

Let (l;n(z)/an(z)) be now the PTAL to F(z) of type (-1,n), being an(z)

the generator polynomial, then by (b) in Theorem 1, there exists An(z) € l'ln

such that

Moreover, the highest degree coefficient in An(z) is zero, because of
d =0, that is, A (z) e T, and then
0 n n-1 ve

24 (2)
n

2 F(2) - —— =0(™M
z"Q (2)
n
and due to the fact that zFl(z) = Gw)(z), one has
o z—(n—l); (2)
672 - ———=—— =0(z") (3.6)
z Qn(z)

from (3.5) and (3.6) the proof follows.g

REMARK 1:

z 1A (2) A (2)
According to Definition 2, the pair 2 s == 2 is not
Q“(z) zQ (2)

-(n-1)
z

estrictly an LPTA of type (n-1,n), because when adding both components, the
resulting rational function has as numerator and denominator L-polynomials
both in the linear space A_“_n. However, taking into account that Qn(O)tsn(O)=0
then by ([4],p.11), we can obtain two constants an' and cz“' such that the
pair

-(n-1)7

«'z™ z7'A (2) a2 2 A (2)
n n n n

Q(z | 2"z
n n
is in effect an LPTA of type (n-1,n).

In the next two Theorems, we shall see how obtain LPTA of arbitrary type

(m,n) with m and n nonnegative integers. For this purpose, we first define the
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is the denominator of the second component of the LPTA of type (n,n), and
A no. N
because of Qn(z) = an_JzJ (b] solutions of (3.4)), represents the
J=o
denominator of the PA for the series
~0),_-1 [ k
Gz =c /2 +kzlc_kz ,

(0)
(

then 5n(2_1) = z—nQn(z) will be the denominator of the classic PA to G (z).

In other words, we have proved the following

Theorem 3

A z"A(2)
. .

Let be a pair so that conditions (3.3) and (3.4) are

Q(z)  z™Q (2)
n n

bz and

0 J

ne~1s

satisfied by the coefficients of the polynomials Qn(z) =
)

~ DA
Qn(2)= z b}zj respectively then, such pair represents the LPA of type (n,n) to
J=0

the Laurent series G(z).

Nextly, we shall concentrzte on how obtaining the LPTA of order (n-1,n)
©

for G(z). For this purpose we define F(z) = Z dkzk, with d°=0; d1=d_1=co/2;
-

d =c if i=2,3,... ; and d =c if i=-2,-3,... Then one has
111 i1+l

Proposition 4

A(z) 2"A(2)
e _rlA—" be a LPTA of type (n,n) for F(z), with n=l then, the
Q(z) z Qn(z)

2" VA (2)
n

2 'A (2) ]
ut represents the LPTA of type (n-1,n) for G(z)

pair

Q (z) ' z_"é (z)
n n

with the same generator polynomial, being Qn(Ol Qn(0)$0.

Proof.
N 2
Set F(z) =0+ 52z + czo..
1 g 1
= _ 0 _-1 -2
) Fl(z) =0+ 5z +czZ
so that F(z) = Fl(z) + Fl(z).
Let (Pn(z)/Qn(z)) be the P’I‘AL for F(z) with Qn(0)=1. If we denote by
En(z) the residual, that is,
E (2) = F(2) Q (z) - P (2) = 0 (2™
n n n +
using (a) in Theorem 1, we can obtain An(z) = FI(Z)Qn(Z) - En(z), An(z) being

a polynomial of degree n. Furthermore, since d°=0, one has An(0)=0 and
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o
formal Laurent series F(z) = z dkzk, with dl=0; —(k-1)si=<k-1
-®

*k

d =c if 1-k+1,k+2,.“
11k

clearly, taking

c
0 _k k+l
F = — + +.
k(Z) 5 Z cz
- % -k-1
F(z) =52z +c z '+
(z) 7 .

then F(z) = F(2) + F (2) (1=ksn), and

0] ()
(0) ()()

z>ka(z) =G (z) and z F (z) = G

one has
Theorem 4

A% ) 2mA% (g

n n

If the pair y ———
Q (2) z27"Q (2)
n n

with denominator polynomials Qn(z) and Qn(z), then the pair

z A(“(z) z-(n‘k)A:‘k)(z)
Q (2) z"Q (2)
n n
represents an LPTA of type (n-k,n) for G(z).
Proof’.
Taking into account the correspondence conditions
(k)( )z~ A(k)( )

———,———| and by (3.7), it is easy to see that
Q(z) z"Q(2)
" " -k, (k)
© A @ n-kel
G (z) - — =0I(z )
Q (2) *
n
2™ AN ()
@ - ——=— =0
z7Q (2) i

Now, from (2.7b) one has

(0)

A®(2) = F (2) Q (2) - E (), being E (2) = 0,(z

and since the k-1 terms for Fk(z) are zeros,

P (k)(z) is a polynomial of degree = n-k.

n+l

d =Cy /2 and d'c - if i=—(k+1),-(k+2),...

3.7)

represents the LPTA for F(z) of type (n,n),

(3.8)

for the LPTA

(3.9)
(3.10)
)
n
Z , that is,

Moreover, from (2.10b), the polynomial Ar(‘k)(z) = Fk(z) Qn(z) - Pn(z)

will be of degree = n-k, and by this, z_(n-k)A:‘k)(Z)

the proof follows.g

€ A and
~(n-k),0
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In order to determine an LPTA of type (n+k,n), with k = 1, we must
introduce the formal Laurent series H(z) = Hk(z) + Hk(z) being
H(z) =c +c z+.. (3.11a)
k k kel

;l (z) =c +c_ z +.. (3.11b)
k & k-1

A2y 2PN
L
Q (z) 27"Q (2)
n n o
from the PTAL of types (n,n) and (-1,n) for Hk(z) and Hk(z) and with

Let be an LPTA of type (n,n) for H(z) obtained

denominator polynomials Q (z), Q (z) respectively Let
n n

A k(z) k-1, A% (z)
L=Z [ T . — (3.12)

Q (z) o Q,(2)

be a rational function, being Amk(z) en " and consider
n

K
MO8 () e, L) A0y
S i il g plplee) I pmndiinisindn S many (3.13)
z"Q (2) 50 z"Q (2)
n n
N _ kA bt
and An‘k(z) =z Qn(z) ch c»]z + A (z) e Hmk

With these notations we have the next

Theorem 5.-

(k) -njy
A "(z) z A "(2)
Let | ->—— , — 2 | be the LPTA of type (n,n) for H(z) with generator

Q(z) 27" (2)
A :

(k)
n

polynomials Qn(z) and Qn(z), then the pair

-(n+k)
Amk(z) z A k(z)

n+
Qn(z)’ z'"an(z)

represents a LPTA for G(z) of type (n+k,n) (with the same generator

polynomials), with A (z) and A (z2) given by (3.12) and (3.13)

respectively.

Proof.

By using the definition of LPTA, one has
k , (k)

. z A (2) e
z'H (2) - —t = 0‘(2"’ i) (3.14a)
Q (z)
Zne) 5 ()
-k A, -n-k-1
ZH(2) - ——="——=0(z""") (3.14b)
z2"Q (2)
n
Now, because of
(0) kot k N I -k
G (Z)=Z ¢z + z"H (2) and G = Z cz¥+ 21 (2)
1% ! « 1% ) L
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from (3.12), (3.13) and (3.14), it yields

-(n+k) }
A (2) " z A 1o(2Z)
%2 - 2k =0 ") and G - — 2 =0 ™
Q (2) z"Q, (2)

and the Theorem follows.g
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