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Abstract

We give a brief survey to some basic elements of the theory of orthogonal rational functions.
Two main cases are treated separately: 1. All the poles are outside the closed unit disk, and the
orthogonality measures have support in the unit circle. II. All the poles are on the extended real
line, and the orthogonality measures have support in the real line. These situations generalize
the theory of orthogonal polynomials on the unit circle (Szegd polynomials) and the theory of
orthognal polynomials on the real line.

En este trabajo, exponemos brevemente, los elementos bésicos de la teoria de funciones
racionales ortogonales. Nos centraremos en dos casos fundamentales: 1. Todos los polos se
encuentran fuera del disco unidad cerrado, estando las medidas de ortogonalidad soportadas
sobre la circunferencia unidad. II. Todos los polos se hallan sobre la recta real extendida, y
las medidas de ortogonalidad con soporte en el eje real. Tales situaciones generalizan la teoria
de polinomios ortogonales sobre la circunferencia unidad (Polinomios de Szegd) y la teoria de
polinomios ortogonales sobre la recta real.
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1 INTRODUCTION.

A sequence {¢,}22, of polynomials is said to be an orthogonal polynomial sequence if ¢, is a
polynomial of degree n and it is orthogonal to all polynomials of lower degree. The orthogonality
may be with respect to a linear functional M or a measure p (with support in C). In particular,
the most widely studied cases of such general orthogonal polynomials arise when the support
u is contained in the real line or the complex unit circle. For general treatises on orthogonal
polynomials we refer to [1], [33], [43], [44, 45], [47], [51], [59], [74], [75], [76].

Polynomials may be viewed as rational functions whose poles are all fixed at infinity. By
fixing a sequence of poles {7, } in the extended complex plane (i.e., on the Riemann sphere), we
obtain a theory of orthogonal rational functions. The poles can in principle be taken anywhere
in the extended plane. Some of the 4, can be repeated, possibly an infinite number of times.
The sequence is fixed once and for all, and the order in which the v, occur (possible repetitions
included) is also given.

We consider generalizations of the two special cases indicated above: orthogonality on the
unit circle and on the real line. Polynomials orthogonal on the unit circle are generalized to
orthogonal rational functions with poles outside the closed unit disk. Polynomials orthogonal
on the real line are generalized to orthogonal rational functions with poles on the extended real
line. There is a substantial difference between the two cases, since in the former case the poles
lie outside the “support curve” of the orthogonality measures, while in the latter case the poles
belong to the “support curve”. (We do not by this mean that the support of the orthogonality
measure need consist of the whole unit circle on the whole real line.) The orthogonal rational
functions will behave differently. The main reason for this is that in the former case reflection
of the poles with respect to the unit circle produce different points, while in the latter case
reflection of the poles, with respect to the real line produce the same points, doubling the poles
in a sense.

The cause of the difference between the two cases is then not any difference between the unit
circle and the (extended) real line, but between the ways the poles are placed in relation to the
“support curve”, whether circle on line. By the Cayley transform z — w = :;_—: the extended
real line is mapped to the unit circle and the extended upper half plane to the unit disk. This
transformation maps all rational functions to all rational functions. Thus we may consider
rational functions orthogonal on the real line with poles in the lower half plane as analogs
to rational functions orthogonal on the unit circle with poles outside the unit disk. Similarly
we may consider rational functions orthogonal on the unit circle with poles on the unit circle
as analogs to rational functions orthogonal on the real line with poles on the extended real
line. Orthogonal polynomials on the unit circle correspond to orthogonal rational functions on
the real line with their only pole (infinitely repeated) at the point —i. Similarly orthogonal
polynomials on the real line correspond to orthogonal rational functions on the unit circle with
their only pole (infinitely repeated) at the point —1.

The case of the real line and the unit circle which are linked by the Cayley transform are
essentially the same, and can be treated within a common framework. A unified and rather
extensive treatment is given in the monograph “Orthogonal Rational Functions” [34] by the
present authors. In this paper we give a very brief introduction to some basic elements of this
theory. We here treat the situation with poles outside the “support curve” specified to the unit
circle case, and the situation with poles in the “support curve” specified to the real line case.
The generalizations of the classical polynomial situations are thus clearly seen.

From a purely mathematical point of view the theory of orthogonal rational functions was as
far as we know initiated by Djrbashian about 1960. See [37, 38, 39, 40, 41, 42]. Independently,
partly from an applied point of view, the same constructions were used by Bultheel, Bultheel
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and Dewilde, Dewilde and Dym about 1980. See [2, 3, 4], [36]. A general theory has been
worked out in a series of papers by the present authors. See [6]-[35], and the monograph [34].
A number of contributions have also been given by Li, Pan and by Li and Pan. See [52]-[53],
[68]-[73]. The periodic case, where the ~x consist of a finite number of points cyclically repeated,
was studied by Gonzélez-Vera, Hendriksen and Njastad. See [46], [48]-[49], [60]-[65]. When the
poles of the orthogonal rational functions consist of the origin and the point at infinity, infinitely
repeated, the rational functions are Laurent polynomials. For a presentation of the basic theory
of orthogonal Laurent polynomials and related topics we refer to the survey article [50] by Jones
and Njastad, and the references given there.

The whole theory of orthogonal rational functions is related to the theory of polynomials
orthogonal with respect to varying measures, first extensively studied by Lopez. We refer to
(54]-[58].

We shall make use of the following notation. C denotes the complex plane, D the open unit
disk, U the open upper half plane, T the unit circle, R the real line. Furthermore C denotes the
extended complex plane (the point at infinity added), R the closure of R in C, U the closure
of Uin C. We also write E=C\ {DUT} and V=C\ {UUR}.

« The substar transform f, of a function f is defined as follows.
In the unit circle situation:
f.(2) = FU7).

In the real line situation:
f(z) = F(2).

z
The Riesz-Herglotz-Nevanlinna transform (-, p) of a finite measure y is defined as follows.
In the unit circle situation:

0 = [ FEEdutt) (L1)

-ﬂ-t—Z

In the real line situation:

o P / L ). (1.2)

R t—=z
The function (1.1) maps D into the right half plane, the function (1.2) maps U into the right
half plane.

2 FUNCTION SPACES 1

Let {@,}22, be an arbitrary sequence of points in D. We introduce the Blaschke factors (j

defined by

Ck(z)=2k%, = —eke k=1,9,....
1oz |ove]
We set by convention IELI = —1 when o4 = 0, so that (x(z) = z when ay = 0. The Blaschke

products B, are defined by
Bo=1, Bu(z)=]]e&(z), n=12,....
k_

We note that B,(z) = 2" for all n if ax = 0 for all k.
We shall use the notation 7, for the denominator polynomial in the rational function B,,
ie.,

mo=1, ma(z Hl—akz n=12....
k=1
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We shall also use the notation
wo =1, wy(z)= H(z—ak), n=12....

We observe that we may write
wa(2) = m¥(2),

where 7# denotes the superstar transform of the polynomial m, (see e.g. [45],[47]). Hence

wpl2 71'# ¥4 z
Bn(z) — T)n n( ) = 'r]n ﬂ-"((z))’ ﬂn = sz,
L k=1

We shall study spaces £,, and £ of rational functions. The space £, is given by
L, = Span{Bo, By,...,Bn,}, n=0,1,2,...

and we set .
L= )Ly
n=0
(In [34] is used Lo for this union, and L for the closure of this space in an Ly-space. We

shall here not have occasion to consider this closure, and use for convenience £ for the space
of rational functions itself.) A function f belongs to £, if and only if it is of the form

where p is a polynomial of degree at most n.
We shall write

Low={fe:f€Ln}, Le={fi:f€L}
We then have

L. = Span{Bou, Biu, ..., Bn}, L. = U Lo

and we observe that
Bi(2) = [Bi(2)] "
We shall in this paper work with the standard basis {Bo, By, ..., By, ...} for L. Several other

basis {Co, Cy,...,Cy,...} for £ with the property £, = Span{Cy,Ci,...,C,} for every n have
been studied and may be useful. One such basis is

1 1 1
- _B(2),...,———
a7 1ot 'T—az

{1, Bn-1(2),...}.

When all the points ay are distinct,

1 1

g

a 2}

) e g _—
1—-o0oq,2 1-a,z2

is such a basis, and when oy # 0 for all &,
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is such a basis.
The superstar transform f* of a function in £, \ L=, is defined as

f*(2) = Bua(2)fu(2)-

We note that f* is a function in £,. We find that

I:Z akBk(Z)] = By(2) Z @ [Bi(2)]™

k=0 k=0

(when a, # 0). In particular Bj(z) = 1.

We call a, the leading coefficient of the function f(z) = Y ;_; axBk(z) (with respect to the
basis {Bo, Bi, ..., Bn,...}). We observe that a, = f*(a,). If the leading coefficient is 1, the
function f is said to be monic.

General reference: Sections 2.1-2.2 of [34].

3 ORTHOGONAL FUNCTIONS I

Let M be a linear functional defined on the linear space £ + L.. Since all the points a; are

contained in D, all the factors (z — ax) are different from all the factors (z — (ax)™!). Thus we

find by partial fraction decomposition that £ + L. is the same as the product space £ - L..
We shall assume that

M([f.) = M[f] for fe€ L+ L. (3.1)

and

M[f-f]>0for fEL, f£Q (3.2)

(We recall that here f.(z) = f(1/2).) For convenience we normalize M such that M[1] = 1.
Typical examples are functionals represented by positive measures as follows: Let y be a
finite positive measure on T, and define

M[f]=/Tf(t)dp(t) for f €L+ L

We easily verify that M satisfies (3.1)-(3.2).
The functional M gives rise to an inner product (-,-) on the space £ through the formula

We denote by {¢n}o2, the orthonormal basis for £ associated with the sequence {£,}, with
leading coefficient ¢ (o) real and positive. Thus we have

L,= Span{99019917 cee V‘Pn}

and
(‘PJ') Sok) = 0j,k-
When a; = 0 for all k, the functions ¢, are simply the (normalized) Szegé polynomials deter-

mined by M.
We may write ¢, in the form

‘Pﬂ(z) = )? (33)
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where p, is a polynomial of exact degree n. We then have

= D) ey oy P (2)
‘Pﬂ‘(z) - w,,(z) I SO,,(Z) =T "n(z) - (34)
Since ¢, is orthogonal to all the functions z™[m,_1(z)]™! for m = 0,1,...,n — 1, we may write

M,[pn(2) - (2™).) =0, m=0,1,...,n—1,

where
M(f] =M )
(1~ ) T (1 - @)1 - a52)-

Thus the sequence {p,}22, of polynomials is orthogonal with respect to the sequence of varying
complex inner products (-,-), on T given by

<P, q)n == Mn[p : q*]'

In particular, if M[f] is given by M[f] = [} f(t)dpu(t), then the sequence {p,}2, is orthogonal
with respect to the sequence of varying complex measures y, given by

dpnt) = du(t) -
(-5 T 1 -

The functions of the second kind v, associated with {¢,} are defined as follows:

Po=1

bale) = M |2 (@) = ou(2)}|, n=1,2,....

t—z

(Here M operates on its argument as a function of ¢.) We may write

Yu(z) = 222) (3.5)

ma(2)’

where g, is a polynomial of degree at most n, and thus ¢, € L,.
We may also write

Ya(z) =M [zti {%tpn(t) —¢n(z)}] C n=12,...,

where f is any function in L(,_1).. We find that the superstar transform ¢} is given by

zp:(z):M[”“{@w(t)w:u)}], i

t—z lg(2)""

where g is any function in £,. satisfying g(1/a,) = 0.
General reference: Sections 2.2 and 4.2 of [34].
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4 RECURSIONI

The orthonormal function ¢, satisfy a recurrence relation which has the same structure as the
Szegd recursion for polynomials, and which reduces to this Szegd recursion in the polynomial
case.

Theorem 4.1 The functions p,, . satisfy a recursion of the following form:

(] -etzm 5 2] [ 2 B[ ¢][ 53] mmrae
(4.1)

with initial conditions o = ¢f = 1. Here e, is a positive constant, the constant u,, where
|un| =1, is chosen such that @}(a,) > 0, and v, = Upzn_12n. Finally A, is given by

‘pn(an—l)
@n(an-1)

A, = 1— oo,

(4.2)

- p— n—1
1—a,an

The coefficient A, satisfies |An| < 1.

The expression (4.2) for the coefficient A, is not very useful, since it uses function values of
¢, and ¢ to compute these functions. More practical expressions for A, are given by

Z— Qp-
<‘Pk(z),1_—a_zl%—1(2)>
An = —Zn1 “ , k=0,1,...,n—=1.
1-— Qn-12
<v’k(z), 1_—_“Pn-1(2)>

anz

The constant e, can be obtained as the square root of

2 _ 1_’an|2 1

T T lanal? 1=

(4.3)

In the polynomial situation, i.e. when e, = 0 for all n, the formula (4.1) takes the form

R i R I | L i bewi

[%(z) ] _ [ entinz  €ntinhn | [ pno1(2)
er(z) EnlinAnz Enlly, er_1(2) |
which has the form of the Szegé recursion for Szegd polynomials.

The functions of the second kind satisfy a recurrence relation very similar to that satisfied
by the orthogonal functions.

or

Theorem 4.2 The functions v,, ) satisfy the recurrence relation
wﬂ(z) =e 1 - QAn-12 Un 0 1 E Cn—l(z) 0 d)n—l(z)
—i(z) | T " 1—ae 0 v, A1 0 1 —Pna(2) |’

n =1,2,..., where the recurrence coefficients are the same as those in Theorem 4.1. The initial
conditions are Yo = P = 1.
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We have seen that orthonormal rational functions satisfy a recurrence relation as given
in Theorem 4.1. A converse of this is also true. The following Favard type theorem follows
immediately from results in Section 8.1 in [34] formulated in terms of measures, but can also
be proved directly without recourse to representation theory for functionals.

Theorem 4.3 Let {)\,}32, be a sequence of complex numbers such that |\,| < 1, and let
positive numbers e, be determined through the formula (4.3). Define the functions ¢, recursively

by po=1,
1- a,,_lz

Vn(2) = eqin——m—— T [Cn— (2)en-1(2) +E‘P;-1(Z)]7

n=1,2,..., where u, is chosen such that |un| =1,¢%(an) > 0. Then the functions ¢}, satisfy
the recursion pj =1,

1—-a,.12

@n(2) = envn——— 17— [Cn 1(2)Anpn-1(2) + pn_1(2)],

n=1,2,..., with v, = Up2z,_12n. Furthermore there exists a linear functional M on L + L,
such that {p,} are the corresponding orthonormal functions.

General reference: Section 4.1-4.2 and 8.1 of [34].

5 QUADRATURE I

It can be shown that all the zeros of ¢, are contained in D. They may be multiple zeros of
any order. Thus these zeros are not suitable as nodes in a quadrature on T. To obtain such
quadrature formulas, we introduce para-orthogonal functions of order n. These are functions of
the form

Qn(z,7) =pn(2) +T05(2), TEC, TH#£O0.
They satisfy :
(Qn(z2,7),Bk(2)) =0, k=1,2,...,n—1, (5.1)

(@n(2,7),1) #0, (@n(2,7), Ba(2)) #0. (5.2)
It can be shown that a function that satisfies (5.1)-(5.2) is para-orthogonal as defined above.
With the para-orthogonal functions @,(z,7) we associate function of the second kind
P.(z,) given by
Po(z,7) = n(z) — 795(2).

These functions may also be produced by the formula

Pn(z,7)=M[::{]f((z))Qn( )—Qn(z,‘r)}], n=23,.., (5.3)

where f is any function in L(,_1. satisfying f(1/az) = 0.
In the following we assume that |7| = 1.
We may write
_ Pn(2) + 122" pne(2)
Qn(z,7) = () .
Since all the zeros of p, are contained in D and |7| = |n,| = 1, we find that p,(z) + 77,2"pn.(2)
is a polynomial of exact degree n for all 7.
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Theorem 5.1 The para-orthogonal function Qn(z,7) has ezactly n zeros, all of which are
simple and lie on T.

Note that since o, ¢ T for all n, the zeros of Q,(z,7) are the same as the zeros of the
polynomial p,(z) + T1,2"pn«(2).

The zeros of a para-orthogonal rational functions are nodes in a rational Szegé quadrature
formula.

Pn nK»y
Theorem 5.2 Let (or(7), k= 1,...,n, be the zeros of Qu(2,7), and set Ak (7) = (Gnk 7)

Then the rational Szegé quadrature formula

is ezact for every R € Lo_1 + Ln-1)x = Ln-1 - Lin-1)x-

An alternative expression for the weight A, (7) is

Ank(T) = [E“P: (Cnr(T ] .

We point out that the degree of exactness of this formula is one less than maximal in the sense
that the formula has 2n parameters (u1(7), ..., ¢an(7), An1(7), . .., Aun(7), while the dimension
of the space L,_1 4+ L(z_1y* is only 2n — 1. The formula is thus not analogous to a Gaus-
sian quadrature formula, but it is a direct generalization of Szegé quadrature formulas in the
polynomial case. In the polynomial situation the space L,y + Ln- 1), reduces to the space
A_(n-1)n-1 of Laurent polynomials of the form L(z) = k_i(n 1 axz*. Note that there is one
Szegé quadrature formula for every 7, while Gaussian quadrature formulas are unique.

The following result follows from Theorem 5.2 and the fact that the argument in formula
(5.3) belongs to Ln_1 4 L(n-1)«-

Theorem 5 3 Let (uk(7), Mk(7),k =1,...,n, be as in Theorem 5.2. Then we have

Q 2,7 __Z,\,,k g:: )_Z (5.5)

2z, T

forn=1,2....

General reference: Sections 5.1-5.4 of [34].

6 INTERPOLATION AND CONVERGENCE I

We shall in this section for convenience assume that the functional M is derived from a positive

measure on T as described in Section 2. We recall the definition (1.1) of the Riesz-Herglotz-

Nevanlinna transform €(z, u). We shall discuss how the rational functions —lj)n/tpn, ¥ /er and
Po(2,7)/Qn(z,7) (for || = 1) interpolate and converge to Q(z, ).
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Theorem 6.1 For || = 1 the quotients —P,(2,7)/Qn(z,7) interpolate Q(z, ) at the table

{0,00, a1, 1/a1,...,0n_1,1/0n_1} in the following sense:
P,(z,7)
a7 B,._ 6.1
Qz, p) + 0u7) 9(2)2Bn-1(2) (6.1)
Pa(z,7) ~1 -1
L= B,.- 2
0e,1) + 2D = h(z)s™ Bos(2) (6.2
forn=1,2,..., where g is holomorphic in D and h is holomorphic in E.

Since o € D and 1/a; € DUT for all k¥ we may also write (6.1)-(6.2) in the form

—————P"(z’T) = 2G(2)wn_1(z
Q(Zv/‘l) + Q,.(Z,T) - G( ) 71—1( )
Puzr) _ 27 VH(2) o1 (2

9(27”) + Qn(Z’T) - H( ) "—1( )7

with G holomorphic in D, H holomorphic in E.

For the orthonormal functions and the functions of the second kind an extra interpolation
condition is satisfied. On the other hand, at a part of the interpolation table only linearized
interpolation is obtained.

Theorem 6.2 The quotients —% and i—é interpolate Q(z, p) at the tables {0, 00, ay,1/a7,. ..,
an-1,1/@n1,1/e} and {0,00,a4,1/@7,...,0n-1,1/0_1,an}, respectively, in the following
sense:

Oz, 1)¢n(2) + ¥a(2) = 2G(2) Bp-1(2) (6.3)
zl)n_(z) =z h(z z)]!
eop) + 2205 = 2 hEBA(2) (6.4)
— ﬂ(z_) = zg(z z
0z p) = 2205 = 29(2)Ba2) (6.5)
0z, 1)pne(2) = Pne(2) = 27 H(2)[Ba-a(2)] 7 (6.6)

where g and G are holomorphic in D, h and H are holomorphic in E.

Recall the formulas (3.3)-(3.4) and (3.5). All the zeros of ¢, lie in D, all the zeros of ¢n,.
and ¢}, lie in E. We may therefore write (6.3)-(6.6) in the following form:

Uz, 1)pa(2) + gn(2) = 2T(2)wn-1(2)

Uz ) + % = 216(2)ma(2)
Qz,p) — % = 27(2)wn(2)
Q(znu)pn*(z) - qn*(z) = Z_IA(Z)W"—I(z),
where v and I are holomorphic in D, § and A are holomorphic in E.

In the polynomial situation (a, = 0 for all n) the expressions zB,_1(z), 2Bn(2), [z Bn-1(2)] 7,
[2Bn(2)]7! reduce to 2", 2"t 27" z~("+1) Cf. formulas in [51].

Since ¥n/@n and ¥} /¢}; are rational functions of type [n/n], the content of Theorem 6.2
may be expressed as follows: —n/p, is the [n/n] multipoint Padé approximant to Q(z,x)
at the table {0, 00, a4,1/aq,...,an_1,1/a@n_1,1/az}, and ¢ /@2 is the [n/n] multipoint Padé
approximant to €)(z, i) at the table {0,00,ay,1/aq,. .., an-1, 1/ 1, an}.

We close this section with a theorem concerning convergence of the interpolating functions.
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Theorem 6.3 Assume that the condition 320, (1 — |av,|) = oo is satisfied. Then the following
hold:

A. {¢r(2)]r(2)} converges to Q(z,u) locally uniformly in D.

B. {—=n(2)/pn(2)} converges to Q(z,u) locally uniformly in E.

C. {=Pu(2,7)/Qu(z,7)} converges to Q(z, ) locally uniformly in DU E.

General reference: Section 6.1-6.2 and 9.2 in [34].

7 LINEAR FRACTIONAL TRANSFORMATIONS I

We shall in this section discuss a system of nested disks associated with the functional M. The
results can be proved by applying a Liouville-Ostrogradskii type formula

o (1= laa)2Ba(2)

Gal2)bn(2) +n( W) = 2= T

and Christoffel-Darboux type formulas

0u(2)Pa (W) — Pu(2)pn(w) e
ST m = ;%( )er(w)

AT a@h@ 2 R o
e ST ML QIO

U2 (2)Pa(w) — Ya(2)Pa(w) S
1- Cn(Z)CH(w) k=0

We set
Dy={z€D:2#aq for k=12,...}

E={z2€E:z+#1/ay for k=1,2,...}.

For a fixed point z € Dy UEq the values of s = —P,(z,7)/Qn(z,7) describe a circle K,(z) when
7 take all values in T. The closed disk A,(z) bounded by K,(z) is described by

2(s+3)
1—|z*

5 € Ay @ZIW ) — spi(2)]* <

and its radius r,(z) is given by

ra(2) = ilTZ_lz [an 1( |Z | (2 ] (7.1)

The system of disks {A,(2)} is nested, i.e. Ayt1(2) C An(z). The intersection

is therefore either a proper closed disk or a single point. It follows from (7.1) that A(2)
is a single point if and only if the sequence {[|Bn(2)| Si—q |k(2)[?]"'} tends to zero. When
Yomei (1 = Jan]) < oo this condition is equivalent to divergence of the series Y po, |k(2)|?.
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Theorem 7.1 Let zg € Dy UEy and assume that Ay (z) is a proper disk. Then Ay (z) is a
proper disk for every z € Dy U Ky, and the series Yoo |pr(2)|* and Y 5o, [¥k(2)[* converge
locally uniformly in Dy UE U T.

(In [34] only locally uniform convergence in Dy UEy is stated, but the proof gives the stronger
result.)

As a consequence of this theorem we get a dichotomy:
Either A, (2) is a proper disk for every z € Dy U Eo, the limit circle case, or A(2) is a single
point for every z € Dy U Eo, the limit point case.

Finally we mention that if ) > (1 — |as|) = oo, then A, (z) reduces to a point for every
z € Dy UEy and we have the limit point case.

General reference: Section 10.2 of [34].

8 MOMENT PROBLEMS I

As before we suppose that we are given a linear functional M on £ + L., satisfying (3.1)-(3.2).
By the moment problem for M we mean: Find measures p on T with infinite support such that

M(f] = / F(t)du(t) (8.1)

for all f € L. A measure with this property is called a solution of the moment problem. The
problem is determinate if there is exactly one solution, indeterminate if there is more than one
solution. Note that because of (3.1) we also have M[g] = [1 g(t)du(t) for all g € L. when p is
a solution.

For u to be a solution, it is of course sufficient that (8.1) is satisfied for every element of
some basis for £. For example, (8.1) is equivalent to

M[B,] = /TB,.(t)dp(t), n=01,2,. ...

The constants M[B,], or M[C,] for any basis {C,}, may be considered as moments of M, and
this motivates the expression moment problem for (8.1).

We recall the quadrature formulas (5.4) of Section 5. We define the measures yn(-,7) as
the discrete measure with support {¢a1(7), ..., (7)} and mass Ak (7) at Gu(7),k=1,...,n.
From the quadrature formulas (5.4) we find that

M([B,] = /Bm(t)dpn(t,r)
T
when m < n. Similarly we may write (5.5) as

Po(z,7) _/t+z

Qn(z’ T) B

It follows from (8.2) that Q(z, un(,7)) € Kn(2) when z € Dy U Ey.

From Helly’s selection and convergence theorems it can be deduced that for every z on the
boundary K (z) of As(2) there is a subsequence of a sequence {un(+,7,)} which converges
to a solution v and such that the corresponding subsequence of {Q(z, (-, 7,))} converges to
Q(z,v). Thus for every boundary point s of Ay (z) there is a solution v of the moment problem
such that Q(z,v) = s. The set of solutions of the moment problem is easily seen to be convex,
from which it follows that for every s € A, (2) there is a solution x such that Q(z,u) =s. On

——dpn(t,7) = =z, (-, 7). (8.2)

Tt—z
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the other hand, by the aid of Bessel’s inequaiity it can be shown that Q(z, 1) C Ax(z) for any
solution x of the moment problem.
Summing up this discussion, we get:

Theorem 8.1 Let z € Dy UEy. Then Ay (z) consists of ezact[y all values Q(z, p), where p is
a solution of the moment problem.

Since a measure is uniquely determined by its transform, this implies:

Corollary 8.2 The moment problem is indeterminate in the limit circle case, determinate in
the limit point case. In particular the problem is always determinate when Y oo (1—|an|) = oo.

We note that if the sequence {a,} consists of a finite number of points repeated in some
way, then 377 (1 — |an|) = oo and hence the moment problem is determinate. In particular
this is the case in the polynomial situation, when a, = 0 for all n.

General reference: Section 10.1, 10.3 of [34].

9 FUNCTION SPACES II

Let {a,}22, be a sequence of points in the extended real line R. For technical reasons we
assume there is a point in R which is different from all the a,. There is no restriction in
assuming this point to be at the origin, i.e., that a, # 0 for all n.

We shall make use of the factors Z; defined by

We shall here use the notation w, as follows:

n

wo =1, wu(z)= H(l —alz), n=12,....
k=1

Thus we may write
n

"L
In particular, b,(z) = 2" for all n when ay = oo for all k. We note that Zi.(z) = Zx(2),
bns(2) = bn(2), wnx(2) = wa(2). (Recall that here f.(z) = f(2).)

We shall again study spaces £, and L of rational functions. These are given by

n=0,12,....

L, = Span{bo, by,...,b,}, n=0,1,2,...

and

n=0
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A function f belongs to £, if and only if it can be written in the form

where p is a polynomial of degree at most n. In particular £, equals the space of polynomials
of degree at most n if o, = oo for all k.

As in Section 2 we could work with other simple bases {co,ci,...,¢n,...} for £ such that
L, = Span{co, c1,...,c,}. For example, if all the points o are finite and distinct,

1 1

. T T
l-o7 2 1-o;lz

{1 }

is such a base, and when all oy are finite,

is such a base.
A function f in £, has the representation f(z) = Y ;_,arbi(z). We call a, the leading
coefficient of f (with respect to the basis {b,}). When a, = 1, the function is said to be monic.
General reference: Section 11.1 of [34].

10 ORTHOGONAL FUNCTIONS II
Let M be a linear functional defined on the linear space £ - £, satisfying
M[f)=M[fl,feL L (10.1)

and

M(f-f]>0,f€L,f#0. (10.2)

Without loss of generality we assume that M[1] = 1.

Note that in the present situation we have L. = L. In the previous situation we had
L-L,=L+ L., and it was sufficient for M to be defined on £ + L.. In the present situation
we have in general £ - L # L + L. = L, and we need to require M to be defined on £ - L. The
equality £ - £ = £ holds when the sequence {ay} consists of points which are all repeated an
infinite number of times in some order. In particular this is the case when o) = oo for all k&
(the polynomial case).

Examples of functionals M satisfying (10.1)-(10.2) can be obtained as follows:

Let p be a positive measure on R with the property that all functions in £- £ are integrable.
Define M by

M[F] = /R F(t)du(t), FeL-L. (10.3)

Then clearly M satisfies (10.1)-(10.2).
The functional M gives rise to an inner product (-,-) on the space £ through the formula

(f.9)=M[f 9], fgecL. (10.4)

Let {¢,}32, be an orthonormal basis associated with the sequence {£,}. I.e.,

Zn = Span{go, ¢1, ..., ¢n}
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and
(05> k) = bjk.
The leading coefficient of ¢, shall be chosen to be real and positive.
The function ¢, may be represented in the form

en(z) =

where p, is a polynomial of exact degree n. Since ¢, is orthogonal to all functions of the form
2™ Jwn_1(2), m=0,1,...,n — 1, we may write

M,[pa(2)- 2™ =0, m=0,1,...,n—1,

where
f(z)

(1 = a;'z)wn-1(2)

M.[fl=M

2

This means that the sequence {p, } of polynomials is orthogonal with respect to the sequence
of varying (not necessarily positive) inner products (-, ), given by

(P, 9), = Malp- ¢.].

Thus if M[f] is given by (10.3), then the sequence {p,} is orthogonal with respect to the
sequence of varying measures y, given by

dp(t)

) = T e

The functions of the second kind are defined as follows:

Po(z) =12

Lt =l =120 e

t—=z

Yn(z) = M |—i

These functions have the form

()= BE o

wn(2)
where ¢, is a polynomial of degree at most n. Thus ¢, € £, forn =1,2,....

General reference: Sections 11.1-11.2 of [34].

11 RECURSION II

The function ¢, = Z—n is called regular if p,(a,—1) # 0, singular otherwise. When the sequence
n
{¢n} is regular, i.e., when all @, are regular, it satisfies a three-term recurrence relation which

generalizes the recursion for orthonormal pokynomials.

Theorem 11.1 Assume that the orthonormal sequence {@,} is regular. Then the functions
{n,¥n} satisfy a recurrence relation of the form

[¢n(z) ] _ (A : _.g 1—a;lzz) [1/)"_1(2)] L 1-a;!,2 [ ur,,_g(j) ] .

wn(2) "l —oglz "1—oaglz Yn-1(2) "loaglz | ¢

$n-2(2)
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with n = 2,3,... and ap = co. The constants A, Bn,Cn satisfy

1 -l o
A+ By——222 4 (11.1)

n

Cp #0. (11.2)

In the polynomial case (i.e., @, = oo for all n) all the polynomials ¢, are regular. Hence we

- [ z:gg ] = (Anz + Ba) [ ﬁ’_‘;ES) ] + Ca [ :ﬁ:jg; } ST

which has the form of the classical recursion for orthonormal functions.

As in the classical situation, a converse of Theorem 11.1 is true. The argument is, however,
rather more complicated. This is so partly because from a given recursion for functions in £
we need to define a functional M on L - £ with respect to which the functions are orthogonal.

Theorem 11.2 Let {¢,} be a sequence of functions such that @9 = 1, ¢1(2) = lf;t’,\— with
a] z

k#0, pn € Lo\ Lnoy forn =1,2,.... Assume that there exist constants A, B,,Cn, n =
2,3,... satisfying (11.1)-(11.2) such that

en(2) = (A

forn = 2,3,.... Then there exists a linear functional M on L - L such that {¢,} forms a
reqular orthonormal sequence with respect to the inner product (10.4).

General reference: Sections 11.1, 11.9 of [34].

=1 -1
z l-a, ;2 1—a,_,2

+B

)enrta)+ Pus()

" — -1 "1 —a-1 "1 —a-l
1-oa;'z 1-o;1z 1-aqa;lz

12 QUADRATURE II

A quasi-orthogonal rational function of order n is a function of the form

-1

n—1% ~
Tﬁ(p"_l(Z), T € C. (121)

Qu(2,7) = pu(2) + T2

(Qn(z,00) means @,—1(z).) These functions satisfy
(QH(Z,T),bk(Z)) =0, k=0,1,...,n-2,
and all functions satisfying this conditions is of form (12.1).
With the quasi-orthogonal functions we associate functions of the second kind given by
' 1-al2
Pn(Z,T) ='1/)"(z) + Tﬁ’l/)n-l(z),
These functions may also be described by the formula

P A { L=anlt o (6,2)— Q,,(z,'r)}] . n=23,.... (12.2)

-1
1—-oa,_,t

Pu(z,7)=M [

t—=z

We may write )

pn(z, T qn(z, T

Qn(z,7) = :’EL(;) v Pa(z,m) = n(27)

where p, and g, are polynomials of degree at most n.
In the following we shall assume that T € R.

A value of 7 for which none of the points {0,a1,...,a,} are zeros of p,(z;7) is called a

regular value for ¢,. There can be at most n non-regular values.
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Theorem 12.1 Assume that @, is regular and that T is a regular value for p,. Then Q. (z,7)
has n simple zeros, all lying in 7 € R\ {0,01,...,an}.

Note that the zeros are the same as the zeros of the numerator polynomial p,(z,7).

Theorem 12.2 Assume that ¢, is reqular and that T is a regular value for @,. Let €4(7), k =
1,...,n, be the zeros of Qn(2,7), and set

Ank:(‘r) =

v . Pn(&nk(T)aT)
1‘+‘£nk(7—)2 Q;(Enk(T)’T).

Then the quadrature formula

=Y Auk(7)R(bne(7))

k=1

is exact for every R € L,y - Ln_1.

An alternative expression for the weight A, (7) is

r)= [Z |so,-(¢,.k<r>>|2] .

The degree of exactness of this formula is one less than maximal in the sense that the formula has
2n parameters An1 (7), . . ., Ann(7), €n1(7), - - ., €nn(7), while the dimension of the space Ln_1-L,—;
is only 2n — 1. When 7 = 0, the degree of exactness is increased by one, and it is therefore
natural to call this formula a rational Gaussian quadrature formula.

Theorem 12.3 Assume that ¢, is regular and that 7 = 0 ts a regular value for ¢,. Then the
quadrature formula

MI[R] = Z Ak (0) R(£nk(0))
is exact for every R € L, - Lny.

The following result follows from Theorem 12.2 and the fact that the argument in formula
(12.2) belongs to L1 - Ln-1.

Theorem 12.4 Let {ni(7), Auk(7),k = 1,...,n, be as in Theorem 12.2. Then we have

A S 1+£n()
e _"’ZA’* IR

General reference: Sections 11.5-11.6, 11.10 of [34].
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13 INTERPOLATION AND CONVERGENCE II

As in Section 6 we shall here only consider the situation when the functional M is given as
an integral. This means that there exists a positive measure p on R such that all functions
in £ - L are integrable, with M given by formula (10.3). We recall the definition (1.2) of the
Riesz-Herglotz-Nevanlinna transform Q(z, u) of p.

Theorem 13.1 Let ¢, be regular and let T be a regular value for ¢,,. Then the quotient —Falar)

Qn(z,7)
interpolates Q(z,p) at the table {i,—t,a1,01,...,0n_1,an_1} in the following sense:
P"(i,T) . Pn(_i7T) d
— L = Qi ), —a— = Q(—i,p
Qi) ORI
P.(z,7) (*)
li n\<, Q(k,) —
o <o {Qn(z, T) } + (zp) =0
(subscript means differentiation) for k = 0,1,...,0% — 1, m = 1,2,...,n — 1, where o
denotes the multiplicity of a,, in the sequence {ai,ai,...,Qm,Qm,...,0n_1,an_1}. The limit

is to be understood as angular limtt in arbitrary regions € < |arg(z — o) < ™ —¢, € > 0,
k=1,...,n—1.

For the piire quotients ¥, /¢, we have a somewhat stronger result.

Theorem 13.2 Assume that ¢, is regular and that 7 = 0 is a regular value for ¢,. Then
the quotient —, /¢, interpolates Q(z,p) at the table {i,—i,a1,01,...,0n_1,an_1,0,} in the
following sense:

¥a(2)

en(2)
where T',, is holomorphic in C\ R and bounded in any region € < |arg(z — o) <7 —¢, € >0,
k=1,...,n.

0z, 1) = (2 = §)(z + )Ta(2)n(2honon 2),

Since g—" is a rational function of type [n/n] the meaning of Theorem 13.2 is: The function

—tn/on is the [n/n] multipoint Padé approximant to Q(z, 1) at the table {1, —1, a1, a1, ..., an_1,
Qn-1, an}~

Let pn(-,7) denote the discrete measure with support {£u1(7), ..., &k (7)} and mass Ank(7)
at (1), k=1,...,n.

Theorem 13.3 Assume that the sequence {¢n} is regular, and for each n let 1, be a regular
value of @,. If the sequence {fin,(-,n,)} converges to u, then

lim [~ LBl g 4
[ Qnk(2,Tny)

k—oo
locally uniformly in U.
For the sequence {¢,/¢,} the following result holds.

Theorem 13.4 Assume that {¢n} is a regular sequence. Let {¢n, } be a subsequence of {pn}
such that T = 0 is a regular value for each ¢,, and such that {p,,(-,0)} converges to u. Then

im [ -2 — az,

k=00 Py (z)

locally uniformly in U.
General reference: Section 11.10-11.11 of [34].
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14 LINEAR FRACTIONAL TRANSFORMATIONS II

Again we shall make use of Liouville-Ostrogradskii type formulas and Christoffel-Darboux type
formulas. These have the form

(1= Q;IZ)U - a;ilz)['(/)n(z)w,._l(z) = n(2)Pn-1(2)] = —1E(1 + 22)
and

Pn(w)pn-1(2)(1 — o' w)(1 = 0;212) = Pa(2)en-1(w)(1 = 07" 2)(1 — a2y w)

n-1

= En(w— z) X_:sok(z)%(w)

k=

n(w)pn1(2)(1 — 07 w)(1 = 0;7212) = @a(2)n-i(w)(1 — 07" 2)(1 — 07 w)

= Eo(w - 2) [E on(2)n(w) — i z“’] :
k=0

2
zZ—w

Pn(w)Pn-1(2)(1 — a7 ' w)(1 — a7l 2) = Ya(2)Pn-1(w)(1 — a7 '2)(1 — @72, w)
= E.(w—z) |:Z Yr(2)(w) — 1:| .

k=0

Here E, is a constant, F, # 0 if ¢, is regular, E, = 0 if ¢, is singular.

We shall for simplicity assume that the sequence {@,} is regular. The concluding results of
this and the next section are, however, true without this assumption.

The results of this section rely on the formulas above.
For a fixed z € C\ R the mapping 7 — —% transforms R to a circle K,(z). We denote
by A,(z) the closed disk bounded by K,(z). This disk is described by

2 —df?

i g

S€Au(2) & 1=+ 3 Wa(e) + () < (s +)

z2—Z
k=0

and its radius r,(z) is given by

i) = L [i !w(z)v] . (14.1)
k=0

We have 9,(1) = —p,(7), thus A,(7) reduces to a point.
The sequence {A,(z)} is nested i.e., Any1(2) C An(2), and as in Section 7 the intersection

is either a proper closed disk or a single point. It follows from (14.1) that for 2 # i, A(2) is a
single point if and only if the series Y po; |px(2)|? diverges.
We set Co = C\ {RU {1} U{—:}}. The following invariance result holds.
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Theorem 14.1 Let zo € Cy and assume that A (20) is a proper disk. Then Ay (z) is-a proper
disk for every z € Cy and the series Y po o lk(2)|? and 3 roy lpk(2)|? converge locally uniformly
in G.

Thus again we get a dichotomy:

Either A, (z) is a proper disk for every z € Co, the limit circle case, or A (z) is single
point for every z € Co, the limit point case.

General reference: Sections 11.3-11.4, 11.7 of [34].

15 MOMENT PROBLEMS II

We assume that we are given a linear functional M on £ - £ satisfying (10.1)-(10.2). A positive
measure z on R with infinite support is said to solve the moment problem on L if

MIf] = /R F(t)du(t), f € L, (15.1)

and to solve the moment problem on L - L if
M[F] = / F(t)du(t),Fe L-L, (15.2)
R

'A measure which solves the moment problem on £ - £ also solves the problem on £, since
LccL-L.

Clearly it is sufficient for p to solve the moment problem on £ or on £ - £ that (15.1) or
(15.2) is satisfied for the functions in some generating system for £ or £ - L. For example,
(15.1) is equivalent to

M(bn] = /Rbm(t)dy(t),m =0,1,2,...,

and (15.2) is equivalent to
Mlby, - b,] = / b ()b, (t)dp(t),m,n =10,1,2,....
R

The constants M[b,,] or M[b,,b,] may be termed moments, from which the expression moment
problems arise.

We shall also in this section assume that the sequence {@,} is regular.

We recall the measures p,(-,7) introduced in Section 13. Let z € Cy. As in Section 8 we
find that for every s on the boundary of A (z) there is a subsequence of a sequence {pn(, )}
which converges to a solution v of the moment problem on L and such that Q(z,v) = s. It
should be noted that in order to carry out the proof, we need to know that M is defined on
L - L. From the convexity of the set of solutions, it follows that for every s € A, (z) thereis a
solution y of the moment problem on £ such that Q(z,x) = s. By the aid of Bessel’s inequality
it can be shown that Q(z, 1) € Ax(z) for every solution of the moment problem on L- L. Thus
we have:

Theorem 15.1 Let z € Cy. Then
{Q(z, ) : p solution on L - L} C A(2) C {2, 1) : p solution on L}.

Again since a measure is determined by its transform, we conclude:
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Corollary 15.2 The moment problem on L - L (if solvable) is determinate in the limit poini
case. The moment problem on L is indeterminate in the limit circle case.

We note that if the sequence {a,} consists of points which are all repeated an infinite
number of times, i.e., if £ = L L, then the moment problem is determinate exactly in the limit
point case.

General reference: Section 11.8 of [34].

16 CONCLUSION

We have presented some of the basic features of the theory of orthogonal rational functions. We
refer to the reference list for detailed treatments both of the topics we have discussed here and
of problem areas that we have not considered. There is much room left for studies of the case
when the poles can be partly on the “support curve”, partly bu_tsidg it. Dewilde and Dym [36]
considered a situation of this kind, and a few remarks can be found in [34]. Some applications
of orthogonal rational functions in the area of signal processing and system theory are discussed
in Chapter 12 of [34], in [28] and in [66]-[67].

REFERENCES

[1] N.I. Akhiezer. The classical moment problem and some related questions in analysis.
Hafner, New York, 1965.

[2] A.Bultheel. On a special Laurent-Hermite interpolation problem. In L. Collatz, G. Meinar-
dus, and H. Werner, editors, Numerische Methoden der Approzimationstheorie 6, vol-
ume 59 of Internat. Ser. of Numer. Math., pages 63-79, Basel-New York-Berlin, 1981.
Birkhéuser Verlag.

[3] A. Bultheel. On the ill-conditioning of locating the transmission zeros in least squares
ARMA filtering. J. Comput. Appl. Math., 11(1):103-118, 1984.

[4] A. Bultheel and P. Dewilde. Orthogonal functions related to the Nevanlinna-Pick problem.
In P. Dewilde, editor, Proc. 4th Int. Conf. on Math. Theory of Networks and Systems at
Delft, pages 207-212, North-Hollywood, 1979. Western Periodicals.

[5] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions similar to Szeg6 polynomials. In C. Brezinski, L. Gori, and A. Ronveaux, editors,
Orthogonal Polynomials and their Applications, volume 9 of IMACS annals on computing
and applied mathematics, pages 195-204, Basel, 1991. J.C. Baltzer AG.

[6] A.Bultheel, P. Gonzalez-Veta, E. Hendriksen, and O. Njastad. The computation of orthog-
onal rational functions and their interpolating properties. Numer. Algorithms, 2(1):85-114,
1992.

[7] A. Bultheel, P. Gonzdlez-Vera, E. Hendriksen, and O. Njastad. A Favard theorem for
orthogonal rational functions on the unit circle. Numer. Algorithms, 3:81-89, 1992.

(8] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. A moment problem asso-
ciated to ratlona.l Szegé functions. Numer. Algorithms, 3:91-104, 1992.

[9] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and quadrature on the unit circle. Numer. Algorithms, 3:105-116, 1992.

147

© Del documento, de los autores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017



[10] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Moment problems and
orthogonal functions. J. Comput. Appl. Math., 48:49-68, 1993.

[11] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Asymptotics for orthogonal
rational functions. Trans. Amer. Math. Soc., 346:331-340, 1994.

[12] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Numerical quadratures on
the unit circle: a survey with some new results. In M. Alfaro, A. Garcia, C. Jagels, and
F. Marcellan, editors, Orthogonal Polynomials on the Unit Circle: Theory and Applica-
tions, pages 1-20. Universidad Carlos IIT de Madrid, 1994.

[13] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions on the unit circle: theory, applications and generalizations. In M. Alfaro, A. Garcia,
C. Jagels, and F. Marcellan, editors, Orthogonal Polynomials on the Unit Circle: Theory
and Applications, pages 21-42. Universidad Carlos III de Madrid, 1994.

[14] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions with poles on the unit circle. J. Math. Anal. Appl., 182:221-243, 1994.

[15] A. Bultheel, P. Gonza’lez-Vera.,'E. Hendriksen, and O. Njastad. Orthogonality and bound-
ary interpolation. In A.M. Cuyt, editor, Nonlinear Numerical Methods and Rdtional Ap-
prozimation II, pages 37-48. Kluwer, 1994.

[16] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. -Quadrature formulas on
the unit circle based on rational functions. J. Comput. Appl. Math., 50:159-170, 1994.

[17] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Recurrence relations for
orthogonal functions. In S.C. Cooper and W.J. Thron, editors, Continued Fractions and
Orthogonal Functions, volume 154 of Lecture Notes in Pure and Appl. Math., pages 24-46.
Marcel Dekker, 1994.

[18] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Convergence of modified
approximants associated with orthogonal rational functions. J. Comput. Appl. Math.,

57(1/2):77-86, 1995.

[19] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Convergence of orthogonal
rational functions. In R.M. Ali, St. Ruscheweyh, and E.B. Saff, editors, Computational
Methods and Function Theory (CMFT’94), pages 111-123. World Scientific, 1995.

[20] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Favard theorem for repro-
ducing kernels. J. Comput. Appl. Math., 57(1/2):57-76, 1995.

[21] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. On the convergence of
multipoint Padé-type approximants and quadrature formulas associated with the unit
circle. Numer. Algorithms, 13:321-344, 1996.

[22] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and modified approximants. Numer. Algorithms, 11:57-69, 1996.

[23] A. Bultheel, P. Gonzdlez-Vera, E. Hendriksen, and O. Njastad. A Favard theorem for
rational functions with poles on the unit circle. East J. Approz., 3:21-37, 1997.

[24] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and nested disks. J. Approz. Theory, 89:344-371, 1997.

148

wttores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017

© Del documento, de los a



[25] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Rates of convergence of
multipoint rational approximants and quadrature formulas on the unit circle. J. Comput.
Appl. Math., 77:77-102, 1997.

[26] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. A rational moment problem
on the unit circle. Methods Appl. Anal., 4(3):283-310, 1997.

[27] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Continued fractiors and
orthogonal rational functions. In W.B. Jones and A.S. Ranga, editors, Orthogonal Func-
tions, Moment Theory and Continued Fractions: Theory and Applications, volume 199 of
Lecture Notes in Pure and Applied Mathematics, pages 69-100. Marcel Dekker, 1998.

[28] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Interpolation of Nevanlinna
functions by rationals with poles on the real line. In W.B. Jones and A.S. Ranga, editors,
Orthogonal Functions, Moment Theory and Continued Fractions: Theory and Applications,
volume 199 of Lecture Notes in Pure and Applied Mathematics, pages 101-110. Marcel
Dekker, 1998.

[29] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and interpolatory product rules on the unit circle. I. Recurrence and interpolation.
Analysis, 18:167-183, 1998.

[30] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and interpolatory product rules on the unit circle. II. Quadrature and convergence.
Analysis, 18:185-200, 1998.

[31] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions and interpolatory product rules on the unit circle. III. Convergence of general se-
quences. Analysis, 1998. Submitted.

[32] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. A density problem for
orthogonal rational functions. J. Comput. Appl. Math., 1999. Accepted.

[33] A.Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. Quadrature and orthogonal
rational functions. J. Comput. Appl. Math., 1999. Submitted.

[34] A. Bultheel, P. Gonzélez-Vera, E. Hendriksen, and O. Njastad. Orthogonal rational func-
tions, volume 5 of Cambridge Monographs on Applied and Computational Mathematics.
Cambridge University Press, 1999.

[35] A. Bultheel, P. Gonzalez-Vera, E. Hendriksen, and O. Njastad. A rational Stieltjes problem.
Appl. Math. Comput., 1999. Submitted.

(36] P. Dewilde and H. Dym. Schur recursions, error formulas, and convergence of rational
estimators for stationary stochastic sequences. IEEE Trans. Inf. Th., IT-27:446-461, 1981.

[37) M.M. Djrbashian. Expansions in systems of rational functions on a circle with a given
set of poles. Doklady Akademii Nauk SSSR, 143:17-20, 1962. (In Russian. Translation in
Soviet Mathematics Doklady, vol. 3, 315-319, 1962).

(38] M.M. Djrbashian. Orthogonal systems of rational functions on the unit circle with given
set of poles. Doklady Akademii Nauk SSSR, 147:1278-1281, 1962. (In Russian. Translation
in Soviet Mathematics Doklady, vol. 3, 1794-1798, 1962).

149

iversitaria, 2017

wttores. Digitalizacion realizada por ULPGC. Biblioteca Uniy

© Del documento, de los a



[39] M.M. Djrbashian. Orthogonal systems of rational functions on the circle. Izv. Akad. Nauk
Armyan. SSR, 1:3-24, 1966. (In Russian).

[40] M.M. Djrbashian. Orthogonal systems of rational functions on the unit circle. Izv. Akad.
Nauk Armyan. SSR, 1:106-125, 1966. (In Russian).

[41] M.M. Djrbashian. Expansions by systems of rational functions with fixed poles. Izv. Akad.
Nauk Armyan. SSR, 2:3-51, 1967. (In Russian).

[42] M.M. Djrbashian. A survey on the theory of orthogonal systems and some open problems.
In P. Nevai, editor, Orthogonal polynomials: Theory and practice, volume 294 of Series
C: Mathematical and Physical Sciences, pages 135-146, Boston, 1990. NATO-ASI, Kluwer
Academic Publishers.

[43] G. Freud. Orthogonal polynomials. Pergamon Press, Oxford, 1971.

[44] Ya. Geronimus. Polynomials orthogonal on a circle and their applications, volume 3 of
Transl. Math. Monographs, pages 1-78. Amer. Math. Soc., 1954.

[45] Ya. Geronimus. Orthogonal polynomials. Consultants Bureau, New York, 1961.

[46] P. Gonzalez-Vera and O. Njastad. Szeét’i functions and multipoint padé approximation. J.
Comput. Appl. Math., 32:107-116, 1990.

[47] U. Grenander and G. Szegé. Toeplitz forms and their applications. University of California
Press, Berkley, 1958.

[48] E. Hendriksen and O. Njastad. A Favard theorem for rational functions. J. Math. Anal.
Appl., 142(2):508-520, 1989.

[49] E. Hendriksen and O. Njastad. Positive multipoint Padé continued fractions. Proc. Edin-
burgh Math. Soc., 32:261-269, 1989.

[50] W.B. Jones and O. Njastad. Orthogonal Laurent polynomials and strong moment theory.
J. Comput. Appl. Math., 105, 1999. To appear.

[51] W.B. Jones, O. Njastad, and W.J. Thron. Moment theory, orthogonal polynomials,
quadrature and continued fractions associated with the unit circle. Bull. London Math.
Soc., 21:113-152, 1989.

[52] X. Li. Regularity of orthogonal rational functions with poles on the unit circle. J. Comput.
Appl. Math., 105, 1997. Submitted.

[53] X. Li and K. Pan. Strong and weak convergence of rational functions orthogonal on the
unit circle. J. London Math. Soc., 53:289-301, 1996.

[54] G.L. Lopes [Lépez-Lagomasino]. Conditions for convergence of multipoint Padé approxi-
mants for functions of Stieltjes type.- Math. USSR-Sb., 35:363-376, 1979.

[55] G.L. Lopes [Lépez-Lagomasino]. On the asymptotics of the ratio of orthogonal polynomials
and convergence of multipoint Padé approximants. Math. USSR-Sb., 56:207-219, 1985.

[56] G.L. Lopez [Lépez-Lagomasino)]. Szegd’s theorem for orthogonal polynomials with respect
to varying measures. In M. Alfaro et al., editors, Orthogonal polynomials and their appli-
cations, volume 1329 of Lecture Notes in Math., pages 255-260. Springer, 1988.

150

wtores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017

© Del documento, de los a



[57] G.L. Lépez [Lopez-Lagomasino]. Asymptotics of polynomials orthogonal with respect to
varying measures. Constr. Approz., 5:199-219, 1989.

[58] G.L. Lépez [Lépez-Lagomasino]. Convergence of Padé approximants of Stieltjes type mero-
morphic functions and comparative asymptotice for orthogonal polynomials. Math. USSR-
Sb., 64:207-227, 1989.

[59] P. Nevai. Géza Freud, orthogonal polynomials and Christoffel functions. A case study. J.
Approz. Theory, 48:3-167, 1986.

[60] O. Njastad. An extended Hamburger moment problem. Proc. Edinburgh Math. Soc.,
28:167-183, 1985. .

[61] O. Njastad. A multi-point Padé approximation problem. In W.J. Thron, editor, Analytic
theory of continued fractions II, volume 1199 of Lecture Notes in Math., pages 263-268.
Springer Verlag, 1986.

[62] O. Njastad. Unique solvability of an extended Hamburger moment problem. J. Math.
Anal. Appl., 124:502-519, 1987.

[63] O. Njastad. Multipoint Padé approximation and orthogonal rational functions. In A. Cuyt,
editor, Nonlinear numerical methods and rational approzimation, pages 258-270, Dor-

drecht, 1988. D. Reidel Publ. Comp.

[64] O. Njastad. Orthogonal rational functions with poles in a finite subset of R. In M. Alfaro
et al., editors, Orthogonal polynomials and their applications, volume 1329 of Lecture Notes
in Math., pages 300-307. Springer, 1988.

[65] O. Njastad. A modified Schur algorithm and an extended Hamburger moment problem.
Trans. Amer. Math. Soc., 327(1):283-311, 1991.

[66] O. Njastad and H. Waadeland. Asymptotic properties of zeros of orthogonal rational
functions. J. Comput. Appl. Math., 77:255-275, 1997.

[67] O. Njastad and H. Waadeland. Generalized Szegd theory in frequency analysis. J. Math.
Anal. Appl., 206:280-307, 1997.

[68] K. Pan. On characerization theorems for measures associated with orthogonal systems of
rational functions on the unit circle. J. Approz. Theory, 70:265-272, 1992.

[69] K. Pan. On orthogonal systems of rational functions on the unit circle and polynomials
orthogonal with respect to varying measures. J. Comput. Appl. Math., 47(3):313-322,
1993.

[70] K. Pan. Strong and weak convergence of orthogonal systems of rational functions on the
unit circle. J. Comput. Appl. Math., 46:427-436, 1993.

[71] K. Pan. Extensions of Szeg8’s theory of rational functions orthogonal on the unit circle.
J. Comput. Appl. Math., 62:321-331, 1995.

[72] K. Pan. On the orthogonal rational functions with arbitrary poles and interpolation prop-
erties. J. Comput. Appl. Math., 60:347-355, 1995.

(73] K. Pan. On the convergence of rational functions orthogonal on the unit circle. J. Comput.

Appl. Math., 76:315-324, 1996.

151

autores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017

© Del documento, de los



[74] J.A. Shohat and J.D. Tamarkin. The problem of moments, volume 1 of Math. Surveys.
Amer. Math. Soc., Providence, R.I., 1943.

[75] H. Stahl and V. Totik. General orthogonal polynomials. Encyclopedia of Mathematics and
its Applications. Cambridge University Press, 1992.

[76] G. Szegé. Orthogonal polynomials, volume 33 of Amer. Math. Soc. Collog. Publ. Amer.
Math. Soc., Providence, Rhode Island, 4rd edition, 1975. First edition 1939.

152

iversitaria, 2017

wttores. Digitalizacion realizada por ULPGC. Biblioteca Uniy

© Del documento, de los a





