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Abstract : In this note, we have obtained a more general

generating function of Jacobi polynomial from the existence of
quasi — bilinear generating function involving the special function

under consideration from the Lie group view — point.
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1. Introduction :
In their paper [1], Chatterjea and Chakraborty defined the quasi — bilinear

generating functions as follows :

(1.1) G(x,u,w)= Za p‘“’( )p (u)w”,

where p!*)(x) is a polynomial of degree (n)and of parameter ().
In [2], Das has proved the following theorem on bilateral generating

function involving Jacobi polynomials :

Theorem 1.

If there exists a generating function of the form
(1.2) Glx,w) = Z“ PP (x "

n=0
then
t+x Y, 1-x.) 1-x*
(]3) (l+-—2— ) (I—Tf) Gl x~- > t,wt
= i o, (x,wit",
n=0
where
(k + 1) (a+k-n.f+k-n) k

14 P .
(1.4) - (ox, w)= kzo a, ——— PR (x)w

In this note we have obtained a more general generating relation of Jacobi

polynomials from the existence of quasi — bilinear generating relation by using
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group — theoretic method. The main result is stated in the form of the following
theorem :

Theorem 2.
If there exists a generating relation of the form :
(1.5) G(x,u,w)= ianl"f,‘“'p’(x)Pn‘,"'p’(u)w"
=0
then
a I
L e \-legem) [yz -w(l+ x)] yz+wi(l-x)
0.6 (1-w4) ! :

xyz+wt(l=x*) u+wl wzlv
xXG s )
yz 1-wl 1-wl

n+p+
qu

=3 a2+,

piq!

x(1+n+ g+ m)py""’zﬁ“’t"*"P‘"""ﬂ"”(x)P”:””’""(u) g

ntq

2. Proof of the theorem :
Let

(2.1) Glx,u,w)=> a, P " (x)P"P (u)w".

n=0

We first consider the operators R, and R, [3,4 ], where
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(22)

(2.3)

(24)

(2.5)

(2.6)

a_a, 0 4, 0
R=(1-x*) y'z tgx-—(1+x)z ta +(1-x)y™'t >
and
(1+u)§—+fza;+(l+ﬂ+m){
such that
R, (Pn(a.ﬂ)(x)yﬂzﬂt")= _2(n+1)P"(+al»—|p—l)(x)ya—| ﬂl n+l
and

R, (P @){") = (1+n+B+m) PSP ()™

Also, the extended form of the groups generated by R, and R,are as
follows :

e I (x, » z,t)
=f(xyz+wt(1—x2) yz—wt(1+x) yz+wt(1-x) t}
yz ’ z ’ y ’
and
o ) = (g (122, £ )

l-w¢ ' 1-w¢

Replacing w by we¢v in (2.1)and then multiplying both sides by y* -z’ we
get

y 2P G(x,u,wt{v)

- i a"(f)n(a.ﬂ)(x)yazﬁt")x (P':n.ﬂ)(u)é’n)(wv)n.

n=0

Operating "¢ on both sides of (2.6) we get
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(2.7) " e [y*22 G (x,u, wilv)]

- euﬂ.eu-kz[i a"(I::,(:z.ﬂ)(x)yazﬂtn)(P”:n.ﬁ)(u);n)(wV)n]

n=0

Now left member of(2.7), with the help of (2.4)and (2.5) becomes

(2.8) "™ [y*2PG (x,u, wilv)]

1 aspemy| YZ=wt(1+ x) | yz+wt(1-x) ?
=(1-w¢) [ . ][ 5 ]

“G wz+wt(l-x°) u+wl wzlv
yz 1-wl 1-w¢ )

The right hand member of(2.7),with the help of (2.2)and(2.3), becomes

es)  emet|Fa By ) ) ) ov)' |

n+p+
wl"l

v'(-2)'(n+1), P"‘j‘;""“”(x) yeazhagma
n=0 p=0 ¢g=0 p!q!

x(1+n+B+m) PP (u) £,

Equating (2.8)and (2.9),we get
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’ a l ﬂ

xyz+wt(l=-x) u+wl wz(v]
o yz T-w¢ 1-w{

n+p+q

v (=2)"(n+1),
lq!

= Ya.

a.p.g=o0

(] +n+ ﬁ+ m) y aq, B- qtmqp(a-aﬂ q)(x)P’:lnp.ﬂ)(u);rnp’

n+q

which is our desired result.

3. Particular Case :

Putting m=0,y=z=r=¢ =1 in (2.10) and then simplifying, we get

G.1) 1-w)"™? [-wi+xf [+wi-0f

wv
XG(x+w(l x ), )

= i a W v'(=2)'(n+1), x(1+n+ f), Pa*7"(x)
e plg!
n.p.q=0 D q:
) N T/n-q pla-n-q.f-n+q)
. pia-ra 9
=(1-w)? ,.Zo(—z )Z o (

v q
x .
[—Z(I—W)]

100



Now first replacing — by v on both sides of (3.1) and finally

14
2(1-w)

replacing —2w by w, we get
{l—z(l+x)}a{l—K(l—x)}ﬂG(x—E(l—xz) wv)
2 2 2 ’
= Zw”fn(x’v)
n=0

where

f,, (x’ V) Z q q)n—q :’a-n-l-q B-n+q) ( x)V"

which is Theorem 1.
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