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AN ESTIMATOR FOR THE NUMBER OF CLUSTERS IN A POPULATION
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Abstract:

Assume that a random sample is drawn from a population with an
unknown number K of clusters. This work proposes a nonparametric
method to estimate the number of clusters when most of the
information is concentrated on the low order occupancy numbers.
This paper derives an estimator to K and proves the asymptotic
distribution using a method of Holst (1979). The performance of
the estimator is investigated by means of Monte Carlo experiments

and it is applied to one real data example.

Key words: number of clusters,
method of Holst,

asymptotic normality.
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1./ Introduction:

Assume that there is an unknown number K of different clusters in
a population. We search this population by selecting one member at
a time, noting its class identity and returning it to the
population. Suppose n selections have been made and i denotes the
probability that a ramdomly selected member belongs to the jth
cluster, j=1,...,K, ¥} pj=l. If pj=l/K, vV j=1,...,K (the equally
likely or equiprobable assumption), the problem reduces to an
inference problem involving only one parameter. See, for example
Lewontin & Prout (1956), Darroch (1958), McNeill (1973), Johnson &
Kotz (1977), Harris (1968), Host (1981) and Marchand & Schroeck
(1982) .

Probably, in most practical applications, the equally 1likely
asumption is not valid. For instance, the insects in a forest
classified by species, the words in a computer file classified by
precise letter sequence, or a archeological artifacts classified
by type. Most authors adopted a parametric approach to handle
heterogeneous populations (i.e. unequal clusters probabilities).
For example, Fisher, Corbet and William (1943), assumed that for
each species the number of elements observed in the sample follows
a Poisson distribution and the Poisson parameter is assumed to
have a gamma-type distribution. Many others papers on stochastic
abundance models also make parametric assumption; see, for example
Engen (1978) for a review.

The sample coverage of a random sample from a multinomial
population is defined to be the sum of the probabilities of the
observed clusters. For an equiprobable population, the estimator
proposed by Darroch and Ratcliff (1980) 'exactly used the idea of
sample coverage. For heterogeneous populations, Esty (1985) was
the first to apply the concept of sample coverage to estimate the
number of clusters in a parametric setup; The clusters discussed
by Esty are the.different dies in minting. The assumed that the
number of coins that each die produced follows a negative binomial

distribution and obtained an estimator of the number of dies in
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terms of the sample coverage and the parameter of the negative
binomial distribution. A nonparametric estimation technique is
proposed by Chao (1992) to estimate the number of clusters. using
the idea of sample coverage. She generalizes the result of Esty
(1985) to a nonparametric approach and extends Darroch and
Ratcliff (1980) to incorporate the heterogeneity of the clusters
probabilities.

The previous authors do not proves the asymptotic distribution of

the estimator proposed.

This work just porposes a nonparametric method to estimate the
number of clusters when most of the information is concentrated on
(D, N1’ Nz)’ where D is the total number of clusters observed in
the sample, and Ni is the number of clusters observed exactly i

times in the sample. See section 2.

In the section 3, the asymptotic normality of the estimator is
proved by applying a result of Holst (1979). In section 4, the
results of a simulation study to investigate the performance of
the estimator is showed and also the bound is applied to one real
data example.
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2./ An estimator for K.

Let CO, Cl, CZ,...,CK be the clusters in a population. Suppose n
selections have been made and pJ denotes the probability that a
ramdomly selected member belongs to the jth cluster, j=0,1,...,K;
K

Y pj:l.

j=0

Let sﬂ:I(the ith observation belongs to the jth cluster) where
1

I(A) is the indicator function, i=1,...,n; Jj=0,1,...,K. Let

n
X=7Y € be the number of observations belonging to the jth
j

i=1

cluster, then (XO, Xl,...,XK) is distributed as a multinomial
K

distribution with parameter (n; P, pl,...,px). Let N&: ZI(XJ:iL
j=1

i=0,1,...,n, be the number of clusters with i representatives in

K

the sample and D=} I(X)>O) be the number of observed distinct
j=1

clusters.

Define

1 if the cluster j is observed i times in the sample,

Z =
b1 1o otherwise.

Hence,
s n i n-i
Z (] )pJ(l—p ),

In particular,
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and

K
z (1- p) (2.3)

It follows from the Cauchy-Schartz inequality that:

2

K
n- 1 2 n/2-1 n/2 o
(J;pj(l p Z [p (1- p (l—pj) IE

K K K
(Z pj(l—pj)"_l) < z p?(l‘pj)mez (1-p)" ,

i=1 j=1 j

that is equivalent to:

K
n12 n-2 1< _ n
(. p,(1-p)) Zp(lp) )—Z(lpj),
j=1 j=1 =1
that is equal to
£ 1,2
()Y np (1-p )" ")
K R le 3 J n(n-1)
.Z (1-pﬂ = 2 K
j=1 n

Combining (2.1), (2.2) and (2.3):

(E(N))*(n-1)

o'~ nE(Nz)
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Note that K=N_+D (the number of clusters in a population is equal
the .number of clusters with 0 representatives in the sample and

the rumber of clusters observated). Thus a lower bound of K is:

Replacing E (D), E(Nl) Yy E(Nz) by the observed value, an estimator

if n2>0 is:

A n-1 1
K=d+
- n n
2
Note that if n —>w,
2
n
A |
K=d+

3./ A normal limit law.

A limit distribution is rigorously proved for K using a method of

Holst (1979). It is shown the characteristic function of

converges 1in distribution to a standard normal, where o® is
specified in the proof.

Let the hipdtesis:

K_lnl/zpj —0.

1

i
[ e ]

J
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K . K
2. Y K"Vn p?:n_qu/z Y (npj) —F0

j=1 j=1

(3.1)

K -172_3/2_3 -372 -1/72 X
3.1K ' Y (npj) —0

j=1 j=1

K

4. YO(K¥?) —0

j=1
Let:
A K
K-K= - (I = - n
K-K J(ZO (1(X=0)+(1-p)™)+

n-1 E(N1) K et
+ — BN, (Z (I(X=1)-np (1-p)""))+
j=o0
E° (N )
-(n-1) 1 K
n 2 n-2
+ - ) (T(x;=2)-( 7 )p (1-p ")),

(
EZ(NZ) j=o

where I(A) 1is the usual indicator function, using Taylor series

expansion. Taylor series:

fix ,x,...,x)=f(x ,X_,...,X )+ —/— +R.
1 2 n 1 2 n

Now regard K as a function of I(XJ:O), I(XJ=1) and I(Xj=2),
j=1,2,...,K. Expand K in the point:

[(1-p)", np (1-p)"", (] )p5(1-p)"

Now the problem is to find the asymptotic distribution of f(X)
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K
and show that the characteristic function ¥(s) of K Yy £(X)

converges to that of a normal distribution, where

n-1 E(Nl)
_ _ _ _ n o _ . _ n-1
f(X )= (I(XJ—O) (1 pj) )+ - E(Nz) (I(Xj—l) npj(l pj) ) +
2
-(n-1) BY(N)) ( ) 5 5
+ (I(x=2)-(2)pS(1-p)"™)
n EZ(NZ) b ] J

First note that:
K

P(X0=x0,X1=x1,...XK=x )=P(YQ:yO,Y1=y1,...,Y'=y / ) Y =n),

where {YJ} are independent Poisson random variable with mean np .

Its proof is:

K
" P(Y1=x1, ,YK=xK, ZJ Yj=n)
P(Y0=yO,Y1=y1, "YK=yK/ Z;Yj=n)— K -
3= P(Y Y =n)
3=1 )
x1 -npy x -np
P(Y =x_, Y =X ) (top ) " /x rle ... [(np) "x tle
- K - -Knp N
P(Y Y =n) [(Knp )/n!le .
L0y 3
j=1
n! 1\"
B xl! ....... 3 il K =P(Xo=x0,X1=x ! 4 =Xﬂ
n

Hence,
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K
K
1/ -1/2 ) £(yY
isK Yrx) isk L rt Iy

K
¥ (s)=E|e J=1 =E{e / 2 Y =n

It then follows from Lemma 2 of Holst (1979):

"Let (U,V) be a two dimensional random vector with U integer

valued. Then

. 1 o
E(elvv/Uzn) =m J E(elu(U n)+1vV)du) u
-1
that:
X Sz
1 ) T il;EO(YJ—an)HsK .Zlf(yl)
:/;(s):—-—x——j E(e j )du.
211(2 Y =n) ©
350
Since,
K K K . N
E(ZY )=) E(Y )=z np =n and nl=e V2mn n ,
50 1 350 J j=o J
n I’ln 1
P(z Y =n)=e " - —=
350 e "V2mn n 2mn
Let t=uvn to obtain
s2 X a2 X
i 2 itn 72T (v -np ) +isK v )
n T ~
W(S)=——~I——~J E(e =0 b )n V%dt=
1/2
2T Tin
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K K
-1/2
-1/2 § (Y -np )+isK Z £(Y )
n J J

1 nnl/2 “ j=0 j=1
= E (e )dt.
V2n 172
-TIn
Define:
1 _n_nl/2 )
H (s)=——— h1n(s’t)h2n(t)dt i
" Van 1/2
. -Tln
where
-1/2
-1/2(Y -np )+isK £(Y )
K itn I j
h (s,t)=E(e )
=1
and
1/2
itn (Yo—npo)
h_ (t)=E(e )
2n

pen 2y ) it v -itn /2
n =N, n - n n
o "Po P

th(t)=E(e ) =E (e e )=
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172 172 2 2
-itn P, TP ([1+(it/n )-(t /2n)+0(t )]1-1)
o
=e e =

172 172 2 2
-itn p_np (it/n )-np (t /2n)+0(t )
[0] (0] (0]
=e e =

172 172 2 2 2 2
-itn p +p itn  -np (t /2n)+0(t ) (-t p /72)+0(t )
—e (O] [0} —e (o]}

Considerer the factors of hm(s,t):

K
HJ&U=HQ(&U,
j=1
-1/2 -1/2f(Y )
it(Y -np )n +iskK j
where g (s,t)=E(e I ) .
J
Now, z
5
F
-1/2 . -1/2 H
it(y —npj)n +isK f(YJ) ]
E(e Jree
5
H
- -1/2 8
it(Y -np )n V2, sk (AlI(YJ=o)+A21(Y_=1)+A31(Y‘=2)) F
=E(e )/ d )x (A) g
isk V2 h (1-p ) ™A np (1-p )" Tea (* )p2(1 p )" :
-is -p np (1-p = g
1 j 2 3 2 P
e j J J j j . (B) [
where g
£
2
2(N,) :
n-1 E(N1) n-1 E 1
A=-1, A = y A =-
! E (N 3 n 2
1 n ( 2) E2 (N )

Part A involves expectation:
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172 -1/2 =1/2 -1/2
.=itn p +isK A -np it(1-np )n +isK A -np
j 1 j J 2 j
e e +i2 npje +
2
- =142 -172 (np )
-it(2-np )n +isA3K j -np)
J
+e S=———— e +
2
R
~1/2 (np )
0 itn (R—an) j -—an
+ z e WR! e s
R=3

Since {YJ} are independent Poisson random variable with mean np .,

1/2
-np -itn P.
e ‘e Ix
To-1/2 -1/2 -1/2
iskK A itn 5
x{[e -1l +np e [e -1]1+
’ i ()
(np ) L1/2 -1/2
j 2itn isk A -
3 z
+ ——a— e [e —l] + b
2 £
-1/2 F
1 tn E
-itn p. np (e -1) g
+e ‘e (D) H
a
8
=
Note that (D) is: §
!
H
o -172 E
itn 8
-itn p. np (e -1) k|
e e = 2
£
]
]
1/2 -1/72 2 -3/2.3 5
-itn pJ npj(itn -(t /2n)+0(n t ) g
=e e = E
2
Q
w2 2+0m V% ) %2
-p +0(n p -p
j -1/72,_3
=e ’ I we 1 (1400 p)) .

The expression (C) is:
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172 -1/2 -1/2 -1/2
-np_ -itn P isK A1 itn K A2
e e J{[e —1]+ane [e -1]+
2
(np ) oren 172 —1/2‘“3
+ 5 e [e —1]}.
Now, expanding:
1/2 -1/2 -1/2 -1/2
-itn P, is A itn K A2
e J{ e —1]+npje [e -1]+
2
(npj) e 2 -1/2A3
+ 3 e [e -l]}=
(—l)tznp
=(1—itn1/2pj+ > +O(n3/2p3))
2.2
-1/2 ) A1 -3/2 it -1
x{[lSK A - 5% * O (K )]+npj[l+ NYE + O(n )]
s_A°
. =172 2@ -3/2
[isK AZ— 5K + O(K )]
2 2.2
(npj) 2ti -1 -1/2 e -3/2
+ 5 [1+ i + O0(n )] [isK "°A s+ O(K )}
tznpj s°A
(g apn172 3/2_3 172, -3/2
=(1l-itn P, 3 + O(n pJ){[lsK A1 —x O (K )1+
s°a® stA
. -1/2 & 2 -3/2
+ npj[lsK A 5K - e 4 DR )1+
n K
(npj) s?a? 2stA3
. =172 -3/2
* 2 [isK A3 2K al/2gl72 +O(K )]}_
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an.t2 (npj)2
1172 372 . 172 o )
=(1-itn P, 5 + O(n pj)){lsK (A1+nij2+ —— &)
2
52 . . (npj) .
T 2K (Ad+anA2+ 2 A3)_
(np )°
8 pj -3/2
- 172,172 (anA2+ 2 A)+ O(K )}_
n K
(np )2 2 (np ) ?
=isk ?(a A+ : A)- ° (A°+np A%+ ’ A%
B 1+npj 2 2 3 2K 1 pj 2 2 3
2
2ts (npj) -3/2
- 1/2,1/2 (nij2+ 2 A3)+O(K )+
n K
2
ts(npj) (npj)
+ 1/2,1/2 (A1+nij2+ 2 Az)+
n K
+O(K_Hf/%f)+o(x'“2npj)+O(K—“2ny2 ?
Under assumption (3.1), this expression is equal to:
(np )2 2 (np ) 2
isK™V? (A +np A_+ : A ) - ° (A%+np A%+ : %) +
1 pj 2 2 3 2K 1 pj 2 2 3
‘ 2
: =t (npj) L
_nlW(nijﬁnijZmPJ -1) + > (npj—2)A3)+O(K ) .

Hence:

K
ngj(s,t)=n e’
Jj=1 j=1

2
K -p t /2
{[1+O

(n'“zt3pj) 1[1+0 (pjtz) 1x
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2 2
(np ) 2 (np )
e IliskV?(a A = A) ° (A%4np AZ _pj___A2)+
S 1+npj 2+ 2 3’ 7 2K 1+r1pj 2+ 2 3
2
(
ts ‘npj) i
+ — 1/2—(nij1+nij2(npj— 1)+ —— (npj—2)A3)+O(K )]}x
n K
S5k 2 (ep ) Mea_aop )™ " )a- ™22
is 1 -PJ +2 —pj) an#Aa( N pj pj ~
xe =
2
LS -1/2,3 2, Py
=me ° {(1+O(n t pj)+(1+O(th e x
j=1
(rlpj)2 52 (npj)2
L -1/2 2 2 2
x [isK (A1+anA2+ 5 Aa) - 3R (A1+nij2+ 3 As) +
R ts (npj) a
RYEPIVE (nij1+nij2(an—l)+ 3 (npj—2)A3)+O(K )]}X
2
n
1-isk?ae ) Py ey St
x is [Ale +A2npje +A e ]-
2
(n
52 -npj -npj ( pj) -npj . i
= W[Ale +A2np)e +A 5 e “]°+0(K )}—
K -p.t /2 =172 —an -an (npj) -l’lpJ
j]jle {l—lSK [Ale +A2npje +A > e ]-
2
s® Py Py ey Py 2
T [Ale +A2npje +A372 e 1%+
n
. -1/2 TPy Py ( pj) Py
+iskK [Ale +A2npje +A3 3 e ]-
2
82 —nl:>j 5 - (an) 2
- g © (A1+anA2+ ——2—A3)+
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2
(npj)

B ts’ np,
Y ez, © (AR HAR, (R s1) +A g (np -2) )+
2
il ! Py e, Py 2 -1
+ g [Ae +Anpe +A————e 1°+0 (K )}=
2
K -pt /2 s? - I (npj)
= J o )
;]jle {1 5K {e (A1+nij2+A3 s )
2
—npJ —npj (npj) _npj ,
_ [Ale +A2npje +A3——2———e ] } N
2
ts -np, (npj) B
+ IRV e “(Anp+Anp (np-1)+A—7 (np -2)) +0(K™) =
2 2 (np )2
K -pit/z K s ., . ;
e e {e ol -
2
—nIDj —npj (npj) "nPJ ,
_ [Ale +A2e npj+A3f e ] }+
2
ts -an (an) .
" RV € (Alnp)+A2p)(npj'l)*A327(npj-2)+O(K )}.
Then,
2 (n )2
.“—po)tz/2 S LS Py 2 o2 ¥
gj(s,t):e exp{- 5K {z {e A[+ATND +A ———— ) -
j=1 >
o, op, (npj) )
h[Ale +A2npj e +A3._..2—e ] }+
2
ts -np (an)
et (A, np+A,0p  (np,-1) +A;——7——(np -2) )},

and
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K (1 ) t2/2 t2/2
pO p0

n gj(s,t)th(t)=e e x
j=1 )
ts K -an (npj)
X exp{—m{ Z e [Aian+A2an(an-l)+A32—(npj—2) ] }}
n K =1
2
. i 2 ™y 2 Ty 5 ey Py
exp{— ———{ [ATe +A’np e +A] ———e =
2K &4 1 2=y 3 2 .
—2an (an) 2
e [A1+A2an+A3—2—] }}:
t? ts
=exp{— +
£ n1/2K1/2
2
£ o (np))
{jzle [Alan+A2an(1-npj)+A3——2—(an—2)}}x
2
s’ K 2 ™y -n (an) “np,
x exp{— T {ZAle +A,np e TRy =
j=1 .
-2np (np ) .
e [A1+A2an+A3-2ﬁ] }}
Then,
172
. 22 12 X 2 X .
Hn(s)= - exp{(ts/(nK) )Y B(3) - (s7/2K) Zcx(;;)}dt:
V2n 1/2 j=1 j=1
-Tln
: K
172 L B8
1 +TIn =1 5
j exz>{<—1/2) (t- —————5—s) }dt x
van _nnx/z (nk)

K K
x exp{(sz/2nK) (zs(j))z}exp{(-sz/zx) ):a(j)},

j=1 j=1
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=3
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z
g
I
g
5
=l
2
3
5
Fi
H]
kS
g
El
5
3
H
2
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g
]
8
£
2
o



where

2 2 2
Voo a2, a2 e, ey ey
a(j)=e (A1+A2npj+Ai———5————) - e A1+A2an+A3 5
and
o (npj) 2
sy j _ _
B(j)=e (Alnpj+A2npj(an l)+A3 5 (np -2)).
If n, K—>w, the limit of Hn(s) is:
K
172 L R3)
1 +Tln _ta/z j=1 2
lim H (s)=1im e exp{(-l/2)(t— ———————775—) }dt x
n ko0 n, Kow V2T a2 (nK)

n, Ko

K K
x lim {exp{<s2/2nx) (T B(3) )Z}exp{(—sz/ZK)Z cx(j)}}.
J=1, j=1

It follows from the dominated convergence theorems that:

2
]
5
g
2
=
2
g
I
g
5
=l
5
2
£
g
Fi
H
£

K
- r B(3) z
A +Tln —t%q i=1 2
lim e exp{ (-1/2) (t- ————— s)°} dt-= H
172 z
n, Koo V21 . (nK) b
g
K £
, T B(3)

1 J’m -t /2 =1 5
= lim e exp{(—l/z)(t— — 8) }dts
n, K20 145
von e (nK)

1 e —t2/2
= e dt=1.
vam o

Then,
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K K
k35 B, (s)= 4, exp{<s2/2nx> (L B(3))°- (s°/2K) z}a(j>}=
)=t j=

8 -1 X 5 1 x
=exp{(—s /2) %g)\ [ (Y B(3))°+ Tzd(j)]}-
3=

nkK
1 j=1
-1/2, 0 : : : )
Hence K /2(1_(—I_<) converges to a normal distribution with mean 0
and .variance:

d K
2 : :
%= ki { K «(3) - =g (Z

1 J

1N~

J

and (K-K) converges to a normal distribution normal with mean 0
A
and variance 02(I§)=K02.

Now, assume that the empirical distribution Gn(x) of

np,,np,...,np  converge to a probability distribution G(x) on
(0,w), where

Then

1 k
dinf fen)-

J=1

(np )?
1 K —an N 5 pj
:K,lﬁgm szle (A1+A2an+A3 2 ) o-
2 y2
o, . (npj)
e A1 +A2npj +A3—2—— =
1 Y i 5 5 X2 -2x > X2 5
= K - —
F e (A1+A2x+A3 5 ) -e (A1+A2x+A32 ) “¥dG (%) ,
(0]
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and

1 K -np
. R J _
K}%gm { K {lee (Alnpj+A2an(npj 1)+A3

o0 -1 o4
E{KJ [Kx]dG(x)} {KJ [ex(A1x+A2x(x—l)+A§————

(o] o]

because

[e4] -1 [+ 4]
_{KJ [Kx]dG(x)} {KJ [eX(Alx+A2x(x—l)+A3

0 o]

2 4
X -2x X

00
:J {e_X(A2+A2x+A )-e  (A%+A’x +A"
1 2 3 2 1 2 3

4

F2A A x+A A°X°+A xAzxz)}dG(x)—
1772 173 273

o -1 00
_{KJ [Kx]dG(x)} {KJ [ex(A1x+A2x(x—1)+A3

[o] (o]
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X
2

2

2

2
(x—2))]dG(x)} =
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=J [e‘*(Af-Afe’x)]dG(anjJ le ™ x (1-xe™¥)1dG (x) +
0 o]
Ai m
¥ —= J [xze‘x(l»Aixze_x/Z)]dG(x)—
0
{ [xe ™ (22 A +A A°x+A A°%x%) 1dG (x) -
1 2 1 3 2 3
0
i -1 % X 2
{KJ [Kx]dG(x)} {K[ [XeX(A1+A2(x—1)+A3T (x—2))]dG(x)} .
0 0

A

An upper bound of asymptotic variance of K is

0
Ai 2] 0
v J [xze"‘]G(x)[ [xe™(2A A_+A A7x+A A’X") 1dG (x) -
[0} [0}
(4] 1 00 x 5
: {KJ [Kx]dG(x)} {KJ [xe* (A +A_(x-1) +A —— (x—2))]dG(x)}
(0] [o]
Noté.that:

i .2 P, i S v =X i
E(N) = (?)p;u—pj)"“ie J(npj)‘/i!eXJ (e™ x'/i1]1dG(x)=

1 j=1jo

=K J [e”x'/i11dG (x),

then il!E(N)=K [ le*x'1dG (x) .
0

Also

K K K
E (D) :E)-(Zl I(X,>0)) ?;Prob (X>0) il [1-Prob (X =0)]=
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K K -np ©
=) [l—Prob(Yj:O)]Ez [1-e j]EE(S)EKJ (1-e7™)dG (x) .
§=1 j=1

Using this relations, &Z(K) is equal to:

AZ
3

2

-2,0 2 2 2
o (K):E(D)+A2E(Nl)+ ZE(NZ)—ZAIAZE(N&)—A1A32E(N2)—A2A33!E(N3)—

2
[AIE(N1)+2A2E(N2)—AZE(N1)+(A3/2)3!E(N3)—A32E(N2)]

Replacing E(N‘) (with i=1, 2, 3) and E(D) by the observed values,

&Z(K) can be estimated by:

4 2
oA n-1 )% "¢ (n—l)2 oy n-1 oy
o (K) =d+ . 5t 3 ; 2 - +
n 4n n 2
2 A 2
n-1 2 n1 n-1 3 n1 3
* n - n 2 %
2n 2n
n n?
1 n-1 1 n-1 1
- K ot n S, = n n -
( Yj)
i=1 n? n? 32
n-1 1 n-1 1
6 n + =
4n 2 n n
n 2
2
2 n3 n4 2n n4 nS
[ n-1 } 1 1 n 1 n-1 1 3
=d+ + + + - —— n_%-
n nz 4n’ n-1 n, on n n’s 2 3
2 2
n? 2
1 n~1 n-1 1
- K Tnq o4 2n,- ® ~Zn n? n,
Y ) 2
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4./ Numerical examples.

Example 1.

A simulation study was carried out to investigate the performance

of the estimator:

The true number of cluster was fixed at 200. Several populations
with observation probability ranging from 0.002 to 0.01. For each
given population the program produced 100 simulation runs with
size sample n=50 and n=100. These 100 values were average to give
the results of table {. Note that the values most important in the
sample are N1’ N2 and K.

Also it was calculated:

A ~ £ 50 A
Bias (K) =E[(_J—K)]=szl(_J—K)
A A 2 ! 50 A 2
ECM(K) =E [ (K -K) ]=TJ§=:1(I_<J—K) .
The simulation results indicate that:
- For population with equal observation probability (case 1), the

estimator work very well.

- For any fixed popuation, the standard error for the estimator
when n=100 is smaller than that of n=50.

- The standard error of estimator increases as the degree of

heterogeneity of the population is increased.

A
- Var (K) decrease when n increase.
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Table 1.

A A
Cases n pJ @ Var (K) E(Ej- K) ECM
1. 50 pj:0.00S 203.32 11.74 2.96 20.46
j=1-200
100 201.01 2.98 0.87 3.:73
2 50 pJ=O,OO4 199.21 2.30 0.64 2.70
j=1-100
pj=0.006
§=101-200
100 : 202.13 6.87 1.87 10.2
3 50 pJ=O.0035 203.41 |11.36 2.14 15.57
j=1-90
p,=0.0045
j=91-180
pj=0.014
j=181-200
100 201.52 3.23 1.79 6.43
4 50 pj=0.01
. . " 3.96 .
j=1-10 204 .49 18_86 9 34.54
p,=0.004
j=11-100
pj=0.003
§=101-191
p,=0.023
§=191-200
100 198.21 6.03 2.07 10.28
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Continue table 1.

Cases n

P,

var (K)

IR>

E(K - K)

ECM

5 50

100

p,=0.0035

j=1-50
pj=0.006

j=51-100
p,=0,002

j=101-125
p,=0.009

§=126-150
p,=0.005

§=151-200

p,=0.006

j=1-25
p,=0.0025

j=26-50
p,=0.009

j=51-75
p,=0.008

j=76-100
p,=0.001

j=101-125
pJ=O.OO2

j=126-150
p,=0.005

j=151-175
p,=0.004

j=176-200

195.68 28.97

203.34 11.31

212.23 |154.85

190.02 |114.48

Sie el

11.83

56.28

20.85

292.24

208.47

- Note that ECM—[E(KJ—K)] is

roughly Var (K) .
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Eample 2.

This interesting example was describe in Holst (1981). Given the
number of dies produced r coins, r=1,2,..., 1in a hoard, the
problem is to estimate the number of dies used in the minting
process. I first discuss the reverse side: 204 coins were found in
a hoard of ancient coins, 156 appeared once, 19 twice, 2 three
times, and 1 four times, no die appeared more than four times. For
this frecuency sequence, as explained by Holst (1981), it is
plausible to assume that all the classes are equally likely. He
further obtained an estimate 731 Pf the number of clusters. The

estimate proposed in this work is K=818.
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