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WEISNER’S METHODIC SURVEY
OF MODIFIED LAGUERRE POLYNOMIALS*

A K.CHONGDAR - G.PITTALUGA - L.SACRIPANTE

ABSTRACT - A good number of generating functions involving modified Laguerre
polynomials L, 4 m () have been derived by some researches ([4-7]) by suitable single
interpretation to (i) the index n, to (ii) the parameter m and by suitable double
interpretation to (iii) the index n and the parameter m simultaneously while applying group
theoretic method of obtaining generating functions introduced by L.Weisner in the study of
modified Laguerre polynomials. In this article the authors have made a modest attempt to
present a comprehensive Weisner’s methodic survey on the polynomials under consideration.
Moreover they have shown that the results obtained by double interpretation while studying
Ly b, m,n(x) by the application of Weisner’s method can be easily derived from the results
obtained by single interpretation to the index n while investigating L,y p_p o(2), a
modification of L, 4, n(2) by the same method.
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1. Introduction. In 1983, Goyal [1] defined the modified Laguerre polynomial as
follows:

(1.1) Lo b mmnl®) = b“—?)" £ (—n,m; ﬂ) , m#0,-1,-2,... |
n! b

satisfying the following ordinary differential equation

ax

(1.2) .rDZu. + (m -3

)Dru—i—n%u:O , Dp=—.
b

In 1955, Weisner [2] gave a method of obtaining generating functions from the Lie
group view point, which is subsequently known as "Weisner’s group theoretic method of
obtaining generating functions” while investigating Hypergeometric polynomials.

Weisner’s method of obtaining generating functions consists in constructing a partial
differential equation from an ordinary differential equation satisfied by a certain special
function by suitable interpretation to either the index or to the parameter of the special
function under consideration and then finding a non-trivial continuous transformations
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group admitted by the partial differential equation. The above method is lucidly
presented in the book "Obtaining generating functions” written by E.B.McBride [3].

Very recently this method has been extensively utilized for obtaining generating functions
of modified Laguerre polynomials as defined in (1.1) by Singh and Bala [4] with the
interpretation of the index n, Chongdar and Majumdar [5] by the interpretation of the
parameter m, Sen and Chongdar [6] and Chongdar, Pittaluga and Sacripante [7] with
the double interpretation of the index n and the parameter m simultaneously.

While investigating generating functions of L, m,n(z) by Weisner’s group theoretic
method by the interpretation of the index n, Singh and Bala considered the set of
operators:
A =y—,
1=Y dy
, 0 %)

By =gt L
2 Ty o ay’

Az = bl‘y—a- + by2—é—)— + (bm — ax)y
Ox Jy

such that

‘41(La,b,m,n(17)y") :”La,b»m,n(‘r)ynq
AAZ(LH,b,m,n(-'L'):'/”) == b(l —m — n)Lu,b,m,n—l(I)yn_l )
4‘13(14(1,[7,171,11(11'):'/") = (77 + 1)Lu,b,m,n+l(‘r)yn+l .

The following commutator relations satisfied by Aq, A2, A3
[A1, 4] = — 45,
(A1, A3] =43,
[A2, A3] = — 2bA1 = bm,
where
[A,Blu = (AB — BA)u,
show that the set of operators {1, 4}, As, A3} generates a Lie algebra £; .

For obtaining generating functions by suitable interpretation of the parameter m,
Chongdar and Majumdar [5] considered the set of operators

ad
By, =y—,
'Yy
B __b‘ ,
2_(Ly0.1r ¥

9] %)

Bi=gy-'2l L9 _ 1
A 0;7‘+0y d
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such that
BI(L(L,b,m,n(l')ym) = 7nLa,b,m,n($)ym

B‘Z(Ln,b,m,n(a")ym) = = Lu,lr,n1+l,n($)ym+17

BIE(La,h,m,n(I')ym) =(n+m+ l)La,b,m_l,n(I)ym_l #

The following commutator relations satisfied by B;,7 = 1,2, 3,

(B1,B2] =B,
(B1,Bs] = — Bs,
[BQ, Bg] :1
show that the set of operators {1, By, B2, B3} generates a Lie algebra £, .

For obtaining generating functions by suitable interpretations of the index n and the
parameter m of the polynomial, Sen and Chongdar [6] considered the following operators

Cy

Il

0
C: = a5
1 yay
0
Cg :Z—~ N
Cs =bay ™'z —+—~b£— “z(az +b)
3 "a - ay - b
=1
.y 0
G = o
such that
Cl( a,b,m, 11(I)y"1“7l) ’—NTL(, bm,n $)y
CZ( ‘a,b,m, n(z)ym n) lLabm n(')y 2"
CB( a,bm, n(x)ym*n) n+1 La,b,m—l n+1( )ym_l77l+1,
( ) m n) m+l = 1

abmn\T)Y 2 _Labm+1nl(I)y

The following commutator relations satisfied by C;,¢ =1,2,3,4

[Ci,Cj]= 0 when

show that the set of operators {1,C;,7 = 1,2,3,4} generates a Lie algebra Lj.

Finally while investigating generating functions of the polynomial under consideration
with the suitable interpretations of the index n and the parameter m of the polynomial
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Chongdar, Pittaluga and Sacripante considered the following operators

7]
Dy =up—s
1=vg,
Dy — 19}
2=
b 0
Dy =—y— -y,
i ayal' i
d
D . =1 = + = —q -1 .
o Jy
Ds =bay 1z—-+—zb£— 'z(ax +b)
0: Jy ’
-1
yz—' 0
D3 = —
: a Oz
such that
Dl(Ln.b m n(:l').l/m:”) = ’”Lu.b,m.n(r)ymzn 5
D‘Z(La,b,m‘n(a')ym:n ) = ”La.b.m,n('r)ymzn
DJ!(Lu.b.m,n(I)Um:”) = = Lu.b.m-{»l,n(g")ym+l3" :
D4(La,b.m,n(l')UmJ”) = (” +m + 1)La,b‘mfl.n(l')ymi]Z” 5
D_r,([,“.[,.,,,',,(l')y’”:”) = (” + 1)La,b,m—l.n+l(-l')y”771:n+1 5
D(i(La b.m n(I)Um:”) = = L(:,{),7r1+l,rz—l(I)ym+]:'n*l .
The following commutator relations satisfied by D;, 2 =1,2,...,6
[D;,D;]= 0 when =1 1 =2
1=2 1] =34
o 1=3,4 ;) =25,6
= (-1)""D; i=1 ;j=34
= (~1)*+iD; i=12 ;j=506
— 7 i=3 j=4
1=25 19=06
show that the set of operators {1, D;,i = 1,2... ,6}generates a Lie algebra £; and each

of the sub sets {1,D,.i = 1,3.4} and {1, D;,i = 1,2,5,6} generates a sub algebra of Ly .

The object of the present article is to make a comprehensive study on Lo p m—n n(2) -
a modification of L, ,, (1) - for obtaining generating functions by the application of
Weisner’s group theoretic method with the interpretation of the index n of the polynomial
under consideration and to make a review on the previous works.

26
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In fact, in the present discussion it has been pointed out that the results obtained by
Sen and Chongdar [6] with the help of double interpretation during the application
of Weisner’s group theoretic method of obtaining generating functions on the modified
Laguerre polynomials L, b m n(x), may be derived as the particular cases of the results
derived here.

We also like to point it out that our results (2.17) - (2.18) together with the results due
to Chongdar and Majumder [5] give rise to the main generating relation of the present
authors [7] obtained by double interpretations to n and m, the index and the parameter

of Lo b,m ().

2. Study of L, 4 m—n.n(z). The differential equation satisfied by L, p pm—n,n(2) 1s given
by
d

(2.1) tD%u + (m—n—%) D1u+gnu =0 , D,= T

b

In this Section, some generationg functions of Ly j m—n n(2) have been derived by using
Weisner’s group theoretic method with the suitable interpretation of the index n.

1) _Group theoretic discussion.

w by v(ax,y) in (2.1), we get the following partial

| 0
n by y—, 3
Y '/Oy

£
0z’

differential equation:

d
Replacing o by
T

2 2 N v ,
(2.2) o°v o*v (n: u.L) O ay@ L

;vw_yazv0y+ T %+70y_

Thus vi(2,y) = Lab.m—nn(x)y™ is a solution of (2.2) since Ly bm—n,n(2) 1s a solution of
(2.1).

We now define the infinitesimal operators 4, B, C' as follows

A=y—,
Yy
(2.3) B :bavy2 — by22 — [az + (1 = m)bly,
Jz Jy
-1
v 9
L= a Oz’

such that
‘4(L{1,h‘man,n(~r).l/”) - 7’La,h,m—n,n(J‘.)y” )

(24) B(Ln,b,m—n,n(I)?j”) :( n+ 1)Lu,lﬁ,m~nf].n,+](-I')!/”-Fl 5
C‘(Lu,b,m,fn,n(-r)yn) - - La.b.m—u—‘f—l,n-](-"),1/"_] .
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The commutator relations satisfied by A, B, C' are
(2.5) [A,B]=B , [A,C]=-C , [B,C]=1.

The above commutator relations show that the set of operators {1, A, B, C'} generates a

Lie algebra Ls.

It can be easily shown that the partial differential operator

0* o* (m B ﬂ) o ay 0

:Im—y0x0y+ b E+71—51;

which can be expressed as
b
(2.6) -L=BC+A+1,
a
commutes with each A, B, C i.e.
b i b
(2.7) [—)L,A] = [—)L,B} - [—)L,C} —0.
. a 1 a a
The extended form of the groups generated by A, B, C are as follows
e[“Af(AL', U) :f(T /(11y) ,
(2.8) e B f(a y) =(1 4 ayby)" Lexp(—aasay)f <.1f(1 + azby), —1—+‘ZT}W> )
e flavy) =f (I + (i—fy“lvy) :
Thus we get
(29) eugceuzl?emx\f(:c.’y) _
(1+ azby)™ 'exp [~(azy + as)as] -

. as 1 Y
e+ 2y + asby), —L— ) .
i <<1+ 2y +am>,1+a2by>

1) _Generating functions.

n

From (2.2) we see that v(a,y) = Ly b.m—n.n(2)y™ is a solution of the system

{ Lv =0
(2.10)
(A—njr=0.
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It can be easily verified that

b b
S - (_:L(La,b,m—n.n(l')y") - '(;L . S(La,b,m—n‘n(z)yn) = 07

where
S — eaaceazBealA )

Thus the transformation S(Lg b m—nn(2)y™) is annihilated by %L.
Putting a; = 0 and writing f(2,y) = La.b,m—n,n(2)y™ in (2.9), we get
(211) eagcea2B(La,b,m—n,n(x)y") -

= (1 + azby)™ " Lexp [~az(azy + a3)] -

a
: La,b‘m—-n.n ((l + :sy_l)(l =+ azby)) .

59+ aC a»B
(212) ettt a2 (Ln.b.m—n.n(‘r)yn) =

n+k

P =

“(ls/J

avJ
= y" Z (n+ 1)kLu,b,m——n-k+p.n+k—p(l') .

p=0 k=0
Equating (2.11) and (2.12) we get
(2.13) (14 a2by)™ " exp[—(azy + az)as]-

“Labm—n,n(T )(( +—y )(1+a2by)> -

n+k

» k
Z as/y) Z (a2y) (n+ DkLabm—n—ktp,ntk—p(T):

k!
p=0 k=0

We now discuss the following particular cases of the above generating relation(2.13).

Case 1 : putting a3 = 0 and then replacing asy by t in (2.13) we get

(214) (1+ bt)m—"'lexp( _(I‘l'f/)La.lum—n.n(z)('l:(1 + bt)) =

n +l .
e Z a b,m—n—k,n+k(‘7~)tk .
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Case 2 : puttiny as = 0 and then replacing —az/y by t in (2.13), we get

(215) La,b,m—n,n(:r) <'T - i) ==

a
= _La.b,7n+1)—n,n—p(I)t é
p!
p=0

Case 3 : taking asaz # 0 without any loss of generality we can choose asy = t; and
—az/y =t in (2.13) and then we get

t
(2.16) (14 bty )m_n_lexp[—((zr —to)t1)Labm—n,n ((.E - —~2~> (1+ bt)> =
a
n+k k
toP t
= %Z‘]}—'(n + 1)kLa,b.m—n—k+p,n+k—p(l')-
p=0 p: k=0

Now if we replace m by m + n on both sides of (2.14j—(2.16). we get the results found
derived in [6].

Now we proceed to derive the main result of the present authors [(3.3) in [7]] by making
use of our results (2.14)-(2.15) together with the results of Congdar and Majumdar.

In fact, we see the right hand side of (3.3) in [7], with the help of the relations (Case 2,

of[5]), (Case 1 of [5]), (2.15) and (2.14). is ‘

oo .n+r g ©oC oc k

(as2/y)" ¢~ (aey/2)" o (Zasy)’ <~ (—aa/y)
> ! 2 N 2 ! D kU
r=0 =0 p=0 k=0

: (” + 1)!‘(7” —p=m-+ 1)K‘LuJum-!—p—k—r+s,n+rAs(I) =

" m—1 oo 1 - rn+r1 asy " s
| 5~ 45 ).
= (1+X S L Ly

< y) Zl'!<y(1+%})> Zs!< :(+y)>

r=0 s=0

g
a. a4
“‘(’3!/(1 + _y_l')> (” =+ 1)rLu.b,m+p—r+s,n+r—s <1(1 + ;)) =

1[~]:
==
TN

=(1+ o )" exp [?ugy(l + f’i)} :
Yy Y

21 asz sy 1 asy a :
5= 16 ] 4
~E— A E— - 1+ — n+1),-
r=0 ! <y(1+%)> =0 ! < = ( y)> v )

0y b
'La,lum—-r+s,n+."—- (1 + _—')(1 + "("3.1/) -
4 @
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oo ¥
g iy 1 a5z
=(1+ 2 exp | —azy(l + — § — ="
(1+ ” ) e\p[ azy(l + ” )] 0 (y(1+ m ))

a b apy
'(” +1)1‘La,b,m—r,n+r <(1+—4)(1+‘f13!]+ L1 > =
Y a za

a basz
= (1+_4+_5

a 2 a
)™ lexp [—agy(l +—+—)——(z=+ Ly)] .
y Y

y y az
b ;1 basz
° La,b,m,n ((’L + _a-.'}y + M)(l + % + a_S)) N
a za y y
which is the left hand side of (3.3)of the result found derived in [7].

Other variants of (3.3) in [7] can be derived by using the four generating relations, two
of Chongdar and Majundar and two of this Section.

It may be noted that the importance of the result (3.3) in [7] lies in the fact that whenever
one knows the sum, in the closed form, of a quadruple generating series like the right
member of (3.3) in [7], one can verify the same by classical method, but prior to the
existence of a result like (3.3) in [7] nobody could even guess such a generating relation
without the help of group theoretic method.

1) Relation of Lo, L. L5 .

It may be noted that the commutator relations satisfied by the operators generating Lo
can be compared with the following commutator relations of Ly :

[Dl.Dg] == Dg N [D1D4] e —D4 N [D;;.D,l] - 1

It, therefore, follows that the Lie algebra L is isomorphic with the sub-Lie algebra
generated by Dy, D3, D, .

Again the commutator relations satisfied by the operators of the Lie algebra L5 can be
compared with the folliwing commutator relations of Ly :

[Dy,Ds) =Ds , [D2,Ds)=—-Ds . [Ds,Ds]=1.

It.therefore, follows that the Lie algebra L5 is also isomorphic with the sub-Lie algebra
generated by Do, D5, Dy .
Therefore we can state that £y = Lo L5 .
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