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ABSTRACT

A fairly wide range of special functions can be represented in terms of the hypergeome-
tric and confluent hypergeometric series. Hypergeometric series in one and more variables
occur naturally in a wide variety of problems in applied mathematics, statistics, operations
research, theoretical physics, and engineering sciences. N. Virchenko (1999) has conside-
red the 7—generalization of the Gauss hypergeometric series whereas A. H. Al-Shammery
and S. L. Kalla (2001) have extended the idea of 7—generalizations to Appell’s hyper-
geometric functions F; (i = 1,2,3) and they have also considered the 7—generalizations
of the confluent hypergeometric functions of two variables ®; (i = 1,2, 3). Recently, L.
Galué (2005) has presented one extension of the Humbert functions ¥, U, =y and Zg in-
troducing additional parameters 7,7’. On the other hand, some important computational
problems in the field of numerical integration can be solved by procedure which require
the modified moments. This paper deals with the modified moments of the weight function
(1 —2)%(1 4+ z)°(Inz)?, p = 1,2 on (-1, 1] with respect to the product of 7—generalized
Legendre functions of the first kind. Various particular cases are also obtained.

Key words: 7—Generalized Legendre functions of the first kind, modified moments, in-
tegrals.

RESUMEN

Un gran numero de funciones especiales pueden ser representadas en términos de se-
ries hipergeométricas y series hipergeométricas confluentes. Las series hipergeométricas
en una y mas variables aparecen naturalmente en una amplia variedad de problemas en
matematica aplicada, estadistica, investigacién de operaciones, fisica tedrica y ciencias
de la ingenieria. N. Virchenko (1999) ha considerado la generalizacién 7 de la serie hi-
pergeométrica de Gauss mientras que A. H. Al-Shammery and S. L. Kalla (2001) han
extendido la idea de las generalizaciones 7 a las funciones de Appell F; (i = 1,2,3) y
ademas han considerado las generalizaciones 7 de las funciones hipergeométricas confluen-
tes de dos variables ®; (i = 1,2,3). Recientemente, L. Galué (2005) ha presentado una
extension de las funciones de Humbert W, Wy, = y Zy introduciendo pardmetros adicio-
nales 7, 7. Por otro lado, algunos problemas computacionales importantes en el campo de
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integracion numérica pueden ser resueltos mediante procedimientos que requieren momen-
tos modificados. Este trabajo trata con los momentos modificados de la funcién de peso
(1 —2)*(1 + z)*(Inz)?, p = 1,2 sobre (—1,1] con respecto al producto de funciones de
Legendre T—generalizadas de primera clase. Se obtienen ademaés varios casos particulares.

Palabras Clave: Funciones de Legendre 7—generalizadas de primera clase, momentos
modificados, integrales.

1. INTRODUCTION

A fairly wide range of special functions can be represented in terms of the hyper-
geometric and confluent hypergeometric series. Hypergeometric series in one and more
variables occur naturally in a wide variety of problems in applied mathematics, statistics,
operations research, theoretical physics, and engineering sciences ([5],[7],[17],[19],[20],[21]).
Exton ([9],[10]) has considered a number of problems, such as, finite and infinite statistical
distributions, angular displacement of a shaft, vibration of a thin elastic plate, heat pro-
duction in a cylinder, dual integral equations, etc., which give rise to integrals associated
with hypergeometric series in one and more variables.

In 1999 N. Virchenko [22] has considered the 7—generalization of the Gauss hypergeo-
metric series, whereas A. H. Al-Shammery and S. L. Kalla [3] have extended, in 2001, the
idea of T—generalizations to Appell’s hypergeometric functions F; (i = 1,2,3) and they
have also considered the 7—generalizations of the confluent hypergeometric functions of
two variables ®; (i = 1,2, 3). The 7—confluent hypergeometric function has been used to
study a probability distribution ([2], [4]) and inverse Gaussian distribution [1]. Recently,
L. Galué (2005) [11] has presented one extension of the Humbert functions ¥y, Uy, =; and
= introducing additional parameters 7,7’

On the other hand, some important computational problems in the field of numerical
integration can be solved by procedure which require the modified moments [12], [13].
Algorithms concerning the integrals of Legendre polynomials have been presented [6],
[14], [16].

Nina A. Virchenko [22] has introduced the 7—generalized Legendre functions of the
first kind as:

o 1 (+y?
PI™(2) =
B = fr oy oy
i m-—n m-—n 1—2
2R1<k~ L—k———il—m— ) (1)
where -
TN = BT b ) = L0 I(a+n)(b+Tn)z"

2Ri(2) = 2Rila,bici2) = r Z [(c+7n) n! @)

(@)T(b)

is a special case of Wright’s functions [8], where a, b, ¢ are complex numbers, 7 ¢ R, 7 >
0;a+mn #0,-1,-2,..;b+7m™ # 0,—1,-2,..., when n = 0,1,2,...;a,b,c are such that
I'(a+n),T(b+ 7mn),T(c+ mn) are finite for n = 0,1,2, .... The serie converges uniformly
in |z| < 1.

n=0
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From (1) and (2):

(z+ 1)™2(z — 1)~™/2
(- 75)

X

TPJT’"(Z) =

Z (k o m2~n + 1)jI‘ (—k _ m;n —i—Tj) (1 L Z)j

'l —m+7j)j! 2

Jj=0

with
m

b
m—71j#1,2,..5 |1—2| <2; |arg(z 4+ 1)| < 7.

The purpose of this paper is evaluate the integral

1
m,n,M,N a m,n M,N
I‘r,k,é,h,a,b = /_1(1 —x)*(1+ :v)bTPk (x) P, (x)dx

Re(a) >0, Re(b) >0, 7, ¢ € R, 7, ¢ > 0;
k-T2 41 #£0,-1,-2,...if Tj ¢ N, m¢N,

~h—M=N §ej£0,-1,-2,....ifej ¢ N, M ¢N,

| with j=1,2,3,....,

and their partial derivatives with respect of a and b, where ;P,"""(z) is defined by

m,n o 1 (1 + ‘E)n/Z
B = fa Ty i

R"(k m-—n m-—n 1——36)
241 - ;

1, -k — - m,
-1, 2,1 m,2

k- % F7i#0,—1,-2, . if7j €N, with j=1,2,3, ...,

m¢N, -1<z<1.

For 7 = 1 equation (6) reduces to

1 (14 z)/2
I'(l1—m)(1—az)m/?

Pp ) =

m-n m-n 11—z
2F1<k'— D) +1,-k— 2 ,1—m7 D) ),

m¢N, —-1<z<]1.

If now n = m we get [18, p. 773]

l-m)\1-=z

1 143 m/2 "
PPe) = mp—s <—+—"5> 3, <k+ 1, k1 g L . ‘
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m¢N, -1<z<1.
and for m = 0 with & € Ng,

1—2

P,?(x) = Pi(z) = oF) <k+ 1,-k; 1; ) , —l<z<l. (9)

are the Legendre polynomials.
2. EVALUATION OF THE INTEGRALS I}

For evaluate (4), we first consider

1
ey = / (1-2)*(1+2)° - B""(2)da, (10)
-1

where
Re(a) >0, Re(b) >0, 7 € R, 7 >0, m¢N,
(11)
—k -2t 475 #0,-1,-2,....if 7j ¢ N, with j=1,2,3,......

We substitute - P,"" () from the equations (6) and (2), interchange the order of inte-
gral and summation (in view of the absolute convergence) and we have

L (D) T (k- m )
IF'(l—m+r7j) 4! 2

mn

T.kab T (—k . m;n) =

X

1 .
/ (1 —z)3H=m/2 (1 47)>+/2 g,
-1
Using the result [15, p. 285, No. (3.196.3)]

/b(z —a)" Y b— )" Yz = (b— )" B(u,v)

b > a, Re(p) > 0, Re(v) >0,

we get
2a+b+"""+lr b+ 241
]:nlénab: - (mj;zz . ) 2.C
T (-k-=3"%)
i(k—%+1)jr(—k—%+rj)r(a+j—%+1) 1)
. Tl-m+71))T(a+b— 252 +5+2) j! '

=0

For evaluate (4) we use a similar procedure to the former.
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So, we substitute EP}? [’N(z) from the equations (6) and (2), then we interchange the
order of integral and summation obtaining,

Im,n,M,N o 1 i (h - A’[;N + 1)2' r (“‘h =i ‘112_‘1‘\]‘ + é'i)
e N T(1—M+ei)il 2 *

|
/ (1 - l,)a+i—M/2(1 + .’L‘)b+N/2 TPI:n,n(I) de.
=

From (10) and (12):
gith— GRS (g Mo 1) (| T 4 1),

Z I'(l—m+ 7))

1,j=0

mun,M,N __

T.kehab — T (_k - %) r (_h - #)

[(~k-22+4+7j)T(a— MM 4i4j+1)
T(a+b—Mpmy Nin gy j42)
(h— 255 +1), T (-h— 25X 4 &i)

T(1— M +ei) 4l ! ’

with the conditions given in (5).
If now we derive partially (13) with respect of a, we have

1.
aMN _ O tmaMN : M,N
J:LkT::,h,a,b = ézlfk?s,h,a,b = /1(1 —1)*(1+z)°In(1 — z) Periz) B, (z)dz

2a+b—M—;L"i+—A-I%ﬂ+1F (b+ N-2+—n + 1)

JrmMN o pmn MN -
7,k,e,h,ab 7,k,e,h,a,b T (—k o ﬂl_é_—ﬂ) T (—h L M;N)
X (h— MM 4 1) T (=h— M55 +ei) (k- 252 +1)

i J
;o T(1- M + i) T(l—m+1y) "

D(—k—m=n 4 2D (q— Mtm 4 ;151 M
( 2M+mJ) N(+n — ,)[ (a——ﬂ+i+j+1)—
T(a+b—Mfm 4 Nin i iy j49) jlil 2

X

M—+—m+N+n
2 2

w<a+b— +i+j+2)} (14)

where ¢(z) = E—I(%l is the logarithmic derivative of the Gamma function [17].

We also obtain from (13)

/ 0 ! .
K e hinh = pylrieah = / (1-2)*(1+2)’In(1+z) 2" (2) PN (2)da

a+b—Mim  Nin g N+n
ma,M,N maMN | 2 G T T (b+ 32 +1)
K =121

= = + = — X
7.k,e,h,a,b 7,k,e,h,a,b r (—k o %) T (—h I AI2N)
2 (h—MzN 4 1) T (=h— 255 +ei) (k- 252 +1),
i]z‘z:o 'l - M +¢i) I'(l—=m+7yj)
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T'(a+b—Mm g Nin oy g 5492) jtil 2
]V[+m+N+n
2 2

w<a+b— +i+j+2>}. (15)

From (14):

9* , ! : ,
R = B3 rihat = / (1-2)+ 2)PIn*(1 - 2) PP (x) PN (2)da

adb Mim | Nin 4y Nin
Rm,n,]ﬂ,N . 1112 2Im,n,]M,N 2 : . r (b + 2 + 1)

+ x
7.k h,a,b ke h,ab 9 - =~
€ T,k F(__k__m2n)r(_h_1t12’\)
i(h—M—;ﬂH)iF(—h—&;ﬂﬂi)(k—%ﬂ)j
i,j=0 Pl - M +ei) F(l-m+rj)
D(-k—"2+7j)T (a— ™ it 5+1)
[(a+b—2m 4 Nin gy j492) 41l
{21n2[¢<a—M;m+z’+j+1>-
M + N+ .
w(a+b— 2m+———2n+z+]+2>}+
M+ 4 3 M+ N+ o 2
[1/)<a— 2m+z+j+1)—~w<a+b»— 2m+—-—-—2n+z+]+2>]+
M M N
w’(a— ;rm+z'+j+1>—w’<a+b— ;m+ ;7l+i+j+2>}. (16)

From (15):

o2 / i: " .
Qrieiian = Galriehas = / (1= 2)°(1+ )" (1 +2) PP () PN (o)
-1

M+m n
QrMN 29 prnMN A S ) (b+ —N;" +1) ¥
7,k,e,h,a,b 7,k,e,h,a,b T (—k _ m-Q-n) T (—h - A{;N)
i (B MK 4 1) T'(~h— 25 4 o) (k- Bph g 1)

e I'l — M +e1) I'l-m+7j)

[(—k—22 4+ 7j)T (a— 22 4 i+ j+1)
I'(a+b—Mmy Ngn g4 54 9) 514

{21n2[¢ <b+N2+"+1)—
M N
¢<a+b— ;m+¥+i+j+2>}+
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2 2

N M N
w’(b+$+1>—w'(a+b— ;m+—;—"+i+]‘+2>}. (17)

From (14) and (15) we have

N M N ?
[¢<b+ ;7l+1>—¢<a+b— +m+———+—ﬁ+i+j+2>}+

1
i A /_ ] (1-2)%(1+2)*In(1 - 2?) ,P™"(z) PN (2)dz

_ ymun,M,N m,n,M,N
J‘r,k,a,h,a,b + Kr,k:,s,h,a,b' (18)

1
m,n,M,N A l—x , M,N
T‘f‘,k,&‘,h,a,b = /—1(1 S I) (1 + I)b In <m) TPZ"’"(.I) 5Ph (.’l')dlf

_ gmn,MN myn,M,N
=Jrkehab ~ Brkehab (19)

The results (14)-(19) are valid under the conditions given in (5).

3. PARTICULAR CASES

a)If 7 =¢=11in (13)-(15) and in (18)-(19):
1
e / (=214 ) B @) B @)

oot ML (p 4 N 4 )T (o - M 1)
I(1-MJI(1-m)T (a+b— Mfm 4 Nin oy 9)

a-Mim 4. p MEN4 g p MEN.j_men g

F1:2;2
1:151
a+b—Mfm g Nin i 91— M;

1,1 |, Re(a) >0, Re(b) >0, m,M ¢ N (20)

A (ap) : (bg); (ck);
Ff;g’; o z,y | is the Kampé de Fériet series [20, p. 27].

() = (Bm); (n)s
1
Parreia /_ 1(1 —z)*(1 4+ 2)°In(1 — 2) P™(z) PN (z)da

where

2a+b—¢“’27"’+%+11—\ (b + N;—n + 1)

nMN _ m,n,M,N
Jlrtlk,l,h.a,b - ln2Il,k,1,h,a,b+ F(l il M)F(l _m)

55

© Del documento, de los autores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017



Pla—dgmen) & (ho 58 1), (- H5Y)

g i
F(a+b——-—M;m+N—§ﬂ+2)i§§0 (1= M); (1 —m);

(15— 252), (R -=52 + 1), (s - H= +1), . [w(a_MerH+ ,+1>
(a+b—w+¥+2hﬂ-j”’ % !

M N
—1/)<a+b— ;m+ ;n+i+j+2)]. (21)

1
m,n,M,N 8 M,N
K = [1(1 —2)*(1+ )’ In(l+2) Py""(z) P, (z)dzx

2a+b—ﬂ%m+y%ﬂ+lr (b+ N;—n i 1)

AMN mn,M,N
Ky i has = W21 hGp + T = M)T(1=m) %
( M—-N M-N
L(a— 5™ +1) i (h—25~+1); (-h-%57),
Da+5—+ S S 1 2) oo (1= M); (1—m);

(k_mQ_n"'l)j(_k_ﬂz:ﬂ)j(a‘M;rm+1)i+j [w<b+N+n+1)_
(o+8= 72 5% +2), . i 2

M N+n
1/;<a+b—— ;7n+——;:—71+i+j+2>]. (22)
1
m,n,M,N a i M,N
Sl,k?l,,hl,a,b = / (1-2)%(1+4z)°In(1 — 2?) P (x) P, (z)dx
,M,N 7, M,N .
= Tkt has + KRt hab (23)
1
1- ’
T e e = / (1-2)%(1+2)’n (1 n x) P (z) MY (2)da
ey S gP Ry ~] I
m,n,M,N m,n,M,N
= ikt nas ~ Biklhab (24)
The results (22)-(25) are valid under the conditions given in (21).
b)Ifn=my N =M in (20)-(25):
1
e = / (A-aras a)' PP () PM (2)dx
a5 2a+b+1r (b+ ]VI-2+—m o 1) T (a o M-Qi-m + 1)
"" I(1-MI(1-m)T(a+b+2)
a—-Mfm 41 h+1,  —hy k+1, —k
Fiz 11 (25)
a+b+2: 1-M; 1-m;
Re(a) > 0, Re(b) >0, m, M ¢ N. (26)
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1
J;nk"f,?latl = /_1(1 —2)*(1+z)°In(1 — z) P™(z)PM (z)dx

JgmmMM _ o pmam MM gprerlp (b + —M; + 1) r (‘1 T _M; 1)
=In +
Lk.1,4,0,b L1 Aa0 Fr1-—MTI(1-m)T(a+b+2)

i (h+1); (=h); (k+1); (-k); (e — ¥f™= +1)

b (1-M)i(1-m); (a+b+2),; i

i+]

[w(a—M;m-l-HjH)—w(a+b+i+j+2) . (27)

1
R = [ 1(1 —z)*(142)°In(1 + 2) P[*(z) PM(z)dz

Fmm MM _ o pman MM 2%HHID (b MIm 4 )T (o — MF™ +1)
thihab = M2Ikha T(1—MT(1—m)T(a+b+2)
= (h+1); (—h); (k+1); (—k); (a2 H-1)

i;:o (1=M); (1 —m); (a+b+2)i+j il

i+j

M

[w<b+ ;m+1)—w(a+b+i+j+2) . (28)
MM ! b M

S;tllé?;:h,z;,b = /1(1 —z)*(1+4z)’In(1 — z?) Pl (z) P, (z)dz

_ ymm,MM m,m,M,M
=Jikihap T Eig1hab- (29)

1
M,M 11—z
T hab = /_ =) +2)°In ( : H) PP (z) PM (2)dz

m,m,M,M m,m,M,M
=L dihas ~ Kigihab- (30)

- The results (28)-(31) are valid under the conditions given in (27).
c)If m=M =0, k=n and h =m in (26)-(31) with m and n € Ny:

1
If;gﬁfmb = /_ 1 (1 = 2)%(1 + 2)°Py(z) P (z)da

27T (b 4+ )T (a+ 1)

I'(a+b+2)
a+1: m+1l, -m; n+1l, -n;
F11;:12;;12 1,1 (31)
a+b+2: 1 1
Re(a) > 0, Re(b) > 0, m,n € Ny. (32)

1

Jﬁfy‘?fma,b = /_ 1(1 —2)*(1 4 2)° In(1 — 2) Py (2) P (z)da
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20t (b + 1) T (a + 1)
0,0,0,0 | 0,0,0,0
Jl,n,l,m,a,b =In2 Il,n,],m,a,b + I ((L +b+ 2) e
X (m+1); (-=m),(n+ l)j (-—n)j (a+ 1)i+j "

2 D (D; (a+b+2),,; 5!

i,j=0
Wa+i+ti+1l)—v(@+b+i+j+2).

1
KIS0, o= [ (=20 + 001+ 2) Pa(o)Paa)i
’ -1
0,0,0,0 0,0,0,0 20t (b4 1) T (a + 1)
Kl,n,l,m,a,b =In2 Il,n,l,m,a,b T (a+b+2)

= (D Cm)i (14 1); (o) (a+ D)y
Z (1)i (1); (a+b4]—2)i+], Jj! il X

i.j=0

[W(b+1) =y (a+b+itj+2).

Ln,lmab =

1
Sl map = / (1 - 2)%(1 + 2)° (1 — 22) Po(2)P(x)dz
=)

_ 70,0,0,0
iIa Jl,n,l,m,a

0,0,0,0
1,n,1,m,ab"

,b+K

' 1—=z
10098 1= [ -2+ (152) Po)Palolio
-1

= Jo.0.0,0 70,000
— “Inlmab 1,n,1,m,a,b

The results (34)-(37) are valid under the conditions given in (33).

58

(34)

(35)

(36)

© Del documento, de los autores. Digitalizacion realizada por ULPGC. Biblioteca Universitaria, 2017



ACKNOWLEDGEMENT

The authors would like to thank CONDES-Universidad del Zulia for financial support.

REFERENCES

[1] Ali, I., Kalla, S.L. and Khajah, H.G. A generalized inverse Gaussian distribution
with 7—confluent hypergeometric function, Integral Transform and Special Functions, 12
(2) (2001), 101-114.

[2] Al-Sagabi, B. N., Kalla, S. L. and Shafea, A. On a probability distribution
involving a 7—confluent hypergeometric function of two variables. Algebras Groups and
Geometries 19 (2002), 254-276.

[3] Al-Shammery, A.H. and Kalla, S.L. An extension of some hypergeometric fun-
ctions of two variables. Rev. Acad. Canar. Cienc., XII (2001), 189-196.

[4] Al-Zamel, A. On a generalized gamma type distribution with 7-confluent hypergeo-
metric function, Kuwait J. Sci. Eng., 28 (2001), 25-36.

[5] Andrews, L.C. Special Functions of Mathematics for Engineers, McGraw-Hill, New
York (1992).

[6] Blue, J. L. A Legendre polynomial integral. Math. Comp., 33 (1979), 739-741.

[7] Carlson, B.C. Special Functions of Applied Mathematics. Academic Press, New York
(1977).

[8] Dotsenko, M. On some applications of Wright’s hypergeometric functions. C.R. Acad.
Bulgare Sci. 44 (1991), 13-16.

(9] Exton, H. Multiple Hypergeometric Functions and Applications, John Wiley & Sons,
New York (1976).

(10] Exton, H. Handbook of Hypergeometric Integrals. Theory, Applications, Tables,
Computer Programs, John Wiley & Sons, New York (1978).

[11] Galué, L. An extension of some Humbert's functions. International Journal of Ap-
plied Mathematics, 17 (2005), 91-106.

[12] Gautschi, W. On the construction of Gaussian quadrature rules from modified
moments. Math. Comp., 24 (1970), 245-260.

[13] Gautschi, W. Questions of numerical condition related to polynomials, in Sym-
posium on Recent Advances in Numerical Analysis. Academic Press, New York, 1978,
45-72.

[14] Gautschi, W. On the Preceding Paper ” A Legendre polynomial integral” by James
L. Blue, Math. Comp., 33 (1979), 742-743.

[15] Gradshteyn, I.S. and Ryzhik, I.M. Tables of Integrals, Series and Products.
Academic Press, New York, 1980.

[16] Kalla, S.L. and Conde S. On a Legendre polynomial integral. Tamkang J. Math.,
13 (1982), 49-52.

[17] Lebedev, N.N. Special Functions and Their Applications. Dover Publications Inc.,
New York, 1972.

[18] Prudnikov, A.P., Brychkov, Yu.A. and Marichev, O.1. Integrals and Series,
Vol. 3: More Special Functions. Gordon and Breach Science Publishers, New York, USA,
1990.

59

L, 2017

2
E
5
g
2
)
z
I
I3
g
<]
s
5
2
3
5
i
]
£
g
El
kS
3
£
]
3
3
g
£
§
g
]
g
£
2
o



[19] Seaborn, J.B. Hypergeometric Functions and Their Applications,
Springer-Verlag, Berlin (1991).

[20] Srivastava, H.M. and Karlsson, P.W. Multiple Gaussian Hypergeometric Series,
John Wiley & Sons, New York (1985).

[21] Srivastava, H.M. and Kashyap, B. Special Functions in Queuving Theory and
Related Stochastic Processes, Academic Press, New York (1982).

[22] Virchenko, N.A. On some generalizations of the functions of hypergeometric type.
Fractional Calculus & Applied Analysis. Vol. 2, No. 3 (1999), 233-244.

60

L2017

2
E
5
g
2
)
2
o
I3
g
<]
s
5
2
3
5
i
H
£
g
El
k
a
£
2
3
3
g
£
§
g
]
8
£
2
o





