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INDIA. 

In this note the bila taral generating relations involving 

codified extandcd Jacobi polynomi ul i'n(a - n ,f;x) derived by the 

prosant author have becn gene raliza d into mixed trilateral genera-

tinr; r~lations frac U.e gro~p vie11 point. 3oroo applications and 

seV·3ral speci P.. l cases of inter'3st of our result are also discussod. 
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l. INTRODUCTION 

I n a re cent paper [ 1 J, the present author has preved the 

following bilate r a l generat i ng rela t i on 

• (1.l) ( 1- At ) 

where, 

G(x,w) 

ªn(z) 

(l-A"=2 t ) -a-~-l 
b-a 

00 
í: 

n=o 

00 

x-Ab ~ t 
( b-a G--­

x-a 
1-A - t 

b-a 

n 
í: ªn Fn(a-n, p; x) ... 

n=o 

n 
6i.: ( ~) 

k 
í: z 

k=o 

zt J 
1-At 

and Fn(a ,p;x) - the extended Jacobi polynomial is defined by [2 J: 

(1.2) 
(-l)n -a -~ A n 

(x-a) (b-x) <¡;:-;¡-> 

n r n+a n+p 
x D L (x-a) (b-x) J , D 

d 

dx 

The aim at wri ting this note is to generalize the above 

bilateral generating relation into mixect trilateral gene rating 

relation by group-theoretic mathod. In fact, the main 1·esult of 

this note is as follows : 

Theorem If 

(l.3 ) G(>:,u,w ) 
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where gn(u) an arbitrary polynomial of degree n, then 

(1.4) 
zt 

' u ' 1-t:I. ) 

where 
n n k 

k~o ~ ( k) ~(u) z 

The importance of the above theorel!l 11es in the fact that one can get 

a larga number of gene ratine relntions from (1.4) by attributing su1 table 

values to ªn in (1.3). 

2. PROOF OF THE THEOREM 

From [3] , we notice that 

(2.1) 

where 

R 

such that 

(2.2) 

wR 
e f(x,y) 

a ' x-a t -a-~-1 
(1+:1.wy) j_ l-!<,¡:\. ~ y J 

x-a 
x+>.bw y 

X f ( ----b--"'-ª--

1 Hw ¿:,!_ y 
b-a 

l+:wy ) 

:\. 

b-a 
(x-a)(b-x) y -2..->,y2 -L + {Cb-x) a - <r+l)(x-a)"I ~~a , 

ax 1l y ) 

n+l 
-(n+l) Fn+l(a-n-1,~;x) y 
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Let us consider 

(2.3) G(x,u,11) 

Now replacing w by wyz and then operatine (exp(wR)) on both 

sidas, "'ª get 

"'ª (2.4) e G(x,u,wyz) 

The left member of (2.4) is 

(2.5) 
a x-a -Cl-~-1 

(l + A'JY) (1 + 'A1o1y -¡;:;-l 

x + >..bwy x-a 
( b-a 

X G -------,u, 
l + >.1o1y ::: 

The right l!llmber of (2.4) is 

0000 nkk 
¿ ¿ ªn (wz) ..!'.......kl. R (Fn(a-n,~;x) yn) gn(u) 

n=o k=o 

00 CD n k k 11 ¿ ¿ 8n (wz) Ti:" (-1) (n+l)k Fn+k(a-n-k,p;x) 
n=o k=o 

00 CD 
n+k 

n (-lo/Y) ¿ ¿ 
ªn (-z) (n+l)k Fn+k(a-n-k,~;x) 

n:::;o k=o kl 

CD n n-k (-wyt ¿ ¿ a (-z) (n-k+l)k F n (a-n,p ;x) 
n=o k=o n-k k ~ 

<D n n (n-k•l)k 
(2.6) ¿ (-wy) Fn(a-n,~ ;x) ¿ a 

n-k k~ n=o k=o 
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wyz ) 
l + >.wy 

n+k 
y gn(u) . 

gn(u) 

gn-lt(u) 

gn-k(u) (-z) 
n-k 
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Now oquatine the above two :rembers (2 .. 5) and (2.6), we ge t 

(2.7) 

(X) 

¿ 
n=o 

X 

x-a -a-p-1 
(1 + )..wy b-a ) 

G ( 
x + )..bwy x-a 

b-a -----
x-a 

l + ).wy 

n 
¿ 

k=o 

b-a 

ªn-k 

, u ' 

(n-k+l)k 

kt 

wyz ) 
l + ).wy 

Replacing wy by "-t" and z by "-z" in (2.7), we get 

(1-)..t)ª 
-a-p-1 

(2.8) (l - )..t~) 
b-a 

G( X - Abt ~ 
tz ) b-a 

X , u 
' 1-)..t 

l - )..t x-a 
b-a 

(X) n 
¿ t F n (a-n ,f ;x) an(u,z) 

n=o 

where 

n (n+l)n-k k 
an(u,z) l: ªk gk(u) z 

k=o (n-k) ~ 

.n 
( ~) 

k 
¿ "k gk(u) z 

k=o 

this completes tho proof of the theo rcm. 

3. APPLICATIONS 

we now give son"" applications of our r a sult. 
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(1) As applicatian, we first consid"r the following generating 

relation [4] 

(3.1) 
CD 
¿ 

n=o 

~ ~ 5 ( (l + b-a (u-b)w)v (l + b-3 (u-a)w) F11 l+a+f; -5, -v, l+f; 

-).2 (x-b) (u-a)w - ).2 (x-b) (u-b) w ) 
-(b ___ a_)_2_+_)._2_(_b ___ a_) _(u-_b_)_w · 

If we cboose a = n ~ 
n (1+5) 11 

then by tbe appli-

cation of our theoram, we get the following generalization of (3.1), 

(3.?.) 

X 

wheM 

« x-a -\-a-~ -v-5 2 u-b v 
(1-).t) (l - X b-a t) (1-t:I.) (l-tA+). tz --¡;::al 

( 1-).t x-a )(1 t:\.+A2 tz ~) b-a - b-a 

n k ! 

k~o (l+5)k 

68 

x-b 

b-a 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



(11) We now cons1der the following generat1ng relat1on [5 J 

(3.3) 
00 
¿ 

n=o 
n\ 

- >.2w(u-b) / (b-a) 

l->.:2w(u-a)/ (b-a) 

( 1- ,2u x-a -(Hu+f) 2 u-a -(l+al +bl) 
A• -¡;=;-l (1-Xw b-a) 

>.2w(x-b)(u-b)/(b-a) 2 ) . 

(1->.2w(x-a)/ (b- a)) ( l-:\2w( u-a)/ (b- a)) 

If we ta.ke ~ = n '· then by 

the app11cat1on of our theore"1, we Get the follow1r.g genaralization 

of the relat1on (3 .3). 

( 3 .4) 
2 l+a1 +b 1 +a 

(l-l-t-1'. ot) -
¡ x-a 1 -1-~-p 

X [ l-At(lf>-z) "°b-;• f 

- :>.2 tz (u-b)/(b-a) 

l-.\t->-2 tz (u-a)/ (b-a) 

( 

Í, 1-J.t(l+k) 
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where 

co 
¿ 

n=o 
F0 (a-n, ~; x) 

ct0 (u 1z) 
n 
¿ 

k=o 

4. SOME SFECIAL CASES 

we now discuss soma special casGs of our rcsult. 

Special Case 1 : Putting -a= b = 1, A.=l in our theorem we gct the 

follow1ng result on mixed t rilateral generat1ng functions 1nvolv1ng 

Jacob1 polynomials 

Result l If 

00 
(4.l) G(x,u,w) 

n:::o 

then 
-et- ~-1 X - ~ (x+l) 

(l-t)" {_1 - ~ G( 2 zt ) 
2 

(x+l) l 
t ' u ·~ 1 - 2 (x+l) 

(4.2) 

co (p ,a-n) n ;¡; p (x) an(u,z) t 
n::.o n 

where 

which is found derived in [ 6 J 

70 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



It may be pointed out that tho rcsult-1 with the help of the synunetry 

relation 
(a ,f) 

pn (x) 
n 

(-1) 
cp ,a) 

p (-x) 
n 

yields the following analoeous r esult . 

Result 2 1 If 

(4.3) 

then 

(4.4) 

where 

G(x,u,w) 
00 
z 

n=o 

a r t }-1-a-~ 
(l+t) "\.l + 2 (1-x) 

X - j¡ (1-X) 
G (--,-2--

1 + ~ (1-x) 

oo (a-n,n n 
Z P (x) a (u,z) t 

n::::o n n 

a (u,z) 
n 

n 
z 

k~o 

k 
z ' 

zt ) u --
' ' l+t 

which is the correct version of the !'esult derived by S · Das [ 7 J. 

Special Case 2 

as b -+oo we get the following result on r.iimd t ri1ater<1l gencrnting 

relation 1nvolving Lat;ue r re polynorr.ial. 

Result 3 If 

00 
(4 .5) G(x ,u,w) 

n=o 

then 

(4 . 13) 
a zt 

(l+t) exp( - xt) G(x (l+t) ,u , T+t- ) 
(a-n) n 

L (x) a (n,z) t 
n n 
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where 

a (u,z) 
n 

n 
¿ a. ( ~) 

k=o J< 

which is found derivad in [6]. 

Spe ci al Case 3 Putting a~@, b = -a = Yci and recalling >- = 2 
Ta 

and then taking limi t as a -4 oo we get the following result on mixed 

trilateral generating relation involvi~r, Hermite polynomials : 

Result 4 : If 

(4.7) G(x,u,w) 

then 

(4.8) exp(2xt-t2 J G(x-t,u,zt) 

whare 
n 

o0 (u,z) l: 
k=o 

'Which is found derived in [8]. 

Special Case 4 Puttint, h :;: -a = 

replacing X by (1 
2xt. 

+-s-) and 

Hn(x) 

ni 

CD 
¿ 

n=o 

"K ( ~) 

1, \=l, 

n 
g {u) w 

n 

8n(x) 
"n(z ,u) n1 

k 
gk(u) z 

a = v-E -1, F 

t by (sw/~ and then 

n 
t 

= ~ - 1 and 

t aking 

limi t as f ~ 00 in our theorem and finnlly using the relation [.2] 

(4.9) Lt 
f -too 

l+~) s 

"ª get the following result on bilateral genere. ting rel ;o tion involving 

Bessel polynoMials : 
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Result 5 If 

(4.10) 

tben 

(4.11) 

where 

G(x,u,w) 

- v+l 
exp(sw) (1-xw) 

co 

G(--x- u, wz) 
1-A"W ' 

(ws) 0 

--n-,-

(sw)n 

n '· 

which is noteworthy. 

REFERENCES 

1 A.K. Chongdar : On certain bilateral .gener:ating functiori.s, -Comrnu-
nicated. 

2 K.F .• Pat11 and N . K. Thakare : Operational formulas and gencratine 

functions in the un1 ted form for the classical orthoeonal 

polynomials, Thc J.!ath. student, 45(1) (1977), 41-51. 

3 A.K. Chongdar : Lie theory and unified presentation of soma generating 

functions for certain spocial functions, Communicated. 

4 A. K. Chongdar and N .K. Majwndar : Sone properties of extended 

Jacobi polynomials, commun1cated. 

5 A.K. Chor:gdar and .N.K. Majumdar r On bilinear gen·3rating f'.tr1ctlo!1s 

of extended Jacobi polynomial~, Communicated. 

73 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



6 M·C· Mukherjee and A. K. Chongdar : On the unification of trilateral 

gene rating functions far certain special functions, 

Tamkang Jour. Math., 19(3) (1988) , 41-48. 

7 s . Das On partial differenti al operator for Jacobi polynomials, 

Pure Math. Manuscript, 3 (1984), 95-104. 

8 s.K. Chatterjea : An ex1'Pns1cn of a class of bilateral generating 

funct1ons for certain spec1al funct1ons, Bull. Inst. 

Math. Acad. Sinica, 5(2) (1977), 323-33 1. 

Recibido: 2 de Noviembre de 1992 

74 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7




