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ABSTRACT 

A fairly wide range of special functions can be represented in terms of the hypergeome­
tric and confiuent hypergeometric series. Hypergeometric series in one and more variables 
occur naturally in a wide variety of problems in applied mathematics, statistics, operations 
research, theoretical physics, and engineering sciences. N. Virchenko (1999) has conside­
red the 7-generalization of the Gauss hypergeometric series whereas A. H. Al-Shammery 
and S. L. Kalla (2001) have extended the idea of 7-generalizations to Appell's hyper­
geometric functions Fi (i = 1, 2, 3) and they have also considered the 7-generalizations 
of the confiuent hypergeometric functions of two variables .Pi ('i = 1, 2 , 3) . Recently, L. 
Galué (2005) has presented one extension of the Humbert functions w i , W2, 31 and 3 2 in­
troducing additional parameters 7, 7 1. On the other hand, sorne important computational 
problems in the field of numerical integration can be solved by procedure which require 
the modified moments. This paper deals with the modified moments of t he weight function 
(1 - x)ª(l + x)b(ln x)P, p = 1, 2 on (-1, 1] with respect to the product of 7-generalized 
Legendre functions of the fin;t kind. Various particular cases are also obtained. 

Key words: 7-Generalized Legendre functions of the first kind, modified moments, in­
tegrals. 

RESUMEN 

Un gran número de funciones especiales pueden ser representadas en términos de se­
ries hipergeométricas y series hipergeométricas confluentes. Las series hipergeométricas 
en una y más variables aparecen naturalmente en una amplia variedad de problemas en 
matemática aplicada, estadística, investigación de operaciones, física teórica y ciencias 
de la ingeniería. N. Virchenko (1999) ha considerado la generalización 7 de la serie hi­
pergeométrica de Gauss mientras que A. H . Al-Shammery and S. L. Kalla (2001) han 
extendido la idea de las generalizaciones 7 a las funciones de Appell Fi (i = 1, 2, 3) y 
además han considerado las generalizaciones 7 de las funciones hipergeométricas confluen­
tes de dos variables .Pi (i = 1, 2, 3). Recientemente, L. Galué (2005) ha presentado una 
extensión de las funciones de Humbert W1, W2,31 y 32 introduciendo parámetros adicio­
nales 7, 7 1. Por otro lado, algunos problemas computacionales importantes en el campo de 
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integración numérica pueden ser resueltos mediante procedimientos que requieren momen­
tos modificados. Este trabajo trata con los momentos modificados de la función de peso 
(1- x)ª(l + x)b(!nx)P, p = 1, 2 sobre (-1,1] con respecto al producto de funciones de 
Legendre T-generalizadas de primera clase. Se obtienen además varios casos particulares. 

P a labras Clave: Funciones de Legendre T-generalizadas de primera clase, momentos 
modificados, integrales. 

l. INTRODUCTION 

A fairly wide range of special functions can be represented in terms of the hyper­
geometric and confluent hypergeometric series. Hypergeometric series in one and more 
variables occur naturally in a wide variety of problems in applied mathematics, statistics, 
operations research, theoretical physics, and engineering sciences ([5],[7],[17],[19],[20],[21]). 
Exton ([9],[10]) has considered a number of problems, such as, finite and infinite statistical 
distributions, angular displacement of a shaft, vibration of a thin elastic plate, heat pro­
duction in a cylinder, dual integral equations, etc., which give rise to integrals associated 
with hypergeometrie series in one and more variables. 

In 1999 N. Virchenko [22] has considered the T-generalization of the Gauss hypergeo­
metric series, whereas A. H. Al-Shammery and S. L. Kalla [3] have extended, in 2001 , the 
idea of T-generalizations to Appell 's hypergeometric functions F; (i = 1, 2, 3) and they 
have also considered the T-generalizations of the confluent hypergeometric functions of 
two variables <l>; (i = 1, 2, 3). The T-confluent hypergeometric function has been used to 
study a probability distribution ([2], [4]) and inverse Gaussian distribution [l]. Recently, 
L. Galué (2005) [11] has presented one extension ofthe Humbert functions 'll 1, 'll2,31 and 
32 introducing additional parameters T, T 1• 

On the other hand, sorne important computational problems in the field of numerical 
integration can be solved by procedure which require the modified moments [12], [13]. 
Algorithms concerning the integrals of Legendre polynomials have been presented [6], 
[14], [16]. 

Nina A. Virchenko [22] has introduced the T-generalized Legendre functions of the 
first kind as: 

1 (z + l)n/2 
pm,n(z) - x 

T k - f(l - m) (z - 1)m/2 

2Rr k---+l -k---·1-m·--( m -n m -n 1- z) 
1 2 ' 2 ' ' 2 

(1) 

where 
r r r(c) ~ r(a + n)f(b + rn) zn 

2R1 (z) = 2R1 (a, b; e; z) = r(a)f(b) ~ r(c + rn) n! (2) 

is a special case of Wright's functions [8], where a, b, e are complex numbers, T E ~' T > 
O; a+ n =f. O, -1, -2, ... ; b + Tn =f. O, -1, -2, ... , when n = O, 1, 2, ... ;a, b, e are such that 
r( a + n), r(b + Tn), r( e+ Tn) are finite for n = O, 1, 2, .... The serie converges uniformly 
in lzl < l. 

50 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



From (1) and (2): 

(3) 

with 
m-n m -n 

k - - 2 - Í- -1,-2, ... ;-k - - 2 - + TJ Í- -1,-2, ... ; 

m - Tj i- 1, 2, ... ; ll - zl < 2; larg(z + 1)1 < Jr. 

The purpose of this paper is evaluate the integral 

Im,n,M,N = ¡l (l _ )ª(l + )b pm,n( ) pM,N( )d 
kohab X X T k X ¡: h X X 

T, I¡;.' ' ' -1 
(4) 

Re(a) > O, Re(b) >O, T, E E IR, T, E > O; 

- k - m:,;n + Tj i- O, - 1, - 2, ... . if Tj t/. N, m t/. N, 
(5) 

-h - M2N + Ej i- O, -1, - 2, .... if Ej ti. N, M ti. N, 

with j = 1, 2, 3, .... , 

and their partial derivatives with respect of a and b, where TP;',n(x) is defined by 

1 (1 + x)n/2 
pm,n( ) _ 

T k x - -r-(1---m-) (1- x)m/2 x 

2R1T k - -- + 1 -k - --· 1 - m· --( m -n m -n 1 - x) 
2 ) 2 ) ) 2 (6) 

m-n 
- k - - 2-+Tjf- 0, - 1, -2, .... ifTj tf.N, with j=l,2,3, .... , 

m tf. N, -1 < x <l. 

For T = 1 equation (6) reduces to 

m,n _ 1 (1 + X r/2 

Pk (x) - r(l - m) (1 - x)m/2 X 

2F1 (k- m - n + 1 -k - m - n· l - m· l - x) 2 ) 2 ) , 2 , (7) 

m ti. N, -1 < x <l. 

If now n = m we get [18, p. 773] 

Pk'(x) = f(l ~ m) e ~:) m/
2 

2F1 ( k + 1, - k; 1 - m; l; x ) , (8) 
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mi N, - 1 < x <l. 

and for m = O with k E No, 

PZ(x) = Pk(x) = 2F1 ( k + 1, -k; l; 1 ; x), - 1 < x < l. (9) 

are the Legendre polynomials. 

2. EVALUATION OF THE INTEGRALS I m,n,M ,N 
T,k,t:,h ,a ,b 

For evaluate ( 4) , we first consider 

(10) 

where 

{ 
Re(a) :_:' Re(.b) > O, T E ~, ~ > _0, mi~, (ll) 

-k - - 2- + TJ #-O, -1 , -2, .. .. 1f TJ i N, w1th j = 1, 2, 3, ..... . 

We substitute rP;,''n(x) from the equations (6) and (2) , interchange the order of inte­
gral and summation (in view of the absolute convergence) and we have 

1 oo (k - m;-n + l)Jr (-k - m;-n + Tj) 
1m,n _ '°"' -----~---~---

r ,k,a,b - r (-k - m- n) L r(l - m + Tj) j ! 2j X 
2 J=Ü 

rl (1 - X )a+j-m/2 (1 +-x )b+n/2 dx. 
1-1 

Using the result [15 , p. 285, No. (3.196.3)] 

we get 

¡b (x - a)µ - l(b - xt- J dx = (b - a)µ+v- l B(µ , v) 

b > a, Re(µ) > O, Re(v) > O, 

2a+b+ ''";m+1r (b + !!: + 1) 
1m,n = 2 

r,k,a,b r (- k - m;-n) 
X 

oo ( k - m;-n + 1) j f ( -k - m;-n + T j) f (a + j - ~ + 1) 
f; . f(l - m + Tj) r (a+ b - T + j + 2) j ! 

For evaluate (4) we use a similar procedure to the former. 
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So, we substitute c; P:if,N (x) from the equations (6) and (2), then we interchange the 
order of integral and summation obtaining, 

1 oo (h - M-2 N + 1),. f (-h - M-2 N + éi) ¡m,n,M,N = ~ X 

T,k,e,h ,a,b r (-h - M2N) ~ f(l - M + éi) i! 2i 

¡1 (1 - x)ª+i-M/2(1 + x)b+N/2 
7 P;;'n(x) dx. 

1-1 
From (10) and (12) : 

2a+b-Mtm+~+lf (b+ N+n + 1) oo (k- m-n + 1) . 
¡m,n,M,N = 2 ~ 2 J X 

r ,k ,e,h ,a ,b f (-k _ m-n ) f (- h _ M- N) .L.. f(l _ m + rj) 
2 2 t,J=Ü 

f (-k - m2n + rj) f (a - Mtm + Í + j + 1) 
f (a+ b - Mtm. + Nt" + Í + j + 2) 

(h - ~+1); r(-h -~+éi) 
f(l - M + éi) j! i! 

with the conditions given in (5). 
If now we derive partially (13) with respect of a, we have 

X 

2a+b- Mtm+~+lf (b+ N+n + 1) Jm'.n,J\.f ,N = In 2 1m,n,!vI,N + -2- x 
T,k,c;,h,a,b r,k,c,h,a,b r (-k - m:;n) r (-h - M 2N) 

oo (h- M2N + 1) f (-h- M2N +éi) (k- m:;n + l)J. 
~ ' X 
L.. f(l - M + éi) f(l - m + rj) 

t,J=Ü 

f( - k -m2n +rj)f(a - Mtm+i+j+l) [ ( M+m .. ) '¡/; a---+i+J+l -
f(a +b-Mtm+Ntn+i+j+ 2) j!i! 2 

'¡/; (a+ b- M; m + N; n + i + j + 2)] 
where 'if;(x) = ~:g¡ is the logarithmic derivative of the Gamma function [17]. 

We also obtain from (13) 

Km,n,Af,N = _ 1m,n,M,N = (l - )ª(l + )bln(l + ) pm,n( ) pM,N( )d a j1 
T k e h a b 8b T k e h a b X X X T k X E: h X X 

) 1 1 ' 1 1 ' ' ' ' - 1 

2a+b-Aftm+~+lf (b+ N+n + 1) 
Km,n,M,N = In 2 ¡m'.n,M,N + 2 X 

T,k,e,h,a ,b T,k,e,h ,a,b r (-k - m:;n) r (-h - M2N) 

oo (h - M2N + l)J (-h - M:;N + éi) (k - m:;n + l)j 
L f(l - M + éi) r(l - m + rj) X 

i,1=0 
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r (-k - T + Tj) r (a - ~ + i + j + 1) [i1; (b + N + n + 1) _ 
f (a+ b - Mtm + Ntn + i + j + 2) j! i! 2 

( M+m N+n )] i/; a+b--2-+-2-+i+j+2 . (15) 

From (14): 

m ,n,M,N _ m ,n,M,N _ . a b 2 m,n A1,N 82 /1 
R r ,k ,E,h ,a,b - aa2Ir,k ,E,h ,a,b - -1 (1- x) (1 + x) In (1- x) Tpk (x) Eph (x)dx 

2a+b-M!m+~+1r (b + N+n + 1) 
Rm,n,M,N = ln2 21m,n,M ,N + 2 X 

r ,k ,E,h ,a,b r ,k ,E,h ,a ,b f (-k _ m;-n) f (-h _ M2N) 

oo ( h - M 2 N + 1) J ( - h M 2 N + Ei) ( k - m;-n + 1) j .L r(l - M +si) ____ r_(_l ___ m_+_T-,j)---~ 
i ,J=Ü 

r (-k - T + Tj) r (a -~ + i + j + 1) 
r (a+ b - Mtm + Ntn + i + j + 2) j! i! 

{2ln2 [1; (a - M;m +i+j+l)-

( M+m N+n )] i/; a+b--2-+-2-+i+j+2 + 

X 

X 

[ ( M+m ) ( M+m N+n )] 2 
i/; a--2-+i+j+l -i/; a+b--2-+-2-+i+j+2 + 

'( M+m ) '( M+m N+n )} i/; a--2-+i+j+l -i/; a+b--2-+-2-+i+j+2 . 

From (15): 

2a+b- Mtm +~+l f (b + N+n + 1) 
Qm,n,M,N = ln2 2 ¡ m,n,M,N + 2 X 

r ,k ,E,h ,a ,b r,k ,o:,h ,a,b f (-k _ m;-n) f (-h _ M;-N) 

oo (h- M2N + l)J (-h- M2N +ci) (k- m;-n + l)j 
L f(l - M + ci) r(l - m + Tj) x 

i ,J=Ü 

r (-k - T + Tj) r (a - ~ + i + j + 1) 
r (a+ b- Mtm + Ntn + i + j + 2) j! i! 

{ 2ln2 [i1; (b + N ;n + 1) -
( M+m N+n )] i/; a+b--2-+-2-+i+j+2 + 

54 
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[ ( N+n ) ( M+m N+n )] 2 
'!/; b+-2-+l -'!/; a+b--2-+-2-+i+j+2 + 

1// ( b + N; n + 1) - '!/;' (a + b - M ; m + N; n + i + j + 2) } . 

From (14) and (15) we have 

S~C~~ = [
1

1 
(1 - x)ª(l + x)b ln(l - x2) rP;''n(x) é p~f,N (x)dx 

= 1m ,n,M,N + Km,n,M,N 
r,k ,c,h,a,b r ,k ,c,h ,a ,b· 

The results (14)-(19) are valid under the conditions given in (5). 

3. PARTICULAR CASES 

a) If T = e = 1 in (13)-(15) and in (18)-(19): 

2a+b-A'tm+~+lf (b + Ntn + 1) f (a - Mtm + 1) 
X 

f(l - M)f(l - m) f (a+ b - Mtm + Nr + 2) 

[ 
a_ M+m +l. h _ M-N + l -h- M - N. k _ m-n + l 

2 . 2 ' 2 ' 2 ' pl:2;2 
1-1·1 
. , a + b - M tm + Nr + 2 : 1 - M; 

- k- m;-n; l 
1, 1 , Re(a) >O, Re(b) >O, m ,M ~ N 

1-m; 

[ 
(ap): (bq); (ck); l 

where Ff':/i: ~ . . . x, y is the Kampé de Fériet series [20, p. 27]. 
(a¡) · (J1m), bn), · 

J2C,~~ = [ 1

1 
(1 - xt(l + x)b ln(l - x) P;''n(x)P/:1'N (x)dx 

a+b- M±m+~+l ( N+n ) 2 2 2 fb+-+l 
1m ,n,M ,N = ln 21m ,n,M,N + 2 X 

1,k ,1,h,a,b l ,k ,1,1i,a,b r (1 _ M) r (1 - m) 
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f (a - M tm + 1) oo ( h - M 2 N + 1) ( - h - M 2 N) 
----~~-~- """' i i X 

f (a+ b - Mtm + Ntn + 2) Ó:'o (1 - M)i (1 - m)j 

(-k-m2n) . (k-m2n+l) . (a-Mtm+l) i+ [ ( M+m . . ) 
1 1 1 1f; a --- +i + J+l 

(a+b - Mtm + Ntn +2)i+j j! i! 2 

- 1/J ( a + b - M ; m + N; n + i + j + 2)] . 

K~~GX.-:b = 1->1 - x)ª(l + x)b ln(l + x) P:;''n(x) Ptf,N (x)dx 

2a+b- Mi"'+~+1r (b + N+n + 1) 
K m,n,M,N = ln 2 ¡m,n,M,N + 2 X 

l ,k ,1,h ,a ,b l ,k ,1,h ,a ,b r (1 _ M) r (1 - m) 

f (a - Mtm + 1) oo (h - M2N + 1) (-h - Af2N) 
-----'-~o--='---~-'--- " i i X 

f (a+ b - Mtm + Ntn + 2) i'.5:'o (1 - M)i (1 - m)j 

( k - m-:;n + 1) . ( - k - m-:;n) . (a - M tm + 1) ·+ . [ ( N + n ) 
J J 'J 1f; b+ -- + 1 -

(a+b- Mtm + Ntn +2)i+j j! i! 2 

( M+m N+n )] 1f; a + b--2-+-2-+i+j+2 . 

S'::Ci~,':!,b = 1->l - xr(l + x)b ln(l - x2 ) P~n,n(x) P/:1'N (x)dx 

_ 1m,n,M,N + Km,n,M,N 
- 1,k,1. ,h,a ,b l ,k ,I ,h,a ,b· 

ym,n,M,N = ( 1 (1-x)ª(l+x)bh1 (l - x ) pm,n(x)PM,N(x)dx 
l ,k,l ,h ,a ,b j _1 1 +X k h 

_ 1m,n,M,N _ J(m,n,M,N 
- 1,k ,l ,h ,a ,b l ,k,l ,h,a 1b· 

The results (22)-(25) are valid under the conditions given in (21). 
b) If n = m y N = M in (20)-(25): 

2a+b+l f ( b + M +m + 1) f (a - M +m + 1) = 2 2 X 
f(l - M)f(l - m) r (a+ b + 2) 

[ 
a - Mtm + 1 : h + 1, 

pl:2;2 
1:1;1 

a+b+2: 1 -M; 

- h; k + 1, - k; 

1 -m; 

Re( a) > O, Re(b) > O, m, M t/. N. 
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(22) 

(23) 

(24) 

(25) 

(26) 
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J2D:i::~~ = 1:1 (1 - x)ª(l + x)b ln(l - x) Pf:'(x)P/:1 (x)dx 

2a+b+i r (b + M+m + 1) r (a - M+m + 1) 
1m ,m,M,M _ ln 21m,m,M,M + 2 2 x 
l ,k,1,h,a,b - l,k,1,h,a,b r(l _ M)r (1 _ m) r (a+ b + 2) 

f (h+ l )i (-h)i(k+l)j (-k)j(a-~+l) i+j X 

i,j=O (1 - M); (1 - m)j (a+ b + 2) i+j j! i! 

[,,µ ( a - M;m +i+j+ l) -,,P(a+ b+i+j+2)]. 

K';',D:~~~~ = f1y-x)ª (l + x)b ln(l + x) Pf:' (x) Pt 1 (x)dx 

2a+b+lr (b + M+m + 1) r (a - M+m + 1) 
Km,m,M ,M = ln 2 ¡ m,m,M ,M + 2 2 X 

l ,k,1,h,a,b l ,k,1,h,a,b r(l _ M)r (1 _ m) r (a+ b + 2) 

f (h + l ); (- h);(k+ l )j (-k)j(a-~+l)i+j X 

i,j=O (1- M)i (1- m)j (a+ b + 2)i+j J! i! 

[,,µ (b + M ;m + 1) -'l{i(a+ b+i+j+2)]. 

S';',D:i::~~ = f 1
1 
(1 - x)ª(l + x)b ln(l - x2 ) Pf:'(x) P/:1 (x) dx 

= J m ,m ,M ,M + Km,m ,M ,M 
11k, l ,h ,a ,b 1,k) ,h,a ,b · 

T';'¡;'{·:!:,~ = f 1 (1 - x)ª (l + x)b ln ( 1 - x ) Pf:'(x) P/:1 (x)dx 
'" " -1 l +x 

= 1m,m,M,M _ K m ,m ,M ,M 
l ,k ,1,h ,a ,b 1,k ,1,h ,a ,b · 

· The results (28)-(31) are valid under the conditions given in (27). 
e) If m = M =O, k = n and h = m in (26)-(31) with m and n E No: 

I~:~ :~ ;~,a , b = f 1
1 

(1 - x)ª (l + x)b Pn(x)Pm(x)dx 

2a+b+1r (b + 1) r (a+ 1) 

pl:2;2 
1:1 ;1 

r(a + b+ 2) 
X 

[ 
a+ 1: 

a+b+2: 

m+l , -m; n+ 1, 
-n; 1, 1 l 

1· 
' 

1· 
' 

Re( a) > O, Re(b) > O, m, n E No. 

J~,'~ :~ :~,a , b = f 1
1 

(1 - x)ª( l + x)b ln(l - x)Pn(x)Pm(x)dx 

57 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

©
 D

el
 d

oc
um

en
to

, d
e 

lo
s a

ut
or

es
. D

ig
ita

liz
ac

ió
n 

re
al

iz
ad

a 
po

r U
LP

G
C

. B
ib

lio
te

ca
 U

ni
ve

rs
ita

ria
, 2

01
7



10,0,0 ,0 = ln 21o,o,o,o + 2a+b+1r(b+l)f(a+l) x 
l ,n, l,m,a,b l,n ,l ,m,a,b r (a+ b + 2) 

f, (m + l)i (- m)i (n + l)j (-n)j (a+ l)i+j x 

i,j=O (1) ; (l)j (a+ b + 2)i+j j! i! 

[1f; (a+ i + j + 1) - 'lj; (a+ b + i + j + 2)] . 

K~;~:~ :~,a,b = ¡1

1 
(1 - x)ª(l + x)b ln(l + x) P,,(x)Pm(x)dx 

Ko,o,o,o = In 2!0,0,0 ,0 + 2a+b+1_r (b + 1) r (a+ 1) X 
l,n,l,m,a,b l,n ,l ,m,a,b r (a+ b + 2) 

f, (m + l)i (-m); (n + l)j (-n)j (a+ l) i+j x 
. _ (1); (l)j (a+ b + 2)i+1. j! i! 
i,J-0 

(33) 

['I/; (b + 1) - 'lj; (a+ b + i + j + 2)]. (34) 

5o,o,o,o = f 1 (1 - x)ª( l + x)b ln(l - x2 ) Pn(x)Pm(x)dx 
1,n,l,m,a,b j _1 

= 10,0,0,0 + Ko,o,o,o 
l ,n ,1,m,a,b l ,n, l ,m,a,b' (35) 

T~,o ,~ ,o b= ¡1(1 - x)ª(l+x)bln( 1 -x) Pn(x)Pm(x)dx ,n, ,m,a, }_l 1 +X 
_ 10,0,0 ,0 _ Ko ,o,o,o 
- l,n ,l ,m ,a,b l,n ,l ,m ,a,b' (36) 

The results (34)-(37) are valid under the conditions given in (33). 
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