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Abstract @

In this note the bilateral generating relations involving
modified extended Jacobi polynomial Fn(u-n,F;x) derived by the
praesent author have been generalized into mixed trilateral genera-
ting relations from Lie group view point. 3ome applications and

sevaeral special cases of intersst of our result are also discussed.
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1. INTRODUCTION

In a recent paper [ 17, the present author has proved the

following bilateral generating relation :

*-a
a -a-p-1 *=2b b t zt
(1.1) (1-3)  (1-x Z2 g) o a_ )
b- - =
a 1-2 X-a ¢ 1- At
b-a
@ n
= nz=:o Fn(a-n,p;X) an(z) t
where,
o n
G(x,w) = Z a_ F (a=n, B3 x) w ,

n=0 B B

n n k
z
k=oak(k) e

a,(2)

and Fn(u Jf3X) — the extended Jacobi polynomial is defined by [2]:

=1y" -a -
(1.2) Fn(a N:E59) (—;:-)!— (x-2) (b-x) p ( a )n
n+a n+ d
x Dn [(x—a) (b-x) P J, D = e

The aim at writing this note is to generalize the above
bilateral generating relation into mixed trilateral generating
relation l;y group-theoretic method. In fact, the main result of

this note is as follows @

Theorem : If

O n
(1.3) G(x,u,w) = n§o a, F (a-n,p;x) gn(u) oo,
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where gn(u) an arbitrary polynomial of degree n, then

g x= =g ¢
~a =l-a- &
e aan® o =2 5 = u, )
= 1) 3 £
-a

@© n
= §=:° Fn(a-n,ﬁ;x) an(z,u) t
where

( -z > >
anz,u) = kEo a, (k) gk(u) z 5

The importance of the above theorem lies in the fact that one can get
a large number of generating relations from (1.4) by attributing suitable
values to a, in (1.3).

2. PROOF OF THE THEOREM

From [3] , we notice that

wR a x-a -o-p-1

(2.1) e f(xy) = () {Iwd —— ¥}

x+2bw ¥ v

Xt x-a ! 1+Awy)

1tiw b-a y

where
= 2 2 2 _2 SO _ Ay
R = —— (x-a)(b-x) y —=-N >y +{(b x)a - (F+1)(x a)% e
such that
n n+l

(2.2) R (Fn(u-n,ﬁ;x) y) = -(n+l) Fn+1(a-n-1,ﬁ;x) y ¢
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Let us consider
by n
(2.3) G(x,u,w) = nEO a, Fn(a-n,ﬁ;x) gn(u) W

Now replacing w by wyz and then operating (exp(wR)) on both
sides, we get

wR wR @ n n
(2.4) e G(x,u,wyz) = e I a, (wz) (Fn(a-n,p;x) ¥y gn(u),
n=o

The left member of (2.4) is

a x-a ~—a-p-1
2.8 + X\ + X R
(2.5) (1 wy) (1 VY T
X-a
- X + Abwy oy . wyz >
x-a_ ' 7 1 +)wy
1 + 2wy Sk
The right member of (2.4) is
SRR e % g (w
n‘Eo — a, wz) T R a a=n,p3x) ¥ ) gn u
® o

=z ZI ()n_rwk (-l)k(+1 P (a-n-X,Bsx) v2 ™ g (
-n=o k:oan we ' ) )k nfkun- WB3X) ¥ gn u) .

+k
- n (-wp)"”
2 2 a_ (-2)
n=o k=0 P k!

(n+1)k FM

k(n-n—k,P;x) gn(u)

n - (YD
z a_, (-z)n _(-%)._ (n=lc+1)y F (a=n,B3%) g, (u)

@ n n (n-lu-l)k n-lk
(2.6) n§o (=wy) Fn(a-n,p;x) kz=:o an-k T— gn_k(u) (-2z)
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Now equating the above two members (2.5) and (2.6), we get

a x-a ~o-f-1
2.7 1+ 1+ —_—
(2.7) ( wy)  ( W S )
X-a
X + Abwy
x a— %, S
1+ X-a 1 + 2wy
b-a
@ n n (n~k+1)k n-k
= Iz (- F (a-n,f3 -z
L (=wy) n(u n,f3x) kEo a . r gn_k(u) (-2)

Replacing wy by "-t" and z by "-z" in (2.7), we get

. -a-p-1
(2.8) 1-a)® (1 - at ;‘_:) B
X-a
, X = Nt oa tz
* G( X-a B TR
1= At ——
b-a
@© n
= n§o t Fn(u-n,p;x) on(u,z)
where
n (n+1) g k
o (uz) = = a —0% g (y)z
n k=0 ¥ (n-1c) 1 k
n k
= z () g (uz
k=0 i k k ’

this completes the proof of the theorem.

3. APPLICATIONS

We now give some applications of our rasult.
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(1) As application, we first consider the following generating
relation [4] :

@® n! n
(3.1) n2=20 m; Fn(u-n,ﬁ;x) Fn(v-n, 5-nju) w

)\2 v 2 5
= A+ o (b)) (1 + 5 (wa)w) F| (1+u+55 =6, -v, 148,
2 2
=X (x=b)(u-a)w =A (x=b) (u=b) w )
(b-2)% + 32(-a)(uea)w | (b-a)2 + AZ(b-a) (u-b)w

If we choose a 5 gn(u) = Fn(v-n,v—n;u) then by the appli-

- n'!
L
a+e),

cation of our theorsm, we get the following generalization of (3.1),

X X-a -1-a-B -v-8 2 u=b Vv
3.2 - - -t =
(3.2) (1-at) (1 - A T v (1-tX) (1-tA+A "tz - )

2 u-a & .
x  (1=tA+A tz T ) F( l+adp, =6, -v, 148,
2 -
-thz u.a'x-b _)\tz_u-L.xbr
b-a b-a b-a b-a
b
X-a 2 u-a X-a 2 u-b
- = - -t X
Q-3 =) (-tantz o) (12 ) (1-t2A "tz ——)
@© n
= nEO Fn(u-n,ﬁ;x) un(uyz) t
where
( 5o (D) E (uek, eeky W)z
_— - -K: u z .
Gn u,z) kEO (1+6)k k k v ’
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(11) We now consider the following generating relation [57]:

(e 0]
(3.3) z Y

t n
—————— F (a-n,p3x) F_(a,-n, by; u) w
n=o (1+b1)n n sf3 n 91" P13

l+a.+b_+a _ -(1l+a+R) -(1l+a +b
= a3y 1T (8, X2, k. (1-33y =2, 1
b-a b-a
(
x F]. \l+al+b1’ bl-p, l+a+p, 1+b1,
2
=224 (u-b)/ (b-a) 32 (%) (u-b)/ (b-a)

1-22u(u-a)/ (b-a) (1-32w(x-2)/ (b-2)) (1-22u(u-a)/ (b-a))

n'
(1+0,),
the application of our theorem, we get the followirg generalization

If ve take a) = and gn(u) = Fn(al-n, by5 w), then by

of the relation (3.3).

1+al+bl+u

x-a | ~1-0-p

1 2—.
(3.4) (1-2t-2"zt) x il-)\t(lfﬂ\z) =

2 U -l-a_-b
x (1-2- Xzt gy 11

- 2 (u-b)/ (b-a)
1-26-32tz (u-2)/ (b-a)

/
x Fy (Ltay#0y, by-f, L+asp, 1+b,

2 x-b u-b
A .
- b-a b-a
¢ X=-a 2 u-a
{10ne) 22 }a-a-fat 22
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@ n
= ngo Fn (a-n, B3 x) an(u,z) t

where
(u,z) . L () F,(aj-k,b, yu) 25
u,z) = - )z .
Intt k=o (1#,), L ' At s

4. SOME SPECIAL CASES
We now discuss some special cases of our result.

Special Case 1 : Putting -a =b =1, A=1 in our theorem we get the

following result on mixed trilateral generating functions involving

Jacobi polynomials @

Result 1 : If

® (p,a-n) n
(4.1) G(x,u,w) = HEO A (x) g (w) w
then &
-d=B=1 X = 2 (x+1)
4.2) a-9® {1- % Gy} B o '2: 3=t f_tt )
1 - = (x+1)
2
© (pya-n} n
A () o (u,2) ¢
where
n n k
o (u,z) = kgc a, () g(wz

which is found derived in [6] .
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It may be pointed out that the result-1 with the help of the symmetry

relation

(a,f) n (fy)
Pn (x) = (- Pn (=x)
yields the following analogous result.
Result 2 : If
@ (c=-n,f) n
(4.3) G(x,u,w) = Z=1° a Pn (x) gn(u) w
then t (
'1‘ﬂ‘ﬁ X - E 1-x)
a £ zt
(4.4) (+6)® {1 + 3 (-0} ¢ ( 1%\)

1+ % -0

@ (a=-n,E)
= 3 P“ sE

n
=B (x) an(u,Z) t

where
n k
n
= 3z uw) z
gn(u,z) Kos ak (K) gk( ) 5
which is the correct version of the result derived by S. Das [_‘7] .

Special Case 2 : Putting a=C, P=b and A=l and then taking limit
as b =0 we get the following result on mixed trilateral generating

relation involving Laguerre polynomial.

Result 3 ° If

e} (a=n)

) n
(4.58) G(x,u,w) = nz__jo a, Ln (x) gn(u) W
then
a 2t ® (e-n} o
(4.6€) (1+t)  exp(-xt) G(x(1+t),u, —=-) = I L (x) o (u,2) t
+t n=¢ =2 n
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where
(u,z) = g () (u) zk
I S s % CELEE
which is found derived in [67.

special Case 3 : Putting a=f, b = -a =Va and recalling A = 725‘—

and then taking 1imit as a — oo we get the following result on mixed

trilateral generating relztion involving Hermite polynomials :

Result 4 @ If

n
X " = ¥ s i 7

(4.7) G(x,u,w) Z a, B gn(u) W
then

@ (x) n
(4.8) exp(2xt-t2) G(x-t,u,zt) = = o g (z,u) t

n=o ni n
where

N n n k
= v
o, (u,2) o % () g (wz

which is found derived in [8].

Special Case 4 : Putting b = -a =1, \=1, a = v=¢ -1, R =€-1 and

2X¢é
S

limit as € — o 1in our theorem and finally using the relation [2] :

replacing x by (1 + ) and t by (sw/¢) and then taking

[+l 2x €
(4.9) (.P—Eco en Fn(\-é-l, €-13 1 +-s—) = Yn(x,v;s)

we get the following result on bilateral generating relection involving

Bessel polynomials :
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Result § : If

(4.10)

then

(4.11)

where

Og (sw)n
G(x,u,w) = M ¥ (x,a-n38) g (u) T
-v+l x
exp(sw) (1-xw) G(——, u, wz)
1-xw
o (ws)®
= s o1 ¢ —
s Yn(x,v n;s) oY) an(u,z)
n n i k
o (u,2) = kEO a, () g w2z

which is noteworthy.
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