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ON SOME GENERATING FUNCTIONS OF 
HYPERGEOMETRIC POLYNOMIAL - 11 

M.C. MUKHERJEE 

Netajinagar Vidyamandir, Calcutta-700 092. India. 

Abstract 

In 1his /)(tper tlze author eswhlislzes two theorems on bilateral and mixed trila!eral 
genemting f1111c1ions of modijied hypergeomelric po/wwmial fro111 the Lie group vie;¡· 

poinl. An application of the 1/zeore111 011 hia1era/ generaling relation of the said polww­
mial is a/su poin!ed oul. 
A.M.S. rnbjecl classificalion code: 33A65. 
Key words a11d Phrases : Generaling functio11S, Hvpergeomelric polwzomial; gro11p-
1heoretic metlwd. 

l. INTRODUCTION 

The hypergeometric polynomial is defined as follows : 

" (-n) (a) xk 
F (-n a· v· x) ="" k k 
o¡''' L.J () 1 
- k=O V k k. e 1.1 ') 

Recently many researchers have derived a large number of generating func­
tions involving Hypergeometric polynomial by using L.Weisner's [ 1] group theo­
retic method~ The object of the present paper is to prove the following theorems 
in connection with the bilateral and mixed tri lateral generating relations by giv­
ing suitable interpretation of the parameter (a) of the polynomial under consid­
eration from Lie-group view point. 

Theorem 1. 
If there exists a generating relation of the form 

~ 

G(x,w) = I,a ª 1 F 1(-n,a;v+a;x)w " 
u ::: () 

(' \ 
1.2 I 

then 

G ( X + t z t 
t ) ' + t 1 + 

~ 

= I t"cr 0 (z, x) 
a =O 

( 1.3) 
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where 

u. . (k) (v+n+k)a-k 
cr (z x)= ~(-1)"'-' a, a-k z ' F(-n a·v+a·x) 

" ' ,L.,¿ ( - k ) '( k) 2 1 ' ' ' ';º a · V+ a-k 

Theorem-2 
If there exists a generating relation of the form 

~ 

G(x, u, w) = L ª ª 2 F1 (-n,a; v +a; x)gª (u)wª \ 1.4) 
o:=O 

then 

G(x+t ,u,~)= Itª crª (z,u,x) 
1 + t 1 + t f(;() 

\ 1.5 ) 

where 

cr (z u x)a= ~(- l)a-k a , (kt_k(v+n+k)ª _, z k g (u) F(- n a·v+a·x) 
" ' ' ,L.,¿ ( - k) '( k) " 2 1 ' ' ' • ; o a · V+ a-k 

The importance of our above said theorems lies in the fact that one can get a 
large number of bilateral and mixed tri lateral generating relations from ( 1.3) and 
( 1.5) by attributing different suitable values to aª in (1.2) and ( 1.4) respectively. 

2. PROOF OF THEOREM -1 

Let us define the partial differential operator R as follows : 

· ~o , o 
R = (1 - x )y - - y- -ox oy ( 2.1 ) 

such that 

(-a)(v+a+ n) 
R[ 2 F1(-n,a;v+a;x)yª] (v+a) 2 F1(-n,a+l;v+a+l;x)yu.+i ( 2.2 '} 

The extended form of the group generated by R is 

exp(wR)f(x,y)=fl' x+wy, Y J 
l+wy l+wy 

Let us assume the generating relation 
~ 

G(x, w) = Lªª 2 F1 (-n,a; v +a; x)wª 
a:=O 

Replacing w by wyz in (2.4), we get 
~ 

G(x, wyz) = ¿a,, 2 F1(- n,a;v + a ;x)(wzry ª 
O. = O 
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( 2.4 J 

( 2.5 } 
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Operating both sides of (2.5) by exp (wR), we get 

exp(wR)[G(x, wyz)] 

= exp(wR{~aJwz)\F1 (-n,a;v+a;x)yª] 
Now from the left member of (2.6), we get 

exp(wR)[G(x,wyz)]=G(x+wy' wyz J 
l+wy l+wy 

From the right member of (2.6) we get 

exp( wR{~ ªª 2F1 (-n, a; v +a; x)( wz)" yª ] 

- ~ w k+ªzª (-a) (v+k+n) 
= "°' "°'·1 k 'x2F(-na+k·v+a+k·x)y'J.+' 

L.,.¡ L..i' a. ' 1 ' ' ' cx=O k=O k. (v+k)k 

( 2.6°) 

( 2.7) 

= Í I(-J)".a ª_k(a-k)k. (wyr· .(v+n+:-k)k 2F1(-n,a;v+a;x)z"-k (2.8.) 
u=O k=O k. (V+ a k )k . 

Equating (2.7) and (2.8) and then writing t for wy, we get 

G(x+t ,~) 
1 + t 1 + t 

~ 

= It"cr,,(z,x) 
u = O 

( 2.9) 

where 

( ¿" ( )"-k (k) (v+n+k) . ( k cr z x)= -1 a a-k a-k F -n a·v+a·x)z 
" ' k ( - k) '( k) 2 1 ' ' ' k=O a . V+ a-k 

This completes the proof of the theorem-1. 
Applying the same technique easily we can prove theorem-2. 

3. APPLICATION 

Asan application, we consider the following generating relation [2] 

( x-t) 
2F1 -n,-, v;H 
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~(v+n) ª = .Lt ª F(-n a:v+a·x)t 
u=O a !(V) CY. 2 1 ' ' ' • 

( 3.1 ) 

(v + n) 
If we take ªª = '( ) ª , then we get a. V a 

G(x, t)= 2 F1(-n,-;v; ~ ~ ~ J ( 3.2 j 

By applying our theorem-1, we get the following result : 

, F (-n,-; v; x + (1- z)t l 
-

1 1 + (1- z)t 

( 3.3) 
a =O 

where 

( ) -~ (-ir-k (v+n)k (k)a-k(v+ n+kL -k k (- . . ) a . z, x - .Lt . . z , F1 n, a, v +a, x 
ª l=o(a-k)! k!(v)k (v+k)cx -k -
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