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ABSTRAC'r 

In this paper the generalized Hankel type integral transf ormation 

depending on three real parameters defined by 
CX> , r ~ -20t •v °' v F2<Y>=<F2 ,µ .P. .fi ,v f> (y)= v(1~ x (:xy) Jµ [(1 {xy) Jf(x)dx (µ~-1/2) 

where Jµ(x ) is the Bessel function of the first kind of orderµ,which 

reduces to almost all the Hankel,generalized Hankel and Hankel type 

integral t r ansformations,is extended to certain spaces of generalized 

functions by the kernel method in such a way that the theory of E.L. 

Koh and A. H.Zemanian in relation with the Hankel transforma.tion 
CX> 

FCy) = O~f) (y) = f -1 (XY)Jµ (XY)f(x)dx 
o 

(µ~-1/2) 

appears then as a particular case for v=l.fi=l,0t=l/2 An inveraion 

theorem ia eatabli shed by interpreting convergence in the weak 

distributi onal sense.The theory thua developed is applied to solve 

certain initial value problema. 

KEY WORDS Genral ized Hankel type transforma.tions.generalized functions, 

countable union spacea,inveraion theórem, adJoint method, 

operational calculua,generalized Cauchy problema. 

1 INTRODUC'rION 

Some generalizations of the claasical Hankel transformation (15 & 17] 
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co 
= f -t'{xy)J {xy)f(x)dx 

o µ 
{µ:1:: - 1/2) 

were given by many authors from time to time.Recently Halgonde [4] 

introduced the generalized Hankel type transformation depending on 

three real parameters {a ,fi ,v) defined by 
co 

(1.1) 

-< -eaievJ. a v 
F1Cy>=<Fl.µ,.a,fi,vf)(y)=v~ y 0 (xy) Jµ(p{xy) ]f(x)dx (µ:1:: - 1/2) (1.2) 

where a,~ and v are any arbitrary real numbers and Jµ{z) is the Bessel 

function of the first kind of orderµ .Later on Halgonde [5] extended 

(1.2) to certain spaces of generalized :functiona by kernel method. The 

F 1-transformation (1.2) was aleo extended by Halgonde and Bandewar [8] 

to certain generalized :functions of slow growth through a generaliza-

tion of mixed Parseval equation (1.7) given below. 

A new variant of the generalized Hankel type integral 

transformation depending on three real parameter (a ,fi ,;-' ) is defined by 

(1.3) 

where a,~ and v are any arbitrary real numbers and Jµ{z) is the Bessel 

function of the first kind of order µ • 

Recently two variante of Hankel type integral tranaformations defined by 
co 

F f i+Zµ J. -µ f dx F(y) =C l.µ ,v )(y) = y o {xy) Jv (xy) (X) (1.4) 
co 

f. •+zµ -µ dx 1 5) F{y) =CF2 .µ ,v f) (y) = 0 X {xy) Jv (xy)f(X) ( . 
where Jv {X) is the Bessel function of the first kind of order v (v:1:-l/2) 

and µ is an arbitrary real parameter,which are particular cases of (1.2) 

and (1.3) respectively for ~=1,v =l,a =-µ, µ:::v, have been extended to 

certain space of generalized functions by Halgonde [6 and 7] . 

In view of the general nature of the kernel involved in the 

transformations (1.2) and (1 . 3) on specializing the parameters we obtain 

almost all the Hankel transformations [14,15,16,17],the Hankel-Schwartz 
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tranaform [12],the Hankel-Clifford tranaform [9],amongat othera. 

We ahall uae quite a few times the aaYJDPtotic expansiona 
V /"27°' -V /Z. V V -3 /2 Jµ fftx Jl; / {tr x coa [ftx -(n/2){µ + 1/2)] +O (fix ) ,aa ;x.oo 

Jµ fft-i" P (T' (l+v )]<Z'" (~.,t' /2f , aS X+O ,µ2:-1/2 (1.6) 

and the following aome of the important clasaical resulta [4]. 

THEORmi 1 (Inveraion formula) 

If f(x) is of bounded variation into a neighbourhood of the point x=x0>0, 
a> 

µ2:-1/2 and the integral J0 1f(x)1 xª-;..> / 2dx exista, then 

lim R -1-2:>+2-> a v 1 
R+oo v~Jo y (lby) Jµ[ft(lby) ]F2(y)dydx=2 [f(lb+o)+f(Jit,-0)]. 

THEOREH 2 <Mixed Paraeval"a equation ) 

a-+µ ..J'v -a -1 +2-> If f(x)x and F2 Cy) are in t 1 co,oo>.F1Cy)=F1 ,.upJ1,.v [f(x)](y) 

and F2 Cy>=F2 ,.u •ª J1 ,v [g(x)](y) then for µ 2: -1/2 

a> a> J f(x)g(x)dx 
o 

= f F1 Cy>F2 Cy)dy 
o 

(1.7) 

According to M~ndez [10] the equality (1.7) is called the mixed Para-

eval ·a equation for the F2-tranaformation or F2 ,.u P J1 ,.v-transformation 

Aa it ia well-known there exiat two waya to define an integral 

tranaform of generalized functiona,the adJoint and the kernel method.The 

adJoint method has been e1QPloyed by Zemanian [17],Méndez [10],Lee [3]. 

Schuitman [11],amongat othera.The kernel method waa uaed by Koh and 

Zemanian [2J,Dube and Pandey [l],amongat othera. 

In the preaent paper we extend the F2-tranaformation (1.3) to 

other apaces of generalized functiona following a different procedure 

called the kernel method. Theorema on amoothneaa • boundedneaa. inveraion 

and uniqueneaa , together with an operation - tranaform formula for a 
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Beaael-type differential operator are preaented. 

The notation and terminology uaed here are thoae of Zemanian (17]. 

Throughout this work I denotes the open interval (0,oo). D(l ) denotes the 

space of B1DOoth functions whose aupporta are com.pact aubsets of I. We 

assign to D(l) the topology that makes ita dual D'(!) the space of 

Schwartz'a distribution on I (13].E(I) and E'(!) are, respectively, 

the space of amooth functions on I and the apace of distributiona with 

compact aupports on I.We use the following operators: 

- d k 
D=Dx- dx • <'\x ,µ ,v ) =< x -a -µvDx xa,iv+l¡,x x -µv-to1+l-:a.>) k and 

A* )k =<x-µv-to1+l- a.>D 3-iv+l¡, -a-µv k 
a,µ,v x x x x ) for k=0 , 1.2, • . .. 

Let a,µ and v be any arbitrary real numbera.H1 ,p.,µ P and 1\ P.,µ P 

denote the linear apaces consiating of all B1110oth co111Plex- valued 

functions ~<x> on I auch that. for every pair of non-negative i ntegers 

(m,k), the numbera 

Y 1 p. ,µ p (~(X)) 
m ,k 

= aup 
O<><<a> 

and 
y2 ,a ,µ ,v (~(X)) = 

m ,k 
BUP 

O < >< < CO 

(1.8) 

(1.9) 

00 

exist respectively. The set of aeminorma { r ;-; ,µ ,v } m,k::n where i=l,2 

generatea the topology of H1 ,a ,µ P and ~ P. ,µ P respectively. The duals 

of "' and "' are denoted by H' and u·,.. ,µ ,, respective!~ ·1 p. ,µ p ·~ ,a ,µ p 1 P. ,µ P •'ll .- r 

2. THE TESTING FUNCTION SPACES 1H"' ,µ P •a AND 1H ot ,µ ,v (o ) AND THEIR DUALS 

Let a denote a positive real number anda ,µ ,v be any arbit rary 

real parameters. Then for each a ,a ,µ , and v we define 1H °' ,µ P , a aa the 

space of testing functiona~(x) defined on O<x<tn and for which 
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(2.1) 

for k = 0,1,2,-----. 

We assign to D-1 the topology generated by the countable multinorm 
Ol ,µ ,v •ª 

{l?~ ,µ ,v ''~=o. D-1ª ,µ ,v ,aiB Hauedorff epace, since l?~ ,µ->' •ª ie a norm on 

D-la ,µ ,v , 6 .Horeover,D-1ª ,µ ,v ,ale a locally convex linear epace that satiefies 

the firet axiom of countability.The dual space D-1 1 consiste of all a,µ.;.>,a 

continuoue linear functionale on D-1 
Ol ,µ ,v ·ª 

Following Koh and Zemanian [2] and Halgonde [6],we now liet eome 

propertiee of theee spacee. 

(1) Let µ ~ -1/2, a > O anda ,v be any arbitrary real 

-1-:;tll +2.> Ol V parameters and K1 (x,y)=~x (:xy) Jµ [15 ( :xy) ] .For a fixed poeitive re< 

number y, 

~ (K 1cx.y)] e D-1 • m = 0,1,2 •..... iJy a,µ,v,a 

(ii)D-la ,µ ,v ,a le eequentially complete and therefore a Frechet 

epace.Hence D-1~ le aleo eequentially complete. 
~,µ.;.>,a 

(iii) If a>b>O, then D-1 be D-1 ,and the topology of D-1~ ,µ v ,b a,µ.;.>, a,µ,v,a ~,.. 

is stronger than that induced on it byD-1 . a.,µ.,v.,a 

Civ)Hl.a,µ,v ie a proper eubset ofD-la,µ,v,afor every choice of a>O,and 

the topology of Hl. a ,µ,v le etronger than that induced on i t by D-1 a ,µ . .., . a 

(v)D(I)c D-la ,µ.v. a ,and the topology of DCI> is stronger than that induced 

on it by D-1ª ,µ.v. a 

Cvi)For every choice of a,µ ,v anda, D-la ,µ ,v ,a e E(I) .Horeover,it 

is dense in EC I) becauee DC I) e D-1 and D( I) is dense in E< I). a,µ ,v ,a 

The topology of D-la ,µ.;.>,a is atronger than tllat induced on it by 

ECI) .Hence,E-CI> can be identified with a subspace of D-1.; ,µ,....,a . 

Cvii )The operation </>-> ll </> is a continumts linear mapping of D-1~ ,, ,, a 
OlJ.J:ti> ....... ,,...,, .... ,, 
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into itself aince 

T):,µ,µ,a(Acx,µ,µ<I>) = T)'::'1¡"'•ª (</>) for k = 0,1,2 .... 

(v111)Let f be an arbitrary element of IH .Then there exiat cx,µ,µ,a 

bounded meaaurable functiona Ki_(X) defined for x>O and 1=0,1,2 ... ,r, 

where r la eome nonnegative integer dependlng upon f, auch that for an 

arbltrary <I> e D(l) we have 

(f "') = ( ~ (A• )' ~ -a< ""1-'"'iex+l-a..> (-D ) 
ff •=o cx.,µ,v ,e x x> ~{X}• </>{X) • 

We turn now to the deflnltion of a certaln countable-unlon 

apacea IHcx ,µ,µ{u> that arlse from the IHcx ,µ .v •ª apacea. Our aubaequent 

diacuaaion takea on a aimpler form when the IH ex ,µ ,µ {u ) apacea are 

uaed in place of the 1H ex ,, v apacea. 
--~ ,.a 00 

Following Koh and Zemanian [2]. IHcx ,µ ,µ {u >=P'U~ IHcx ,µ ,µ. aP la the 
00 countable-unlon apace, where { ~ }p=l la a monotonic aequence of 

poaltlve numbera auch that a ... u {u=-1a> la allowed) .A generalized 
p 

functlon f la FÍ,µ •ª ~ ,v -transformable lf :lis IHC:. ,µ ,v (u) for aome u>O, 

where !Ha' ,µ ,, (u ) la the dual of IH (a ) • .- ex,µ,., 

In vlew of our definl tiona of IH ex ,µ ,µ {u ) and ita dual, the 

following leamaa are 1.mnediate. 

LEHHA 1 For any flxed y>O. 

where 0'>0. 

LEHHA 2 For every choice of O' >o • Hl.cx ,µ ..... e IH {u), cx,µ,v 

and convergence in H1 , ex ,µ,v impliea convergence {a). 

The reatriction of :lis IH • (O' ) to H la in cx,µ,v Lcx,µ , v 
and 

convergence in IH_; ,µ,..., (a) impliea convergence in Hi, ex ,µ , v 

LEHHA 3 The operation <I>-+ !:;.ex,µ•"' </> la a continuoua linear mapping of 

IH (O') into itaelf.Hence the operation f ... A* f la a continuoua ex,µ,µ ex,µ,µ 

linear mapplng of 1H • (O') into itaelf [17]. 
Ot,.µ ,.v 
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Aa waa indicated in note(vi), IH' (o) containa all a,µ,v 

diatributions of compact aupport on I=<O,oo).Similarly any 

conventional function f for aome a<o is a member of IH d ,µ .,v (o ) , as 

ia every generallzed derivatlve ( t..* )k f ,k=l,2,3 .•. accordlns to 
OI ,µ,V 

Lemma 3. Horeover, we may aay that the membera of IH • (o ) are a,µ ;v 

"generallzed functlons of exponentlal deacent",aince the 

multiform { n~ ,µ ,v 'ª} shows that the teatins functiona </> e IHª ,µ ,v ,a 

are at moat of exponentlal growth. 

3 THE GENERALIZED HANKEL TYPE INTEGRAL TRANSFO.RHATION F' 2,µ ,a /3 ,v 

Let µ~ -1/2 and a,v be any arbitrary real numbers.In view 

of note (111) Of § 2, to every fe IH • there exista a unique a,µ .,v ,a 

real number ºe ( posslbly ,o, =-fO> ) auch that f e 1H • b lf b0, and a,µ,v, 

:D!' 1H • b lf b», _ Therefore, f e IH • (o, ) . We define the µ thorder 
OI ,µ .,V , OI ,µ ,v 

generallzed Hankel type integral transform F2,µ P. 13 .,v f of f as the 

application off to the kernel '1_<x,y) ; 1.e., 

F2 (y) = (FÍ,µ •ª l3 ,v f) (y) = ( f(x) , 1 1 (x,y)) (3.1) 

where O<y<oo and o ¡>O. The risht hand side of ( 3. 1) ia meaningful by 

Lemma 1 for each y>O and o f>O. 

LEHHA 4 Let a and o f be fixed real numbera auch that O<a0 f -

For all fixed y>O, for µ~ -1/2 and for O<xc 

je-axlft(XY)v]-¡.¡ Jµ[ft(xy)vll < Aµl3.,v (3.2) 

where ~ /3 ,v ia a constant wl th respect to x and y. 

PROOF:The proof la simple and can be verified as it was made by Koh 

and Zemanian [2]. 

THEOREH 3 (Analytlcity of F2 (y)):For y> O, let F2 (y) be deflned by 

(3.1). Then 

~y F2 (y) = < f(x) 
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PROOF:The proof can be eaaily verified following Koh & Zemanian [2]. 

TBEOREM 4 {Boundedness of F2{y)):Let F2{y) be defined by {3.1). 

Then F2{y) is bounded according to 

{ 
e y .... -a •v -#Jv as y ... O.-

l F 2< Y> l :S 2Vr-t.-a+2v+µv {3.3) 
e y as y+oo 

where e is a positive constant and r is non-negative integer. 

PROOF :Proof is very similar to that of Koh and Zemanian [2]. 

In view of note {iv) off 2 and Lemma 2, if f is in IHd ,µ. ,v (uf) 

then f belongs to Hia,µ..v provided that µ ~ -1/2. We now show 

that generalized Hankel type integral transform of :6=1'.Hd ,µ. ,v (uf) given b1 

(3.1) is equal {in the sense of equality in H1• .. >to the generalized ,a,µ.-

Hankel type integral transform of f aa given in Malgonde and Bandewar [1 

by {3.4) 

for every :teH'l,a ,µ. ,v and </> e Hl,a ,µ. ,v 

THEOREM 5 Let :LE IH • (ar ) • </> e IH 1 , and µ ~ - 1/2. Then 
()( ,µ. ,v ·ª ,µ. ,v 

00 

< <f{x) , K1 cx,y)> , </>(y)> ::l(f(x) J0 K1 cx,y)<l>{y)dY.>. 

PROOF:Proof follows on the similar linea as that of Malgonde (5]. 

TBEOREM 6 Let F2 Cy)=CF2 :µ ,a .fi ,v f)(y), :6=1'.H; ,µ. ,v (ar) as in (3.1) where 

y>O.Let µ ~ -1/2.Then,in the sense of convergence in D'{l), 

f(x) = lim ~a F2 <Y>12<x.y)dy 
R+~ -iZOl+2V Ol V 

where K2 Cx,y) =~ y {xY) JµCf3(xY) ] 

PROOF :Let </>{x)eD(l). We wish to show that 

< ~ªF2 <Y>12<x.y)dy • </>{x) > 

{3.6) 

{3.7) 

tends to <f{x), </>(x)> as R ... oo.From the smoothness of F2 (y) and the 

fact that support of </>{x) is a compact subset of I,we may write 
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(3.7) as a repeated integral on (x,y) having a continuoua integr­

and and a finite domain of integration. Hence we can change the 

order of integration and obtain 
00 R R 00 

-{, <P<x>¡; F2<Y>K2cx,y)dydx~ <f<t>,K1ct,y)~ <P<x>K2 cx,y)dxdy. (3.8) 
J'R 

By an argument based on Riemann suma for the integral 0 • • dy 

the right side of (3.8) can be written as 

< f(t) , t;R K1Ct,y) ~001/>Cx>K2Cx,y)dxdy > 

By the formula in Malgonde [4] 

R ~ i2V V V 

(3.9) 

vflt; Y Jµffi(ty) ]Jµffi(xY) ]dy 
It' [V V V V V V 

=zv ;zv X Jµ-kffi(xR) ]Jµffi(tR) ]-t Jµ-kffi(tR)] Jµffi(xR)] 
X -1; 

and the aaymptotic repreaentationa of the Bessel functiona enable ua 

to show that for any a>O,the teating function in (3.9) converges in 

D-fa,µ,v,atol/>(t) as R+oo . Since :fj¡;D-fd,µ,v,awtiere O<a4"f ,it follows that 

(3.9) converges to <f(t),l/>(t)> as R+ oo. Thia provea the theorem. 

'llfEOREH 7 (Uniquenesa theorem) :Let F2 (y):::C F2,µ ,a .fi ,vf) (y) for y>O 

and G2 (y):::C F2,µ ,a .fi ,v ti> (y) for y>O,f and g being in o-t,; ,µ ,v (O'). 

If F2 Cy>=G.i<y),for every y>O,then f=g in the senae of equality in D·cr>. 

PROOF :By Theorem 6 , f-g = J~ .¡;Re F2 <y>-G.i<Y>l K..z<x,y)dy = O. 

4. AN OPERA TI ON -TRANSFORM FORMULA 

In thia section,we shall apply the preceding theory in solving 

certain differential equationa involving generalized fuilctions . 

• We define the operator ll : D-f • (O'r )+o-ta· /1 .. (O'f ) by the relation 
a • µ ,v a ,µ ,v ,,.... , ..... 

• < .t.a,µ,vf(x), l/>(x)) = < f(x) , lla,µ,v l/>(x)) (4.1) 

for all :ti= o-t,; ,µ ,v (O'r )and </> e D-fa ,µ ,v (O'r ), µ:<!: - 1/2 and for a and v 

arbitrary real numbers.It can be readily seen that 

83 




